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PREFACE 


The object of this book is to give a more systematic account of the 
elements of the theory of Fourier integrals than has hitherto been 
given. I have, however, not attempted to deal with a number of 
important topics of recent growth: Wiener’s Tauberian theorems; 
applications to almost periodic functions, quasi-analytic functions, 
and integral functions; Stieltjes integrals; harmonic analysis in 
general; and Bochner’s generalized integrals, and the theory for 
functions of several variables, of which an account is given in 
Bochner’s book. 

The reader requires only a general knowledge of analysis, though 
he will presumably be familiar with the elements of the theory of 
Fourier series. The book may be read as a sequel to my Theory of 
Functions, 

A great variety of applications of Fourier integrals are to be found 
in the literature, often in the form of "operators’, and often in the 
works of authors who are evidently not specially interested in analy¬ 
sis. As exercises in the theory I have written out a few of these 
applications as it seemed to me that an analyst should. I have 
retained, as having a certain picturesqueness, some references to 
‘heat ’, ‘radiation ’, and so forth; but the interest is purely analytical, 
and the reader need not know whether such things exist. 


NEW COLLEGE, OXFORD, 

1937. 


E. C. T. 
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CONVERGENCE AND SUMMABILITY 


1.1. Fourier’s formulae. The origin of the theory' of Fourier 
integrals is to be found in Fourier’s Analytical Theory of Heat.^ 
Fourier’s argument, which would not now be called a proof, is sub¬ 
stantially as follows. Suppose that a function fix), of period 2 itA, is 
represented by the Fourier series 


/{^) - 2 kcos^-f6„sin?^). 

The coefficients a„, are obtained formally by multiplying by 
cos(ma:/A) or sin(wx/A), and integrating term-by-terra over (—wA, ttA). 
This gives ■nX 

^ -ix ^ -ix 

and the formula may be written 

ttA ^ ttA 

fM = 2br J 2^ J 

— ttA n — 1 —ttX 

Putting n/X = u, 1/A = 8w, and making A->oo, the sum passes 
formally into an integral, and we obtain 


fix) = ^ J 

0 —CO 

This is Fourier's integral formula. 

It may also be written in the form (analogous to that of the 
Fourier series) oo 


J f(t)cosu(x—t) dt, (1-1.1) 


whei’e 



( 1 . 1 . 2 ) 

(1.1.3) 


If f(t) is an even function, then 


a(u) 


o 

77 


QO 

j f(t)co^ui dt, 
0 


t See list of books and monographs, pp. 370-1. 
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while b{u) vanishes; and the formula becomes 



cos XU du 


oc 

/ 


f{t)c 08 iUdt. 


(1.1.4) 


This is Fourier's cosine formula. Similarly, if/(x) is odd, o(«) vanishes, 
and we obtain Fourier's sine formula, 



siaxudu 


00 

J 


/({)sin ut dt. 


( 1 . 1 . 6 ) 


We can also regard (1.1.1) as merely a combination of (1.1.4) and 
(1.1.6); for write 

/(*) = i{fix)+f{-x)}+W{x)-f{-x)} = g{x)+h{x), 
so that ^(x) is even and h{x) is odd. Then 


J f{t)ooau{x—t) dt 

CO 

= 2c08ttX 

and (1.1.1) gives 


w 

I g{t)cosut dt +2siniu: 


oo 

J A(<)sin ut dt, 
0 


Sr(a;)+fe(^0 


CO oo CO CO 

= - J coa XU du J g(t)eosutdt J sin xudu J h(t)ainutdt, 


i.e. the cosine formula for g(x) added to the sine formula for h(x). 

The above formulae were discovered independently by Cauchy t in 
his researches on the propagation of waves. The formal basis given 
by Cauchy is as follows. The right-hand side of (1.1.1) is, formally, 
the limit as 8 -> 0 of 


CO 00 00 00 

- J c"*“ du J /(t)costt(x—t) = - J f(t) dt J c“®“cosu(x—0 du 

0 —flo —00 0 

00 

— 00 

The factor multiplying/(<) tends to 0 except when f = x. We should 


t Cauchy (1)» (2); see list of references at the end of the book. 
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therefore expect the value of the integral to be unaltered if we replace 
f{t) hy f{x); and this would give 


/(*) 




8*+(a:—<)* 


dt =/(x), 


again verifying (1.1.1). 

Another equivalent formula, given by Cauchy, is 

00 GO 

f(x) = ^ J er^^du J f(t)e^^dt. (1.1.6) 

— 00 — 00 

Putting/(a;) = g{x)-\-h(x), where g is even and h odd, as before, 

00 00 00 
j* dt — 2 j g{t)co^ut dt | h(t)^mut dt^ 

-00 0 0 
and the right-hand side of (1.1.6) is 

OO 00 oo 00 

- J cos XU du j g{t)cosut dt -j-- j sina:i4 du j h{t)sinut dt 
0 0 0 0 

= g{x)+h{x) =/(x). 

We shall call (1.1.6) the exponential form of Fourier’s formula. 

A formula of a slightly different type is obtained by expressing the 
outer integral in (1.1.1) as the limit of an integral over (0,A), and 
inverting the order of integration. The result is 

/(a;) = limi f/(<) ~^^^ di. (1.1.7) 

A->00 TT J X — t 


The same result may be obtained in the same way from (1.1.6). This 
formula is known as Fourier's single-integral formula. 


1.2. Fourier transforms. It was pointed out by Cauchy that 


these formulae lead to reciprocal relations between pairs of functions. 

If we write 

oo 



■^’c(“)= y J /(^) ut dt. 

(1.2.1) 

then (1.1.4) is 

0 

00 



f(x) = Ji^ j F^{u)coaxu du, 

(1.2.2) 


0 


and the relation between/(x) and FJ^x) is reciprocal. Such functions 
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were called by Cauchy reciprocal functions of the first kind. We shall 
call functions so related Fourier cosine transforms of each other. Thus 


■■■ VO.,- 


l+x* 

are a pair of Fourier cosine transforms. 

Similarly, from Fourier’s sine formula, we obtain 


m 


•-yaj 

-y(3j 


f(t)smut dt, 


Fg{u)smxu du. 


(1.2.3) 

(1.2.4) 


These were called by Cauchy reciprocal functions of the second 
kind. We shall call them Fourier sine transforms of each other. 


Thus e-® 




are Fourier sine transforms. 


The formula (1.1.6) leads similarly to the unsymmetrical formulae 


1 

yl( 2 n)_ 

J me^^dt, 

-00 

(1.2.5) 

1 

V( 2 ^) . 

00 

J du. 

(1.2.6) 


We shall call such functions simply Fourier transforms of each other. 
Thus ,,2\ 1 

are Fourier transforms of each other. 

If/(a:) is even, F{x) = F^x); if/(a:) is odd, F(x) = iFg{x). 


1.3. Generalized Fourier integrals. The existence of the in¬ 
tegral defining F(u) implies a certain restriction on f{x) at infinity. 
Even if F{u) does not exist, the functions 


F+{w) = 


F_(m?) = 


00 


1 

V(27J-) . 
0 

j* /(<)e^“' dt, 

(1.3.1) 

1 

(1 

1* f(t)e^'‘‘dt, 

(1.3.2) 


— 00 
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where w ~ may exist, the former for sufficiently large positive 

v, the latter for sufficiently large negative v. For 

00 

J /(<)e-V"' dt, (1.3.3) 

0 

so that F^(w) is the transform of the function equal to for 

t > 0, and to 0 for ^ < 0. The formula reciprocal to (1.3.3) is 

V(2-) J 0 (x<0), 






f(x) (x > 0) 

0 (x < 0 ). 


There is a similar formula involving JP_. Adding, we may write 

ial-oo ib + oo 

/(^) = f dw + j ] f F_(w)e-’^«' dw, 

ia--oo ib — oo (13 4) 

where a is a sufficiently large positive number, b a sufficiently large 
negative number. 

For example, if f{x) = c^, then 

■ 

In tliis case (1.3.4) is at once verified by the calculus of residues. 

In this form Fourier’s integral formula may be applied to a 
periodic function. Let/(a;) have^the period 27r. Then for v > 0 

00 ^ 2(n + l)7r 

j a*)*""*' 

0 2n7r 

00 

= jil) 2 J ■'f" v(b 1 ^ 

n—O Q Q 


where 


<f>M - 




G 


CONVERGENCE AND SUMMABILITY 


Cliap. I 


Similarly, F^w) = < 0)- 

The reciprocal formula is therefore 


ia+oo 


<64-00 


f(x) = — r dw —^ r 

2it J 1 — e*"*'" 277 J 1 — e2"*w’ 


i6— 00 


Here <f){w) is an integral function. If it behaves at infinity so that 
we can evaluate the right-hand side by the calculus of residues in 
the obvious way, we obtain 

n— — 00 


We have thus returned to the Fourier series for f(x). 


1.4. The formulae of Laplace. The formula 

00 

<K^) = J /(*)e~*® dx {1-4.1) 

0 

is known as Laplace’s integral. If/(a:) is the given function, <f>{a) is 
in general analytic for R(5) > 0. The reciprocal formula is 

A : 4-<00 

2^-}«*>*" 

k—ioo 

From a formal point of view the formulae are a particular case of 
those of § 1.2, as is seen on putting 8 == a+it. 

As a still more special case we obtain a reciprocity between two 
analytic functions. Let 

f(x) = f a„a:», 
n«0 

and suppose that the integral (1.4.1) can be evaluated by term-by- 
term integration. Then 

4,(3) ^- f a„ J e->'x» rfa: = 2 

0 n-0 

or = f «!a„s». 

8 \ 8 / n—0 

If f(x) is suitably, restricted, ^(a) will be an analytic function 
regular in the neighbourhood of a = oo; and, if (7 is a closed curve 
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surrounding the origin, but lying sufficiently far from it, 


7 


r (l>{w)e-^ dw = ^ 7i!a f — - dw 

C Q 

= !«»*" =/(*)• 
n=»0 

The function f{z) may therefore be represented as a trigonometrical 
integral, but now along a closed curve. 


1.5. The formulae of Mellin. Still another pair of formulae 
embodying the same formal idea is given by 


J 


Xx)0lf-‘^ dXy 

(1.5.1) 

c+ioo 

A 


j 

(1.5.2) 

j 

c—ioo 



The idea of such a reciprocity occurs in Riemann’s famous 
memoirf on prime numbers. It was formulated explicitly by Cahen, J 
and the first accurate discussion was given by Mellin.|| We shall call 
the formulae Meltings inversion formulae. 

These formulae arise naturally in the theory of Dirichlet series in 
the following way. The particular case 

00 c+ioo 

r(5) = J dx, e-^ = —— j r(5):r“* ds (c > 0) 

0 c—ioo 

is well known. Now let cf>{8) be a function expressible as a Dirichlet 
series, oo 

=Zs- 

Then we have formally 


n=l 


00 ® ® 

<!>{«) = 2 I* ^ J* dx, 

A n 


where 


fix) = 2 

71 = 0 


t Riemann (1). 


X Cahen (1). 


11 Mellin (1), (2). 
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and reciprocally 

c + ioo QQ c + ioo 

c-ioo n=l c — ioQ 

= I “He-"* = fix). 

n=l 


The forms (1.5.1), (1.5.2) are obtained by putting <^(5)r(5) = g( 5 ). 

Mellin’s formulae may also be obtained by a substitution from the 
exponential form of Fourier’s formula. In fact, putting x — and 
s = c+it, (1.5.1) becomes 

00 

5(c+i<) = J /(ef)effc+«)d^, 

— 00 

and (1.5.2) becomes 

oo 

/(ef) = ^ J 


The functions ^J{27r)eP^f{e^), 0r(c+iO 

are thus Fourier transforms of each other. 

Suppose that, in Mellin’s formulae, the function f(x) is analytic at 
the origin and in a region containing the positive real axis. Consider 
the integral 


J /(2)(-2)*"^ dz, 


where P is a loop coming from infinity on the positive real axis, 
encircling the origin in the positive direction, and returning to 
infinity. We define (— 2 )*“^ as where log(— 2 ) is real on the 

negative real axis. 

Suppose r compressed into the real axis on both sides. The part 
of the integral above the real axis gives 


00 00 

— I I f(x)x’-^ dx, 

0 0 

and that below the real axis gives 

00 00 

J = — c'"" J fix)x^-‘^ dx. 

0 0 

Hence J f(z){—zY^^dz = —2ism87r^{s), 

r 
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Let wx(*) = 2f(«)8in«7r. 

Then we obtain the reciprocal formulae 


x(«) = 




c+ioo 

J 

C — ioo 


SillTT^ 


ds. 


(1.5.3) 


(1.5.4) 


A simple example is f{z) — c-*, x{^) = 1/^(1—«). Such formultie 
have important applications in the theory of functions of a complex 
variable,! but we cannot consider them further here. 


1.6. For the early history of the Fourier-Cauchy formulae we may 
refer to the article by Burkhardt in the Encyklopddie. 

The theorems of this chapter are in the main analogous to classical 
theorems in the theory of Fourier series. We do not actually assume 
a knowledge of the theory of Fourier series, though the reader will 
presumably be familiar with it. Almost all theorems on Fourier series 
have some sort of analogue for integrals. In some cases the theorems 
are so similar that the extension from series to integrals is hardly^ 
worth making. In other cases there are new points of interest in 
the integral case, which is even sometimes the simpler. 


1.7. Notation. We use 


I fix) dx 
0 

to denote the Lebesgue integral of f{x) over (0,oo) in the strict sense, 
implying that the integral is absolutely convergent, i.e. that 


00 

I |/(a:)lrfa: 

0 

also exists. If f{x) is integrable over (0,Z) for every X, and 

X 


lim 


j f{x) dx 


0 


exists, we denote the limit by 


I f(x) dx. 
0 

■f Carlson (1). 


B 
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Such an integral is known as a Cauchy integral. A similar notation 
is used in the case of other limits. Thus 

1 

J f(x) dx 
1 

denotes the limit of J f(x) dx 

i 

as 8 0 through positive values. 

00 

In ‘formal’ analysis we use J /(*) dx to denote that the integral 

0 

exists in some sense or other. There is generally little risk of confusion 
between this and the Lebesgue sense. 

We say that f{x) belongs to, or is, 1^(0,6) if /(«) is measurable and 

b 

J \f{x)\vdx < 00 . 

a 

We write L for L^. 

X 

By 1. i. m. f /(a;, a) dx 

X-^co J 

(limit in mean) we denote a function <f>{(x) such that 

p 

doc = 0, 

a, by and p having prescribed values. 

As complex variables we use 

z = x+iy, w = u-\-iVy 8 = a+ity ^ 

If/(a;) is a given function, we denote by 

F(x)y F,{x)y F,{x)y F^{w)y F_{w)y m, 
the functions defined in (1.2.5), (1.2.1), (1.2.3), (1.3.1), (1.3.2), (1.5.1) 
respectively. In each case it is assumed that the integral referred 
to exists in some sense or other. The ambiguity of the expression 
‘a Fourier transform’, arising from the asymmetry of the formulae 
(1.2.5), (1.2.6), is avoided by standardizing the use of small and 
capital letters as in these formulae. 

Similarly with other letters (y, (?, etc.). 

We denote by A an absolute constant, not necessarily the same 
one at each occurrence; K is used in a similar way for a constant 
depending on the data of the problem in hand. 


lim f 

j:->oo j 


jy. 

(f>{oc)— j f{XyOc) dx 
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We say that the convergence of a sequence fn(x) to a limit f{x) is 
bounded if \fn(^)\ ^ ^ for all n and x ; and that it is dominated if 
l/n(^)l ^ where ^{x) is L over a prescribed set. It is knownf 

hm r fj^x) dx == f f{x) dx 

n-~^ao J J 

if the convergence is bounded or dominated. 

1.8. Fundamental theorems. The theorem of Riemann-Lebesgue 
is fundamental in the theory of Fourier integrals, as it is in the 
theory of Fourier series. We shall state it as follows. 

Theorem 1. Let f{x) belong to i(~cx),oo). Then the integrals 


w oo 

j f{x)cosXxdx, J f{x)smXx dx, 


( 1 . 8 . 1 ) 


tend to zero 08 A -> oo. 

Consider the cosine integral. Let c be a given positive number. 
Then we can choose X so large that 

00 -X 

J !/(*)! dx<e, J |/(a:)| dx < e. 


Hence 


J f{x)co&Xx 

X 


dx 


— 00 
-X 


< 


J f{x)cosh:dx 


< t 


for all values of A. 

Next, we can define a function (f){x), absolutely continuous in the 
interval (—-X,X), such that 

X 


Then 


-X 

X 


J {/(^) “ ^(^)}cos Xv dx 


-X 


< 6 


for all values of A. Finally 

X 

<f>{x)coBXx dx 


I 

A A A J 

-X 

and (for a fixed X) we can choose Aq so large that the modulus of this 

t Titchmarsh, Theory of Functions, §§ 10.5, 10.8. 
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is less than € for A > An. Then 


J f{x)cosXxdx 


< 4c (A > Ao). 


This proves the theorem for the cosine integral; a similar proof 
applies to the sine integral. 

Theorem 2. Let f(x) belong to cx),oo). Then a necessary and 

sufficient condition that 

—►00 00 

^ J du J f{t)coau{x—t) dt = a (1.8.2) 

0 —00 

is that, for any fixed 8, 

a 

f {f{x+y)+Ax—y)—^}—~dy = 0. (1.8.3) 

A-»<o J y 

0 

Since |/(<)costt(ar—1)| ^ |/(01> the integral 

00 

J f(t)coau(x—t) dt 

— 00 

converges uniformly with resiiect to u over any finite interval. 
Hence 

A 00 00 A 

J du J f(()coau(x—t) dl = J f{t) dt J ooau(x—t) du 




dt. 


Since f(t)l(x—t) is integrable over (—cx),a;—8) and (a:+8,oo), it 
follows from the Riemann-Lebesgue theorem that, for a fixed 8, 

lim 7/(0--^’* = 0, Um = 

A—►oo J X‘^~t A—►oo J X'~~~’t 


Also 


8 


x-8 0 

8 A8 -.00 

,. f- sinAu J ,. „ fsin®, „ f sinv , 

um I 2a - dy = lun 2o I- dv = 2a \ - dv = an. 

A-.® J y A -.00 J V } V 

0 0 0 

These equations together show that (1.8.2) and (1.8.3) are equivalent. 
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1.9. We are now in a position to extend all the ordinary conver¬ 
gence tests for Fourier scries to Fourier integrals. We shall, however, 
content ourselves with proving the two following theorems, corre¬ 
sponding to the tests of Jordan and Dini respectively. 

Theorem 3. Let f(t) belong to i(—oo,oo). If f{t) is of bounded 
variation in an interval including the point x, then 


>00 00 


0 )+/(a;—0)} = “ J J At)<^oau(x—t) dt. (1.9.1) 

0 —00 

If f{t) is continuous and of bounded variation in an interval (a, 6), 
then —>00 00 

j{x) = i / du f^'^GO^u^x t^ dty ^1,9.2^ 

0 —00 

the integral converging uniformly in any interval interior to (a,b). 

Let ^{y) = S{x-\-y)+S(x—y)-S{x+0)-J(x—0). 

Then is of bounded variation over (0,8), if 8 is small enough, 
and 0 as i/ -> 0. We may therefore write 

< i >(. y ) = 02(2/). 

where and ^^{y) are positive non-decreasing bounded functions 
in (0,8), which tend to 0 as 0. 

Given any positive number e, there is a number rj such that 
^ 6 for y ^ rj. Let 

J ,y = J dy + j dy. 

0 0 1 ? 

By the second mean-value theorem, the first part is equal to 

i 

and the last integral is bounded for all A and Hence 

J y \ 

for all values of A. Having fixed r\y iffi(y)ly is integrable over ( t ^, 8 ), 

so that 5 

lim f iffi(y)—^- dy = 0. 

A->co J y 
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Since e is arbitrary, it follows that 

lira 0. 

A—►«> J y 

0 

Similarly, the integral involving t^J^ds to 0. This proves the 
first clause of the theorem. 

If J{x) is continuous in (a,6), i{f(x+0)+f(x—0)} = f{x)\ and, the 
function being uniformly continuous in any interval interior to 
(a, 6), the conditions used in the proof hold uniformly, and so the 
convergence is uniform. 

Theorem 4. Let f{t) belong to i(-~oo,oo). Then, for a given x, 
(1.9.2) is true if 

8 

I 

u 

exists for some positive 8; in particular it holds if f(x) is differentiable 
at the point x. 

This follows at once from Theorems 1 and 2, with a = f(x). If 
f(x) is differentiable, the integrand in (1.9.3) is bounded, so that 
the condition is plainly satisfied. 

Theorem 5.t Letf{f)j(l-\-\t\) belong to Z(—oo,oo); let 

Oi(a:) = - f (].9.4) 

w J y 

— 00 

— 1 —00 1 

(1.9.5) 

be absolutely continuous over any finite interval 0 < 8 < x < A, and 
let a(x), b(x) be their respective derivatives. Let f(t) satisfy the condi¬ 
tions of Theorem 3 or Theorem 4 in the neighbourhood of t = x. Then 

—►00 

i{f(x-\-0)-{-f{x—0)}=^ j {a{u)cofixu-\-b{u)smxu} du, 

-►0 

Suppose.first that/(a:) = 0 for \x\ I. Then 

X 1 1 

dy = ^j f(y)^~^- dy = a^{x), 

(I -1 -1 

t Hahn (2). 


/(a:+2/)+/(a:-y)- 2/(x) 


y 


dy 


(1.9.3) 
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SO that 


a{x) = - J f{y)^osxydy 




almost everywhere. Similarly, 




almost everywhere. The result then follows from Theorem 3 or 
Theorem 4. 

Suppose next that f(x) = 0 for |a:l < 1. Then f(x)lx belongs to 
L{—oOyCo). Hence, by Theorem 3 or 4, 


Now 


1 If 

0)} == - {—6i{u)cosa;t^+ai(2^)sina:w} du. 
lx 7T J 

0 

—►00 ^ —►00 

J bi{ 2 i)cosxu du = J b{u)Qinxudu 

0 ® -►0 

->oo 

=-I b{u)mnxudu, 

X J 


since b^{u) -> 0 as -> oo. 
Also 


—►00 

J a^(u)w\xudu — 
0 



—>00 


a(u)co^xu du 


= - J a{u)co^xudUy 

-►0 

since a-^(u) tends to 0 as or -w-^oo. The result in this case 

thus follows. 

The general result now follows by adding functions of the two 
classes considered. 


1.10. Monotonic functions.! The next theorem is based on the 

00 

fact that, even if J /(<) dt does not exist, the integrals 
0 

—>00 — 

J f{t)cosutdt; j f(t)BimUdt 

0 0 

exist for tt > 0 provided that /(<)-> 0 steadily as <->co. Here it 

t Pringbheim (1). 
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seems slightly more convenient to take the cosine and sine integrals 
separately. 

Theorem 6. Let f{t) be non-increasing over (0, oo), irUegrable over 
any finite interval beginning at 0, and let f(t) -*-0 as t-*-oo. Then for 
any positive x 

—*■00 -*-00 

K/(®+o)-f/(*-o)} = H J COB XU du J f{t)COBUtdt. 

->e 0 

We have, by the second mean-value theorem, 

T' - 

jf(t)co8utdt = /(T-i-0) J ooatit dt 

T T ^ 

Hence the ^integral converges uniformly with respect to u over 
0 < A < w < /X. Hence 

fi —*>00 —►00 /i 

J QOHXudu J f{t)coBut dt = j f{t) dt J* gobxu cob ut du 

A 0 0 A 

—►00 

1 r Jsin/Lt(a:—0 sinA(a;—sin/Lt(a:+0 sinA(x+i)l js 

==2 J - 

0 

Now 

J ->00 T* 

r fiffJ^^f^dt = /(T-fO) f dt <Af(T-^0), 

J x^t J x—t 

I y y 

and similarly for the integrals involving A and We can therefore 
choose T BO large that 

T 

for T > 2J(€), for all values of A and [i. Having fixed T > x, 

T 

lim h{t)^t^dt = ^{x-i-0)-^f{x-0)} 

/ lr -^00 J X - 1 

0 

by the analysis of Theorem 3, and 

lim = 0 

fi->oo J X-\-t 



1.10,1.11 


CONVERGENCE AND SUMMABIUTY 


17 


by the Riemann-Lebesgue theorem. Also 

0 0 
as A 0; and similarly for the remaining part. 

Theorem 7. If f(t) satisfies the conditions of Theorem 6, then for 
any positive x 

mx+o)+f(x-o )}=^ J 

As It 0 ® 


O -*•00 

Biaxudu J f{t)Binutdt. 


—*•00 2 * 
f f(t)8inutdt = /(l+O) fsintt^d^ 
1 1 


and 


= /(l+0) 


cos^t — cos-itT 
u 


J f(t)8inut dt — 0(1). 
0 


^ 2/(l + 0) 

^-^ 


Hence the tt-integral is absolutely convergent at the lower limit. 
Apart from this, the proof is the same as that of Theorem 6. 

Fourier’s formulae may be established under still more general 
conditions by adding a function of the type of Theorem 3 to one of 
the tjrpe of Theorem 6. The results of this process are sufficiently 
obvious. 


1.11. Functions containing a periodic factor .f 

Theorem 8. Let f{t) == g(t)coBat {a > 0), where g(t) is non<- 
increasing^ integrable over (0,1), and g(t)->{i as t->oo. Then for 
any positive x 

m=>^+o)+f(x-o)} = 1 {J+ 

' 0 

The inner integral is 


—*- 00 » —►(» 

J \c08xudu J f{t)cOBUtdt. 


—>•00 

J g(t)co8 at cos ut dt^ 

0 

which is uniformly convergent over any finite interval not including 
or ending = a. We may therefore invert the integral 



—*•00 

Q08xudu J g{t)Q 08 at COB utdt 
0 


t Pringsheim (1). 
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for every S > 0. To prove that 


-- F-W - P-W - P - C * 

J co^xudu J g{t)coBatcosutdt= J ... J ... 


it is therefore sufficient to prove that 


lim f g{t)coBatdt f coBxucoBut du = 0, 

^ i aU 

This is clearly true for the part 0 ^ t ^ T, with any finite T. It is 
therefore sufficient to prove that 

—►00 a 

lim I gr(<)cos at dt f cos xu cos ut du == 0, 

^-►o i J ^ 


lim g(t)coBat 
8->o J 


Clearly, if T > rr, 


fsina(a:—^)—sin(a—8)(a;—<) 

[ x—t 

sina(a:+<)—sin(a—-8)(a;+<) 


j = 0. 


—►00 

J g{t)QOBat {sina(x—<)—sin(a—8)(x~-^)}^^-^-4- dt -> 0, 

T 

since this integral converges uniformly with respect to 8. Similarly 
for the integral involving a;+^. Hence it is sufficient to consider 

J ?W^^|sina(a;+ 0 —sin(a— 8 )(a;+ 0 — 

T 

—sina(a:—<)+sin(a—8)(a :—dt 

—►00 

_2 J ^cos ax sin o<—cos(o—8)a; 8in(o—8)<} dt. 


—►oo -*00 

2 J ^cosai8in(a—8)< = J ?^^{8in(2fl[—S)<—sin8<} 

a* T 

which converges uniformly with respect to 8 as S ->• 0, since 

J = oLli) J ^ d<j = 0{g(T^)}: 
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—►00 ~*.oo 

Hence J ^ cos at sin(a—S)^ dt 

T 

and the result follows. 

A similar argument applies to the integral over (a+8, A). It 
therefore follows that 


j 


— cos at sina^ dty 

t 


(hi) 


A ^ -►00 

cos XU du 


Finally 

T 


J f{t)C 08 Utdt 
0 

—►00 

— if I 8inA(a;+<)\ 

2 J \ x—t 


x+t j 


dt. 


f 


cos at- 


ainX(x—t) 


x—t 


dt 


J.- 

= 1 


= cosax 


T-x 

COS a{x-\-y) dy 

y 

T-x 

T-x 

COS ay sinXy , 

--- - dy — sin ax 


J 

T-x 


T-x 


I 

T-x 


sin ay sin Ay 

~y 


dy 


is bounded for fixed a and x, T > 2x, X > 2a. Hence, by the second 
mean-value theorem, 


J g(0cosa<- ^^ - g - = 0{g(T)}, 

T 

and the proof concludes as in Theorem 6. 

Theorem 9. Let f{t) = y(0sin at (a > 0), where g(t) satisfies the 
same conditions as in Theorem 8. Then for any positive x 


Q /O-S -►OOv -►00 

i{/(a;+0)-f/(a;~-0)} = - lim ( J + J \cosxudu J f{t)cosutdt. 

oo 

//, in addition, f dx exists, then 

J ^ 

J + J j^osxudu j f(t)cosutdt. 

Proceeding as in Theorem 8, we find that, in the first repeated 
integral, the integral over 0 < < A (A > a) may be inverted if 


—►00 

j £i^l^f^{cos(a+8)a:sin(a-fS)<--cos(a—-S)a;sin(a—8)^} dt->0 

T 
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as 8 ->■ 0, i.e. 
cos ax cos 8a; 




sin cos sin 8^ — 


—sinaojsinSa: 


in 




8in^cos8<di->- 0. 


The first integral -> 0 by uniform convergence. In the second, 

—►00 

J ^cos2a^cos8<d^ 

T 

is uniformly convergent, and so tends to a finite limit; and 

J ^cosStdt = ol j + J <^os8^d^| 

= 0(logl/S)+0{(7(l/8)} = 0(logl/S), 
and sin Sx log 1/8 -> 0. This proves the first part. 

In the second part of the theorem we have to consider 


J g{t)sinat ^ __ cos(a—8)a; sin(a—8)^} dt, 

T 

and this involves uniformly convergent terms, as before, and terms 
involving 

Jf 

T 


This proves the second part. 

There is also a similar pair of theorems in which sines and cosines 
are interchanged. 


Theorem lO.f Let f(t) = g{t)h{t), where g{t) ia vltimately steadily 
decreasing to zero, gr(0/(l+l^I) belongs to L{—oo,co), and h{t) is 
periodic {with period a) and integrahle over a period. Let f{t) be of 
bounded variation, or satisfy one of the alternative conditions in the 
neighbourhood of the point t = x. Then Fourier's formula holds in 
the sense that 

-►(2n4*2)7r/a 

J J f{t)cOB u{x—t) dt. 

-* 2 nnla ->—00 


ilf(»+0)+/(x-0)} = 2 


t Hahn (2). 
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If g(t) is steadily decreasing, 

(»+l)o (n+l)o 

|Sr(<)A(01 


/ / 


dt 




g(ru^) 

\-\-na 


(n+l)o 


J 


|A(<)| dt < < K 

\-\-na 


na 

! 


(n-l)a 


git) 

i+t 


dt. 


Hence/(<)/(!+1<|) belongs to L(—co,oo). Hence, as in Theorem 6, 
1 If 

^{/(®+0)4-/{*—0)} = - j {—6i(tt)co8an{+Oi{«)8ina?M} dtt, 

TT J 
0 

where a^{u)y b^(u) are defined by (1.9.4), (1.9.6). 

2 f h{x)e^^^ dx — ^ dx 


^imay _gi(n+l)a]/ 

l_e<»v 


a 

/ 


h(x)€}^^ dx, 


which is bounded in any interval not containing one of the points 

y = 9> ± —> ±—>••• • Hence the integrals 
a a 


•*'1 

f h(x)^^^xydx 

J sm 


are bounded, for all x^ and x^, in any such interval of values of y. 

It then follows from the second mean-value theorem that the 
integrals 

l r g{x)hix)^\y dx 
TT J sm 

—►—00 

are uniformly convergent in any such interval, to a{y), b{y), say; 
®i(y)» ^i(y) ^^re the integrals of a{y), b(y) in the interior of such an 
interval; and 

(2n+2)ff/a 

J bi{u)co&xudu 

. AX r -*-(2n+2)7r/a 


2nnla 


[ . , .sina:t4l 
and similarly for a{u). 


2nnla 


* 1 r 

- I b{u)Bmxudu, 

X J 


*2nnla 
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Also and bi are continuous, so that, on summation, all the inte¬ 
grated terms cancel, and the result follows. 


1.12. Oscillating functions. In the above theorems our con¬ 
ditions onf{x) are mostly restrictions on its oscillations. We shall next 
obtain a case of Fourier’s theorem which depends on the oscillations 
of f{x) being sufficiently rapid, provided they are of a regular kind. 

Theorem ll.f Let f(t) = <f>{t)costlj{t) or <^(<)sin0(^), where <l>{t) is 
integrable over any finite interval^ continuous and of bounded variation 
in any interval not containing the origin^ and ultimately monotonic. 
Let ^(t) be twice differentiable, ift^t) and ^'{t)l<f>(t) ultimately increasing 
steadily to infinity, and 

^(t) = ( 1 . 12 . 1 ) 


f{x) = - r r f{tf? 

n j sin J sir 


( 1 . 12 . 2 ) 


if (i) w non-decreaaing, ^'(<+1) = ^(<+l) = 

or (ii) ^*(<) is decreasing, > K, <f>{2t) = 0(^(0}. 

We use the following lemma. 

Lemma. lfk{t)lh'{t) is monotonic, and g{t) steadily decreasing, then 

a 

Using the second mean-value theorem repeatedly, we have, if 
k(t)lh'{t) increases, 

b b 

J k(t)g(t)coBh{t) dt — J ~^g{t)h'{t)coBh(t) dt 

a a 

b 

= MJ g{t)h'{t)coBh{t) dt {a < a <b) 

a 

k (b) ^ 

= j k'(t)co8h(t) dt (a < /3 < 6) 

a 

= |;|^sr(a){8inA(^)-sinA(a)}, 

and similarly for the other cades. Hence the result. 

t Suggested by Landau, Vorlesunffen Uber Zahlentheorie, Satz 413. 
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The inner integral in (1.12.2) is convergent if 

T 

lim f {ili(t)±ut} dt = 0. (1.12.3) 

r, r'->oo ^ sm 


Now ^(0 f(<) 

f (<)±« f (0 f (<)±tt’ 

and the first factor tends steadily to 0, while the second factor is 

u 


and the last term is steadily decreasing in absolute value. Hence 
(1.12.3) follows from the lemma; and the convergence is plainly 
uniform over any finite range of values of u. Hence 


/I —-♦GO A 

J COS XU du J f(t)cosut dt ==^ j f{t) dt J cosa:!^ cos ut du. 
0 0 0 0 

As in previous cases, it is now sufficient to prove that 


lim = o 

A -+-00 J X — t 

T 

for a sufficiently large T. 

Take Case (i), and suppose that is non-decreasing for t > T, 
and consider, e.g. 

00 to —8 00 

J ^^cos{«^(«)+A(a;—<)}d< = J J J 

r T ito to-8 fo + 8 


where = A. Now ^(<)/{A—</»'(«)} is steadily increasing for t < 
hence, by the lemma, 


7 = oi \ — = o(i) 


J _ o l 

* “ l<o{f «o)-«A' 


(<o-8)} 


(1.12.4) 


provided that 8 = 0(1). For t 

_ ^(0 I ^ 

f(t)-A ^'(<j( ■^f(«)-A, 
is decreasing, and Jt also satisfies (1.12.4). 
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Lastly, 



Taking 8 = the required result follows from (1.12.1). The 

corresponding integral with —A instead of A is simpler, there being 
now no need to introduce Iq, The result therefore follows in this case. 
If is decreasing, we obtain instead of (1.12.4) 



and the result follows with 8=1. 

The argument in Case (ii) is substantially the same. Examples 
are = 6*^ ^(0 = ef; ^(t) = 1, ^(t) = t\ogt. 


1.13. The constant In Fourier’s formula. The constant n 
enters into Fourier’s formula^ according to our proof, through the 
formula 


r sin:c , . 

I- ax = fTT. 

J a; 


If we take the value of this integral as our fundamental constant, 
and denote it by (7, Fourier’s cosine formula, for example, is 


"-►00 oo 

/w - i J cos XU du J cos ut f(t) 


dt. 


0 0 

The values of other familiar integrals are then obtained in terms 
of C\ for example, taking/(^) = e-^, and a: = 0, we obtain 


—►00 00 00 
= ^ J du j cosute-* dt = ^ j 


du 


so that 


00 

/ 


du 


= C. 


Taking/(a:) = «-*(*> 0), we obtain (by Theorem 6) 

—►OO ->00 

Ilf J f C 08 U< J. 

Tx=o] J 

0 0 

->oo —►00 ! ->00 . 2 
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SO that 



Many other such examples may be derived from the formulae 
of Chapter VII. 

Later, §1.27, we shall give another proof of a case of Fourier’s 
formula, in which the constant tt comes from the theorem of residues. 


1.14. Fourier’s single-integral formula. This is the formula 
(1.1.7). Conditions for its validity are suggested by several of the 
foregoing theorems; but it holds still more generally, since now it is 
not necessary for the Fourier transform of f{x) to exist. 

Theorem 12.1 The formula 

TT J X — t 

holds if 

i(a) f{x)l(l + \x\) belongs to L[—co,oo), 
or i (b) f{x)lx is of bounded variation in {a,oo) and (— 00 , —a) for 
some positive a, and tends to 0 at infinity, 

X 

or ^^ f/(0 dt is of bounded variation in (a,oo) and tends to 0 
1 

at infinity, and a similar condition holds in (— 00 , —a)\ 
and (ii) in an interval including x, f{t) is of bounded variation, or 
satisfies one of the other conditions for the validity of 
Fourier^s series or integral. 

After the analysis of § 1.9 it is sufficient to prove that we can choose 
T so large that 

J ^ ^ 

I ^ 

for all values of A > Aq, with a similar condition for (— 00 , — T), This 
is clearly true if i (a) holds. It follows from the second mean-value 
theorem as in § 1.10 if i (b) holds. 

To prove that i (c) is sufficient, let 

X 

= mdt. 

1 

t Prasad (1). Pringsheim (1), Hobson (1). 


C 
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Then f(x) = x<f)'{x)+<l>{x), 

and x<f>\x) satisfies i (a), while <f>(x) satisfies i (b). Hence the result. 
Condition i(c) includes i(a); for 

X 

1 

The first term belongs to 2^(1,oo) if i(a) holds; and so does the 
second, since 

€ X f i 

J $ J i/«)i +J s 

11 1.1 
f 

< J i\f(x)\dx<K 
1 

as ^ 00 . Hence <f>'{x) belongs to Zf{l,oo), and hence i (c) holds. On 

the other hand, i (c) does not include i (b). 


1,15. Summability of integrals. We say that the integral 

00 

j f(x) dx is summable (C, a), where a > 0, to the sum /, if 




f{x) dx — L 


The case a = 0 is ordinary convergence. In the case a = 1 we have 
A X X 

J dx=-^jdxj f{y) dy, 

0 0 0 
a form analogous to the sum 

n 


in the definition of ((7,1) summability of a series. The whole process 
is analogous to the (7-summation of series, which is too well known 
to need much discussion here. The main points are (i) the process is 
more general than ordinary convergence; for example, 


A 

lim I miaxdx 
A->ooJ 


(a > 0) 
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does not exist, but 


lim 

A-*-00 



sin ax dx 



> 

a 


and (ii) that it is consistent with ordinary convergence, in the sense 
that, if an integral is convergent, it is summable ((7, a) to the same 
value for every cx > 0. This is a particular case of the following 
theorem. 


If an integral is summable {G, a), where a ^ 0, it is summable (C, j3), 
where p > oc, to the same value, 

A 

I<et ^(A,a) = 

Then if ^ > a, 






0 X 


W+i) 


i.e. 




r(i3+i) 

r(j8-a)r(o£+i)iti“+i 






A“^(A, a) dA. 


Hence 


=__“ V{(^(A,a)-/}dA. 

r(i3-«)r(cx+i)i^“+'J I W ^ 

0 

If <^(A, «)->/, suppose that |(^(A,«)—/| < M for all A, and e 
for A > A. Then 




-H 


A\^-a-l 


A“rfA 
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The first term is < e (it is c if A = 0), and the second is for 

a fixed A. It follows by choosing first A and then that jS) -> /, 
the required result. 


1.16. Summability of Fourier integrals. We have formally 

A oo 

- J ^—^du j f(t)coau{z—t) dt 

0 —00 

00 A 

= - J /(O J — cos «(«—<) rftt 




(1.16.1) 


This integral is analogous to Fej^r’s integral in the theory of Fourier 
series. We shall deal with it as a particular case of the following 
theorem. 


Theobem 13. Let 

K{x.y,8) = {\x-y\ < 8) (1.16.2) 

for some positive cx, and lei 

00 X 

lim f K(x,y,8) dy = lim f K{x,y,8) dy = J. 

a-^0 J 8->o J 

X — GO 

/(«)/(1+1*1“+^) belong to L(—co,co). Then 


lim { K(x,y,h)f{y) dy = i{<f>{x)+tl){x)} (1.16.4) 

8->o J 
— 00 

wherever 

h h 

j dt = o(h), j \f{x-t)-tli{x)\dt = o(h) 

0 0 

(1.16.5) 

as A->+0. The result therefore holds (i) with <^(ir) =/(a;4-0), 
if3{x) = f(x—0) wherever these expressions have a meaning, (ii) with 
<f>{x) = tp{x) =f{x) wherever f(x) is contintums, and (iii) with 

<f>{x) = ^(x)=^f{x) 


for almost all values of x. 
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It is sufficient to prove that 

00 

lim f K{x,y,S){f{y)—<f>{x))dy = 0 , 

8-^0 

X 

together with a similar result with iff{x); and by (1.16.2) and (1.16.3) 
this is true if ^ 4-8 


I J \f(y)-<t>(x)\ dy = 0 

X 

limS« ( Vjy^-fifdy^O. 

8-0 J |a:—y|“+i 


The first part follows at once from (1.16.6). Next, let 


I* 

XW = J l/(*+0—^{a:)| dt < eh 


for h ^ rj. Then 


s- f MriWi Jj, = 8- f i/^+<Wj»)l * 

J I*—^ J 

a:+8 8 

® 8 

< «+e(«+l)8“ J ~ < e|l+“'t^). 

Having fixed 77 , plainly ^ 

00 

lim 8“ f \ML:i^dy = 0. 

8->o J Ir— 


This proves the theorem. 

As a particular case, let 8 = 1 /A, and 

2sin2iA(a:-2/) 

A(3J, y, O) r-; — . 

■nMx—yf 

The conditions of the above theorem are satisfied (with a = 1 ). We 
therefore deducef the analogue of Fejer’s theorem on Fourier series; 
Theorem 14. Let f{t) belong to L(— 00 , 00 ). Then the integral 


00 ou 

i J f{t)cosu{x—t) dt 


t Hardy (5). 
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is summable ((7,1) to i{f(x+0)+f(x—0)} wherever this expression has 
a meaning\ to f{x) wherever f{x) is continuous \ and to f{x) for almost 
all values of x. 

An obvious corollary is that if f(t) is L{—oo, oo), and a(z4), b(u)^ 
defined by (1.1.3), are 0 for all u^ then f{x) = 0 for almost all x. 

As another particular case, let 

— coau{x—y)du 

0 

1 

= - I (l—v)°^co8Xv{x—y)dv 

^ J 

0 

1 

= ^ I (1—t;)«-isinAt;(a;—y) dv 

2/) J 


Alac-i/I 




j 




w 


1-a 


The second formula shows that K{x,y, 1/A) is 0(A), and the fourth 
that it is 0(A““|a;--i/|-“-^) for 0 < oc < 1. Also 

—VOO —►00 1 

J K^,y,^dy =~ J J (1—t>)“-^sinAr(j/—a;) du 


0 

—►00 


=z - J (1—i;)“~i dv J dt = \oc J (l—v)““^ dv = h 
0 0 0 

Hence 

Theorem 15. Theorem 14 is still true if (0,1) is replaced by (0, a), 
where 0 < a < 1. 

1.17. Cauchy’s singular integral.f In the theorem of the pre¬ 
vious section we have replaced Fourier’s formula by a limit of the form 


\\m- { <f>(hu) du f f(t)co^u(x~-t) dt. (1.17.1) 

S-^OTT J J 

0 

by (O, (x) we t 

^(»)=( 5 ,* 


For summability (C7,a) we take 

(!-«)“ (0 < « < 1 ), 

(u > 1 ). 

t Cauchy (1), Sommerfeld (1), Hardy (4), (5). 


(1.17.2) 
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Next let (f>(u) = e““. (1.17.3) 

The integral in (1.17.1) is then formally 

00 orj 00 

-00 u -00 (1.17.4) 

Here - 1 (1.17.5) 

and the conditions of Theorem 13 are again satisfied, with a = 1. 
In particular it follows that (1.17.4) tends to f(x) almost everywhere. 

This result is the rigorous form of Cauchy’s argument given in § 1.1, 
and the integral (1.17.4) may be called Cauchy's singular integral. 
The type of summability obtained is analogous to ‘summability A ’ 
for series. 


1.18. Weierstrass’s singular integral. Now let 

The integral (1.17.1) is then 

CO 00 00 

i J /(<) dt J e-^''‘'cosu(x-t) du = J /(<)exp|— | dt. 

— oo 0 —00 

Here ^(x,y,S) = (1.18.1) 

and the integral is known as Weierstrass's singular integral.^ 

The conditions of Theorem 13 are satisfied for any positive a; but 
in fact the result holds still more generally. 


Theorem 16. If K{x,yyh) is defined by (1.18.1), the results of 
Theorem 13 hold if e~^^f(x) belongs to i(—oo,oo) for some positive 
value of C (and so for all greater values). 

We argue as in § 1.16, with a = 1 say, for the integrals over 
(a:,a;+8) and (x+hyX+r}). It then remains to prove that, for fixed 
X and 7 ]y 00 

KS / + - 0. 

X+T) 


where g(y) is L. Now 


48 * 




[x-yY 

48* 


C{x—yf 


J/® ipc-yY . {x-yY 
{x—yY'^ 48* 88* 


•f Weierstrass (1), Hobson (1), Lebesgue (1), Hardy (6). 
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C <. — _ 

^ 882 (x+Ti)^* 

Hence the modulus of the above expression does not exceed 

00 

lc-«J \gmdy, 

x+yj 

and this tends to 0. 

1,19. General summability. If we merely require to deal with 
the case in which f{x+0) and/(a;—0) exist, we can use the following 
simpler theorem. 

Theorem 17. Let K{x,y,8) ^ 0, 

b X 

lim f K(x,y,h)dy = |, lim f K{x,y,h)dy = (1.19.1) 

8->o i 8->o J 

X a 

and let lim K{x,y,h) = 0 (1.19.2) 

8->o 

uniformly far all x and y for which \x—y\ ^ € > 0, and also, in the 
case a = —oo, b = oo, 

X~€ 00 

lim f K(x,y,S) dy = 0, lim f K{x,y,8)dy = 0 (1.19.3) 
8-*o J 8-*-o J 

— 00 X-t-C 

for any fixed positive e. 

Let f(x) belong to L{a, b). Then 

b 

lim r K{x,y,S)f{y) dy = ^{/(a:+0)+/(a;—0)} (1.19.4) 

8->o J 

a 

wherever the right-hand side exists. 

If f is continuous at the point x, (1.19.1) can be replaced by 

00 

lim f K{x,y,h) dy = 1. (1.19.5) 

S-^o J 

— 00 

We have to prove that 

J K{x, y, 8){f(y)—f(x+0)} dy -> 0, 

X 

with a similar result for (a,x). This integral does not exceed in 
absolute value 
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o 

max \f{y)-f(x+0)\ f Kix,y,8)dy + 

X 

b h 

+ max i:(a;,t/,8) f \f{y)\dy + \f(x+0)\ f K(x,y,h)dy, 

l/>j:+e J 


X + € 


X+€ 


which tends to 0 by choosing first c and then 8. Similarly for the 
other part. 

The relevant parts of the summability theorems are clearly cases 
of this theorem. They may, however, be exhibited as direct conse¬ 
quences of the form of the summability factor; the general result is 
as follows. 


Theorem 18. Let <}>{x) belong to L(0,oo) and have only a finite 
number of maxima and minima in (0,oo); let <^(+0) = 1/ let <f>{x) 
be the integral of <^'(a;), which is ultimately negative non-decreasing. 
Let f(x) belong to jL(— cx),oo). Then 

00 00 

limi j <}>{8u)du f f{t)coau(x—t) dt = J{/(a:+0)+/(x—0)} 

8-^0 TT J J 

0 — 00 

wherever the right-hand side exists. 

This follows from the previous theorem if 


GO 

K(x,y,h) = - 6{hu)co^u(x—y) du 

^ J 
0 

has the properties stated. 

Suppose first that <l>\x) is negative non-decreasing for all x. Then 

00 

K{x,y,8) = -J f {~<f>'iSu)}amu(x—y) du 
0 

S- ^ '*?" 

= 2, J {-f WletoKli-yl iu. 


n-n 

\x-v\ 


The sum is positive, and its value does not exceed that of the first 
term. Hence ni\x-y\ 

0 < K{x, y.S)^ f {-<f>'(8u)} du 

n\x—y\ J 
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which tends to 0 as 8 0, uniformly for \x—y\ > e. Hence (1.19.2) 

holds. Also 

00 00 00 

J K{x,y,h) dy = ““ J* J ^'(8«)sintt(a:—y) du 

X X 0 

fl-J J x—y 

0 X 

00 

= -p J f (8«) du = i^(+0) = i 

0 

the inversion being justified by dominated convergence, since 
belongs to X(0,oo). Similarly for (— 00 , x), and (1.19.1) follows. 
Similarly, 

J K{x,y,h) dy = — IJ «^'(8tt) du J d,y 


= O^S j {- <^'(Su)} duj + ol^ j (-<^'( 8 u)} duj 


= 0{^(+0)-^(8)}+0{r-i), 

and (1.19.3) follows from (1.19.2) on choosing first Y sufficiently 
large, and then 8 sufficiently small. 

In the more general case, we can write <^(x) = <f>i{x)—<f> 2 (x), where 
and <j >2 are negative non-decreasing. Let K^, K 2 be the correspond¬ 
ing AT-functions. Then AT^ and A'j are positive, and satisfy (1.19.2); 
the integrals «, 00 

J Ki(x,y,B)dy, J K 2 (x,y, 8 )dy 

— CO — 00 

are bounded; and (1.19.1) holds as before. These conditions are 
clearly sufficient for the theorem. 

1.20. In all the particular cases considered, we have 
K(x,y,h) = K{x^y,h), 
where iC(u,8) is an even function of u, 


oo 

J K{u, 8 ) du = I, 

0 

00 

lim J K{Uy S)du = 0 


and 
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for every positive rj. With these conditions, not only does 

oO 

X{x,h)= J K(x—y,8)f{y)dy 
— 00 

tend to f(x) at particular points, but in the sense of the following 
theorem it tends to f{x) on the average. 

Theorem 19. If K(u, 8) is positive and satisfies the above ccmditicms 
and f{x) is oo,oo), then 

00 

J lx(a^.8)-/(iP)l = 0- 

— 00 

For 

X(^.8)—/(a;) = I K(u,S){f{x-u)—f{x)} du. 


J dx ^ j dx j K{u,8)\f{x—u)—f{x)\ du 

— 00 — 00 — 00 

00 00 

= J K{u,8)du j \f{x—u)—f(x)\dx. 
— 00 —00 
00 

Now 0(u) = J \f{x—u)—f(x)\ dx 

— 00 


is bounded for all u, and tends to 0 with u. Let |^(tt)| ^ c for 
|tt| < rj. Then 

’IJ 00 

J K{Uy8)ift{u) du ^ € j K(u,8) du — €, 


-V 


and, if |^(w)| < M, 

I GO 00 

J K{Uy 8)ifj{u) du < if J K{Uy 8) du, 

which by hypothesis tends to 0 with 8. Similarly for {—co,—7]). 
Hence the result. 

For example, in the case of (0,1) summability, 


i J M 


1—cosA(a:—y) 

Mx—yf 


dy 


eonverges to f{x) on the average, in the above sense, as A -> oo. (Take 
A = 1/8.) 
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1.21. Further summabillty theorems. In all the foregoing 
theorems we have imposed on f(t) conditions which ensure the 
existence of the inner integral in Fourier’s formula in some sense 
or other. We shall next prove a theorem in which, without imposing 
any particular condition, we merely assume that the inner integral 
exists. 

Here we are not particularly concerned with the behaviour oif{t) 
in finite intervals, and for the sake of simplicity we shall suppose 
that it is continuous. 


Theorem 20. f Let f{t) be integrable over any finite interval, con- 
tinuous at t X, and let 

—►00 

J f(t)coau{x—t)dt 
—►—00 

converge uniformly over any finite interval of values of u. If the limit is 
g(x, u), then ^ 

lim i J ^ — '^g{x,u) du =f{x). 

0 

We have 

A —►00 A 

1 — COS u{x—t) du 


—►00 

= ] m 


28in*|A(a:—0 _ 


-T T -*<o 

J J* J “ •^i+«4+*4> 


—► — 00 —►—00 —T T 

say, where T > la;]. The inversion is justified by uniform con¬ 
vergence. ^ 

Let fy(t) = J f{v) dv. 

0 

By the case u = Oof the data,/i(<) is bounded, say \fi(t) | ^ M, Now 
T_ ^ ,,r\2sin2p(x-!r) 




t The analogue for Mellin integrals was proved by Hardy (8). See Macphail and 
Titchmarsh (1). 
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.,. ^ 2M , nr 1 dt , T.,1 dt 


2X(T—xf^T-x 


This can be made arbitrarily small by choice of T, for all A > Aq; and 
a similar argument applies to Having fixed T, Jg ^/(^) in 
§1.16. This proves the theorem. 


1.22. The general result of the above type appears to be that, if 
the inner integral is summable ((7, k), the outer integral is summable 
((7, A:+l). The above theorem is the case fc = 0, and we shall next 
prove the case i = 1. The proof of the general case does not seem 
to require any new idea, but it would be rather laborious to write out. 

Theorem 21. Letf(t) be integrable over any finite interval, continuous 
at t — X, and' let 

lim r {\-—^f{t)coBu{x--t) dt 

,4->ooJ \ /x/ 

0 

0 

and lim { (l — ^\f{t)co8u{x—t) dt 

J \ fx} 

-fA 

exist, uniformly over any finite interval of values of u. If the sum of 
these limits is g{x, u), 

lim - f (l —y] 9 (x,u)du =f{x). 

X—*-co n J y A J 

0 

It will be sufficient to consider the case where f{t) = 0 for < < 0. 
By uniform convergence 
A X fji 

l — ^j g{x,u) du = ]im J J 0 

0 ^0 0 
The repeated integral is equal to 
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say, where |a:| < T < /it. Define /^{t) as before, and let 

t t 

M*) = J fM dv = t j dv. 

0 0 


Then f 2 (t)lt is bounded, as a particular case of the data. 
On integrating by parts twice, we obtain 

\ H'/ H' 


where 


+(i- fswit) dt + j dt, 

^ T T 

6{t) = -l _ 2sinA(a:-<) 




A(a:-0» 


2cosX{x—t) 


6sinA(a:—<) 
X%x-t)*’ 


Vit) = 


12 


2sinA(a;—12cosA(a;—<) 


A(a:— (x—t)^ 


X{x-tf 


24sinA(2;--^) 

“A2(‘a:i.^)5 • 


Making /x oo, we obtain 

T 

J f(t)(f>{t) dt, 

0 

•4 -> -/i(7’)^(T)+A(r)f (y)+ J A(tmt) dt. 

T 

We can choose T so large that the last two terms are arbitrarily 
small for all A > Aq. Having fixed T, f^(T)<f}(T) -> 0 as A -> oo, and 

]f{m)dt-^^f{x) 

0 

by the theory of Fejer’s integral, § 1.16, and the consistency theorem 
for C-summability, § 1.15. This proves the theorem. 


1.23. We have seen that the (C, 1) of Theorem 14 can be replaced 
by (C, a), where a is arbitrarily small. This is not true of Theorem 20; 
in neither Theorem 20 nor Theorem 21 can the order of summability 
of the outer integral be reduced. We shall now prove this by means 
of examples. ^ 

cos ui du, 

0 


Let 


4(A,0 


J 
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As in § 1.16, if 0 < a < 1, 

Xt 

J «“-'sin(A<-«) dv = 

0 

as A->oo, i->-oo. Also 

_ Xt M 

% = J «“"^co8(A<-«) J i;“-isin(A<-«)dw 

0 0 

->oo 

= >i.“ J 

0 

= r(a+ l)Ai“«/-i-«cos(A«- \noL)+0{t-^Y 

Suppose that we try to prove Theorem 20 with ((7, a), where 
0 < a < 1, instead of (C, 1). We encounter a term 


•4 = / dt 

T 

00 

= -A(;r)4(A,*-T)+ |A(<)|4(A,x-<)d<. 

T 

Take T fixed (>la;|). Then everything is bounded except possibly 
the term oo 

r(a+l)A^-“ J /i(<)^-^-“cos(Aa;-~A<—^TTct) dt, 

T 

Let f(t) = 2*'v~^sin 2*^^ {vtt <. (i'+l)7r), 

for V = 1 , 2 ,..., and f(t) — 0 elsewhere. Then 

f^{t) = — cos2*'<) {vTT <. (i^+l)7r). 

Clearly 

T T 

J f{t)cosu{x—t) dt — f-^(T)QO^u{x—T)—u J fi{t)smu{x—t) dt limit 
0 0 

as T-^oo, uniformly with respect to u, so that the conditions of 
Theorem 20 are satisfied. 

Let A = 2P. Then 


00 

J fi(t)t-’^~°^coQXtdt 

n 


iv+l)n 



(1—cos2*'/)cos2P^ 
^+i 


dt. 
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The term v = p is 


(p+l)ir 

(p+l)ir 

C 008^^ 

- ^ r 

2/>® J 

pit 

pn 


1+cos 2P-^H 




dt 


< 


The remaining terms are 

(v+Dtt 


J 


cos 008(2”— 2P)t— i co8(2”+2^)< 


1_ +o(l\ 

l-l)“7r“ \2P) 


t<x+i 


dt 


^ V ol _'I = 

^ \v“+3|2#>—2”|/ \2P/‘ 


Similarly, 


a 

J 




l(x+l 


Hence [Jal >-4[cos(Aa;—j7r£x)|A^“®(logA)““"2+0(l), 


for A == 2^. Finally, the sequence cos(2Pa;—^Tra) does not tend to 0, 
since, if one term is small, the next is approximately — cos^tra. 
Hence is unbounded. 

Also, by Theorem 15, tends to a limit. It follows that, in Theorem 
20, (C7,1) cannot be replaced by ((7, a), if a < 1. 

If 1 < a < 2, we can write 

4(^.0 = J V^-^COB{U-v) dv. 

0 

Hence d^Ijdfi contains a term 

— J v“'"*cos(Af—v) dv 

= ^^“+y'~“ sin(Af-^^«)+Q(ij. 

and, in the argument with (C, tx) analogous to that of § 1.22, we 
obtain the term 

00 

r(a+l)A*-“ J /j(<)*““"^sin{Aa:— Af— iTTot) dt. 

T 

f(t) — 2®”|/~®C08 2”< (VTT ^ t <. (»'+l)w) 


Let 
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for V = 1,2,..., and/(^) = 0 elsewhere. Then 

Mt) = v-*(1-co8 2''«) (w < « < (v+lM. 

Since 


J |l— ij/(«)co8«(x—— 

0 

— jf2{t)j^&inu{x—t)+^-^-^u^co&u{x—t)^ dt, 

0 

which clearly tends to a limit as ^ oo, the conditions of Theorem 21 

are fulfilled. 


The proof that the selected term is unbounded now proceeds as 
before. The remaining terms are easily seen to be bounded, and the 
desired result follows. 


1.24. The integrated form of Fourier’s formula. It is well 
known that the result of formally integrating a Fourier series term- 
by-term is true, whether the original series is convergent or not. 
The corresponding theorem for integrals is as follows. 

Theorem 22. If f{x) belongs to oo,oo), then 

^ ~+0O GO 

jf(x)dx = ~ j ~ j (1.24.1) 

0 0 —00 

( f{x) dx = ^]im ^ du f f{t)e^^dt (1.24.2) 

J 27rA->oo J -—lu J 


for all values of ^; and 
i 


J f(x) dx = - j J (1.24.3) 

0 0 0 

^ —►00 00 

J f{x) dx = -j du J f(t)ainut dt (1.24.4) 

0 0 0 
for 

The formulae correspond to (1.1.1), (116), (1.1.4), (1.1.6) respec¬ 
tively. Consider for example (1.24.2). We have 




00 OO A 

J f(t)ei'^dt = J f(t)dt j 




D 
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by uniform convergence. The inner integral is 

A 

u ’ 

0 

which is bounded for all t and A, and, as A oo, tends to27r{0<t< |), 
0 (< < 0 or ^ > 1^). The result therefore follows by dominated con¬ 
vergence. The other formulae are easily deduced from this, or proved 
in a similar way. 

1.25. The complex form of Fourier’s integral. The theory of 
the complex form of Fourier’s integral is substantially the same as 
that of the forms already considered. We shall state briefly the most 
important results. 

We have so far supposed that all the functions are real. There is, 
however, no additional difficulty in dealing with complex functions 
of a real variable, and it is natural to apply the complex form of the 
theorem to these. The extension of all the definitions is immediate; 
a complex function f{x) is integrable, of bounded variation, etc., if 
its real and imaginary parts separately have these properties. 

Theorem 23. Letf(t) belong to oo,oo), and let it be of bounded 
variation in the neighbourhood of t == z. Then 

A 00 

i{/(a:+0)+/(x-0)} = J J f(t)ei^dt. (1,25.1) 

—A —00 

If f(t) satisfies the conditions of Theorem 4 in the neighbourhood of 
t ^ X, the left-hand side may be replaced by f(x). 

We may invert by uniform convergence, and obtain 

A 00 00 A 

dt= j fit) dt J du 

— 00 —A 

_2 f 

J X —t 

— 00 

and the result follows as in the proof of Theorem 3. 

As a particular case, suppose in addition that f{z) is analytic for 
y ^ 0, and f{z) 0 as |z| -> oo uniformly for 0 < argz < tt. Then 
by Jordan’s lemma (Whittaker and Watson, Modern AnalysiSy 
§6.222) = 0 for > 0. The formulae reduce by a change of 

variable to those of Laplace, (1.4.1), (1.4.2). 


J tr^'^dn J 

—A —00 
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If we use the functions F^(w) and F^{w)^ we obtain a theorem in 
which f(x) is less restricted at infinity. 

Theorem 24. Let belong to L(—oo,oo) for some positive c, 

so that F^{w), F^{w), defined by (1.3.1), (1.3.2), exist for t; ^ c, 
i; < — c, respectively. Then, if f{t) satisfies conditions corresponding 
to those of Theorems Z or 4c in the neighbourhood of t = x, 

ia+A 

1 


i{/(*+o)+/(*-o)} = 


lim 

^{2iV‘)x-*’Oo 


r F+{w)e-'^^ 

ia-A 


' dw + 


<6+A 


<6-A 

where a c, b ^ —c. 

Let g{x) = e^^f{x) {x > 0), 0 (a; < 0). Then by the previous 
theorem x « 

i{5f(a:+0)+gr(a;~0)} = ^lim J e-^^du J g(t)e^^dt 

~A -a 

A 00 

— A lim f c-^“ du r dt 

27rA-*»oo J J 

-A 0 

A 

= -r-^^— lim I c~^“jp 4 .(u 4 -ia) du, 

V(27r)A--co j ^ ^ ’ 

io+A 

or ie“®{fl'(«+0)+g(a:—0)} = f F+{w)e-*^ dw. 


ia-A 


Similarly, if h{x) — c'^/(x) (x < 0), 0 (x > 0), then 

id+A 

^c~*®{A(a;+0)+A(a;—0)} = j}^ ■ lim f F^{w)e~-’^^ dw, 

y(27r)A-»-oo J 


The result stated follows on addition. 


ib-X 


1 •26. Perron’s formula.t The formula known as Perron’s formula 
in the theory of Dirichlet series can be deduced from Theorem 24. 


Theorem 25. Let 


/(«) == 2o„c-^ 

n-1 


6c convergent for u > oq, where the are real and steadily increasing 


to infinity, and let 

t See Hardy and Riesz, The General Theory of Dirichlet'a Series, 12-14. 


= ,2 «n- 
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Then if k > 0, k > Oq, 

k+iT 

3M(a:+0)+.4(a:-0)} = ji-. lim f &ld>^ds. 

2iTT% T-*co J S 
k-iT 

Let Aq = 0, = ai+ct 2 + ••• +®n* 

m 

If j3 > (Tfl, 2 is bounded for all m, and hence, if also j8 > 0, 

= 2 a,e~\P.e^P = 0{e^P). 

Hence, if N is the greatest n for which < a:, 

A(x) = = 0{e>^NP) = 0{eP% 

Hence for a > jS, 

/(«) = 1 (-4„—= 2 ^„(e-^*-e-^+‘*) 

n-1 n-1 

00 Ai+1 flo 

= 2 u4„a f c-*" dy = 8 f A(y)er^ dy. 

«”i xi 0 

Since A{y) is of bounded variation in any finite interval, the result 
follows from Theorem 24. 


1.27. Fourier’s theorem for analytic functions. The following 
form of Fourier’s theorem applies to a class of analytic functions. 

Theobbm 26. Let f{z) be an analytic function, regular for 

—a<y<b. 


where a > 0, 6 > 0.' /» any atrip interior to —a < y < b, let 



0(e-(X-«)x) 


{x oo) 

(x -*■ —oo) 


(1.27.1) 


for every positive e, where A > 0, ^ > 0. Then F(w), defined by (1.2.5), 
satisfies conditions similar to those imposed on f(z), with a, 6, A, p 
replaced by A, p, b, a; and 

00 

m = j Wc-*'" dw (1.27.2) 

— OO 


for every z in the strip —a <y < b, 

00 

We have F{w) = J /(0e<««’ d^. 
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and the integral converges uniformly for —A < v < jjl. Hence F{w) 
is anal}rtic in this strip. By an obvious application of Cauchy’s 
theorem we may take the integral along any line of the strip parallel 
to the real axis. Thus 


F(w) == 


GO 

— GO 


and by taking rj arbitrarily near to —a or 6 the order-results for 
F(w) follow. 

The reciprocal formula (1.27.2) can be deduced from Theorem 23; 
it can also be proved directly by the theorem of residues. Let 
—a < —a < y < p < b. Then 


V(^~) / dw = j dw J 

0 0 ip-co 

^+00 GO 

ifi-co 0 

<fl+G0 

= ^ f 

^ J z-i 


<j5—GO 

the inversion being justified by absolute convergence. Similarly, 

0 —ia+oo 

-iir\ f F(w)e-^ dw = f 

V(2w) J ' ' 2m J i—z 

—00 —iot—00 


and, by an obvious application of the theorem of residues, the sum 
of the right-hand sides is /(«). 


1.28. Summability of the complex form. The various sum- 
mability theorems have obvious extensions to the complex form of 
the theorem. It will be sufficient to state one of them. 

Theorem 27. Let f(t) belong to L(— oo,oo), or, more generallyy let 

—►00 

J f{t)e*'^dt 

—► — GO 

converge uniformly in any finite interval. Then 
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M equal to i{f(*+0)+/(a;—0)} wherever this expression has a meaning; 
tof(x) wherever f{x) is continuous; and tof{x) for almost aU values of x. 

On inverting the order of integration the integral reduces to (1.16.1), 
and the result then follows from Theorems 14 and 20. 

1.29. Mellin’s inversion formula. Theorems on Mellin’s formula 
may be obtained from theorems on Fourier’s formula by a change of 
variable, as the formula itself was obtained in § 1.6; and of course 
there is no difficulty in adapting the arguments to give a direct proof 
in each case. 

We shall state only the most important theorems. 

Theorem 28. Let y^-^f{y) bdong to L{0,oo), and let f{y) be of 
bounded variation in the neighbourhood of the point y — x. Let 

00 

5(a) = J f{x)af-^ dx (a = k+it). (1.29.1) 

0 

k+iT 

Then i{/(*+0)+/(®—0)} = i lim f '^(s)x-‘ds. (1.29.2) 

^7r% J 

k-iT 

Theorem 29. Let %{Je-\-iu) bdong to L{—oo,oo), and let it be of 
bounded variation in the neighbourhood of the point u — t. Let 

/(*) = ^ J (1-29.3) 

k—ioo 

Then x 

i[8f{*+t(<+0)}+5{*+»(<—0)}] = lim r /(a:)«*+«-i dx. 

(1.29.4) 

Both theorems are obtained by changes of the variable in 
Theorem 23. 

In some examples the following theorem is required. 

Theorem 30. Let 

m+it) = 

where 4>{t) ond *li(t) satisfy the conditions of Theorem 11, both as 
f -> 00 and t -*■ —oo; or let 

e»»/(e») = 4>{x)e^^^\ 

where ^ and *!> satisfy such conditions. Then Mdlin's formulae hold, 
the integrals being non-absolutdy convergent. 

This follows from Theorem 11 by the usual substitutions. 
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Theorem 31. Let f{z) be an analytic function of z = regular 
for —a < d < P, where 0 < a < tt, 0 < jS < tt; and let f{z) be 
0{\z\-^-^) for small z, and 0{\z\‘-^+^) for large z, wherea < 6, uniformly 
in any angle irUerior to the above. 

Then 5(«), defined by (1.29.1), is an analytic function ofs, regular for 


a <, a a b; and 



0{e-^P-^^) 


(^->oo) 

{t —>• —oo) 


for every 'positive c, uniformly in any strip interior to a < g < b; and 
(1.29.3) holds for a < k < b. 

Conversely, if g(«) is a given function satisfying the above conditions 
and f(x) is defined by (1.29.3), then f{x) satisfies the conditions pre¬ 
viously imposed on it, and (1.29.1) holds. 

This follows from Theorem 26, or it may easily be proved by an 
analogous argument. 

Theorem 32. Letf{x)x^-'^ be L(0,co); or, more generally, let 
—►00 

J dx = 3f(«) (1.29.6) 

-►0 

be uniformly convergent for s — k-\-it, t in any finite interval. Then 

k+iX 

k—iX 

is equal to i{/(a;+ 0 )+/( 3 J—0)} wherever this expression has a meaning, 
and in particular to f{x) wherever f{x) is contimums; and to f{x) for 
almost all x. 

In the inverse form the assumption is that "Sik+it) is L, and the 
conclusion ^ 

lim J = af(a) 

almost everywhere. 

This follows from Theorem 27 by the usual changes of variable. 

A particular casef is that, if 

—►00 

J f(x)x^-^ dx, I f{x)3d>-^ dx, 

-►0 

where a <. b, converge, then the result holds for a < fc < 6; for then 

t Hardy (8). 



48 CONVERGENCE AND SUMMABILITY Chap. I 

(1.29.6) converges uniformly in any finite region interior to the strip 
a < u <h. In this case g(«) is analytic in the strip. 


1.30, The Laplace formulae. The simplest theorem on the 
formula (1.4.3) is 

Theorem 33. A necessary and sufficient condition that f{z) should 
be of the form , ^ 

= i>{w)e^-^dw, (1.30.1) 

r 

where P is a closed contour surromvdiryg the origin, is that it should be 
an integral f unction of exponential type, i.e. such that f{z) = 0(e^’®') 
for some c. 

The formula (1.30.1) plainly defines an integral function of z; and, 
if |i«;| < c on the contour, f{z) == 0(e^i*i). Hence the condition is 
necessary. 

Conversely, suppose that it is satisfied, and let 

f(z) = io„z». 

n“0 

Then by Cauchy’s inequality 

for all values of r. Taking r ~ n, 

|a„l < 


Hence the series <f>(w) = ^ 


n“0 


is convergent if w is sufficiently large, say for [wl > M. Let P be a 
simple closed curve surrounding the origin, and lying entirely outside 
the circle Iwj = M. Then by uniform convergence 


J-f 

27ri J 


dw = 


- 

^0 


’'n ( ^ 


dw='^ a„2» =f(z), 

n-O 


the required result. 

The reciprocal formula is 


<ft{w) — j f{x)e-^"’ dx 


as in § 1.4, but in general this holds for R(w’) > c only. 
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For f{z) in (1.30.1) to vanish identically, it is plainly not necessary 
for to vanish; it is sufficient for to be regular within P. 
Hence, if we are given/(s) and P, (1.30.1) does not determine (f>{w) 
uniquely. It does so, however, if ^(u;) is given to be regular and zero 
at infinity; and there is a more general result of the same kind. 

Theorem 34. Let (f>(w) be regular for sufficiently large w, except for 
a pole of order n at infinity, and let 

j <f>{w)e^'^ dw = 0 
1 ' 


for all t, P being a simple closed contour surrounding the origin. Then 


if>{w) aQ+a^w-\-...-]ra^ w^. 

Let tff{w) = ^(w)—aQ—...—a^w*\ 

where a ^-^-is the principal part of ^(u') at infinity. Then 

J ili{w)e^^ dw = 0, 


and 4*{w) 0 as \w\ oo. 

Multiply by e~^, where R( 2 ) > max R(i/^), and integrate over 

r 

(0,oo). We obtain ^ , 

I Mw) - dw — 0 , 

J z—w 
r 

and this holds by analytic continuation for any z outside P. 

Hence, by the calculus of residues, if P' is a circle of radius 


i?> kl, 


iIj(z) = 



w—z 


and, making -> oo, the right-hand side tends to 0. Hence \fi{z) = 0. 
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2.1. Formalities. Ir F(x) and Q{x) are the Fourier transforms of 
/(*) and g{x), we have formally 

00 00 00 

J F{x)Q{x)dx^^-^ J 0{x)dx J me<^dt 

— CO —CO —CO 

00 00 00 

= V(fc) J J j (2.1.1) 

— 00 — 00 — 00 

If g{t) is replaced by g{—t)y 0(x) is replaced by 0(x), so that an 
equivalent formula is 

00 00 

J F(x)Q(x)dx= J f(x)g{x)dx. (2.1.2) 


If g —f, we obtain 


J \F{x)\^dx= j \f{x)\^dx. 


For even functions the formulae reduce to 


J Ff(x)0c{x) dx = j f(x)g{x) dx, 
0 0 

J{F,{x)}»dx = JiJ{x)}^dx; 


for odd functions they reduce to 


J -Pi(?)G',(a:) dx = j f(x)g(x) dx 
0 0 


These formulae are analogous to Parseval’s formula 


Zir 

^ J {/(»)}*«** = K+^f^(«5+6«) 


(2.1.3) 


(2.1.4) 


( 2 . 1 . 6 ) 


( 2 . 1 . 6 ) 


(2.1.7) 
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in the theory of Fourier series. They will be known generally as the 
Parseval fonnulae.f Again, 


27r J 

F{f)e-^dt 

j g(«)c"“ du 

— 00 

00 

00 

J 

— 00 

- 1 ! 

g(u)du J 



Thus the functions 
1 


w 

ns 

00 

^ J g{u)f(z—u) du, F{x}0{x), (2.1.9) 


are Fourier transforms. The integral obtained is called the restdianf 
of f{x) and g{x). 

The process may clearly be repeated. The functions 


OO OD 

^ J* h{v)dv J g(u)f(x—u—v)du, F(x)0(x)H{x) 
— 00 — 00 

are transforms. So generally are 

00 00 

J fn('^n) J /n-l(^n-l) X 
— 00 —00 

r 


( 2 . 1 . 10 ) 


( 2 . 1 . 11 ) 


and F{x)Fj{x)...F^{x). J 

There are analogous formulae for Mellin transforms, which may be 
obtained by transformation from the above, or directly as follows. 
If 2f(«), ©(«) are the Mellin transforms of f{x) and gr(a:), 

If-fioo k+ico CO 

J S(«)®(l-«) * = ^ J (5{l-s)d8 j f{x)x-^dx 

k—ioo k—ico 0 

00 jk+ioo 00 

= ^. J /(*) dx J ®(1—a)**-^ ^ ~ j (2.1.12) 

0 fc —<00 0 

t The earliest reference to the formulae of which I know is in Rayleigh (1). See 
also Hardy (3-5), Ramanujan (1). 
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k—ico 


^ J S(»)®(l-«)d« = ^ J ^(s) da j g(x)x-* dx 

If—ioo 0 

00 If+ioo 00 

= J 9{x) dx J 5(«)a:-* da = j g{x)f{,x) dx. 


Similarly, 


Jb—ioo 


If+ioo 


If+ioo 


i J 2f(«)®(«) ** = 2 ^ J 9(x) dx J ^(a)x*-^ da 

k—iao 0 Ic-ioo 

"I'm?- 

0 

If ^ and both are real, (2.1.12) with ifc = i gives 

00 00 

^ j IS(Hi<)l* dt== j {/(*)}* dx. (2.1.14) 


Also 


jfc+ioo 


J ^ J cte J dw 

0 0 k—ioo 

k+ioo 00 

= ^ J dw J g(x)x‘-^-^ dx 


k-ico 

k+Uo 


“2^ J SM®(a—to)dw, (2.1.16) 


k—ioo 
If+ioo 


i.e. 


/(*)9(®). J g(M>)®(«-u>) rfw (2.1.16) 


are Mellin transforms. 
Again, 


k-im 


If+ioo 


If + ioo 


lf<t-ioo 


^ J 0f(«)®(«)«~* J d,u J g(«)M*->a:-* tJs 

0 If—ioo 


another sort of resultant.' 
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Hence we obtain as Mellin transforms 




mm- 


(2.1.18) 


Repeating the process, we obtain as Mellin transforms 

J «» J «n-l J «1 

0 0 0 

(2.1.19) 

From the Laplace integral formulae we derive similarly the 
formulae 

A: + ioo 30 

k—ioo 0 

00 

= J /(y) dy J i/-(«)c<^*-«') d« 

0 

= J f(y)9(^-y) dy, (2.1.20) 

0 

and «, 

^ J ^(«)0(-«)c“ d8 = ^ j f(y) dy J i^(-a)e^*-») da 

0 

00 

= J f{y)9(y—x) dy. (2.1.21) 


iiiaT(a5,0) 


We can also introduce parameters into the formulae without altering 
them essentially. Since 

— 00 —00 

the transform of f(ay) is Thus e.g. 

j ^(5)o(f)fe (2.1.22) 

— 00 — 00 

Similar changes may be made in the other formulae; e.g. 

J f{ax)3f-^ dx — a-* J /(|)f*“^ df, 
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80 that the Mellin transform of /(oa;) is a~*5(6). Thus 
00 

j f{ax)g{bx)dx = -^ J (2.1.23) 

0 Jb— 

and similarly in the other formulae. 

2.2. Conditions for validity. We shall now give some sets of 
conditions for the validity of the above formulae. Some of the most 
important conditions depend on the theory of mean convergence, and 
must be postponed until later chapters. The conditions which we give 
here depend on analysis resembling that of Chapter I. 

We begin with (2.1.1) and its special cases. 

Theokeh 36. If f{x) and 0{x) belong to L{—oo,oo), and F(x) and 
g{x) are tiuir tranafomu, then (2.1.1) holds. 

For the inversions used in obtaining (2.1.1) are justified by absolute 
convergence. The theorem implies that / and 0 are the given func¬ 
tions, and F and g defined in terms of them. 

The theorem of course includes the corresponding theorems for 
cosine and sine transforms. 

It follows also that, if/(z) and 9 (x) are L{—oo,co), and 0{x), defined 
as the transform of g{x), is L(—oo,oo), then (2.1.1) holds. For, by 
Theorem 27, g{x) is the transform of 0{x). 


2.3. We next take some oases of Parseval’s formula suggested by 
Theorem 6. Here the conditions are more appropriate to the half¬ 
line (0,oo), and we consider cosine and sine transforms separately. 

Theorem 36.t Letf{x) belong to L{0,co), and, in some interval ending 
at 0, tend eteadUy to a limit aax-t-O. Let g{x) be the coaine tranaform of 
Og(x), which ia integrable over any finite interval, and tenda ateadUy to 
0 OS z ->■ 00 . Then 

00 

J FJ,x)0g(x) dz = I f{x)g[x) dz. (2.3.1) 

0 --♦0 

We have to justify the inversion 

-•-00 00 00 —►00 
J Ofiy) dy j /(z)coszy dz = J /(z) dz J 0^{y)coaxy dy. 

0 0 ^0 ( 2 . 3 . 2 ) 


t Hardy (5). 
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n w A 

f Ociy) dy f f(x)coaxy da: = f f(x) dx f 0^(y)coBxy dy, 

“ * 8 0 ( 2 . 3 . 3 ) 

for every finite A, by uniform convergence. By the second mean-value 
theorem 

I Oc(y)oosxy dy = Oc(X) J cosxydy = 

00 ->00 

Hence limj/(a;)da; J Ojiy)coaxy dy — 0, (2.3.4) 


(2.3.4) 


and (2.3.3), (2.3.4) give 


—►OO 00 oo ~>00 

J Oc(y) dy J f{x)cosxy dx — j f{x) dx J Oc{y)coaxy dy 
os 8 0 

for every S > 0. It is now sufficient to prove that 


(2.3.5) 


a 

Ociy) dy J f{x)coQxy dx = 0. (2.3.6) 

0 

If, e.g.yf(x) is steadily decreasing in (0,8), 

V* 8 8 Vt 

j GJiy) dy J* f(x)coaxy dx = j f(x) dx J Oc{y)coaxy dy 

y, 0 0 l/i 

i y% 

==/(+0) j dx j Oe{y)coaxydy 

0 Vi 

Vi 

where 0 < | < 8; and 



J G'c(y)--^ dy = 0,(Y) J dy = 0{(?,(7)} 

Y Y 

for all f, while, for a fixed F, 

Vi 

as f -> 0. The result therefore follows on choosing first Y sufficiently 
large and then 8 sufficiently small. 
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Theorem 37. The corresponding theorem for sine transforms holds 
provided that, in addition, Gg(x)lx belongs to i(l,oo). 

In this case we encounter 

Vt 

^ , 1 —COStW J 

G,i:y) — T-^dy 


I 

V\ 


y 


at the last stage of the proof, and the extra condition is required here. 

2.4. In the above theorems the functions on which the conditions 
bear are on opposite sides of the Parseval formula. We next prove 
a theorem in which they are on the same side.f 

Theorem 38. Let f{x) belong to i(0,oo). Let g(x) be positive, non¬ 
increasing, and tend to 0 cw x -> oo, and let 
1 




g{u) du <oo. 


Then 


J F^(x)G^(x) dx=: j dx, 


(2.4.2) 

(2.4.3) 


and similarly for sine transforms. 
We have 

A' 



A 


COB xtdx J g(u)iiOBxudu 

0 ^ 0 

00 —>■00 A 

= ?(/«)* f g(u)du J aoBxtcoBxu dx 

0 0 ^ 

CO 

= J m{g{t,X)-g{t, |)+j/(-<, X)-g(-t, I)} dt, 

" _ (2-4.5) 


g(t. 


,*) = 1 r 

TT J U — t 


t Seo Hardy and Titchmareh (5). 


where 
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The inversion of the x and I integrations is justified by the uniform 
convergence of the ^-integral, and that of the x and u integrations by 
that of the ^^-integral. 

Since g(t) is non-increasing, g(l, X) -> g(t) as X -> oo for almost all 
positive ty and g{—ty X) -> 0. Also as | 0 

u 

g{iA) = J J/(«) ““f du +0{g(U)} 

0 

= 0^ J ?(«) dii^-]rO[g[U)] = o(l) 

by choosing first U and then 
Now 


—►a 

/ 


g{u) — 


sin x{u—t) 


u—t 


du 


* 

R t 

< Ag(\t) < y J 7 J 


and I 

“ t 


f < f ? I jW du 

J U t J t U t J 


t 

< I J g{u) du. 

0 

t 

Hence l/( 09 '(<.*)l < J ?(“) du, 

0 

which belongs to i(0,1), by hypothesis; and it belongs to £(1 ,qo), 
since/(<) belongs to i(l,oo), and 

t 


i J g{u) du -> 0. 

0 

The result now follows fi:om (2.4.5) on making X oo, f -> 0, by 
dominated convergence. 

Immediate corollaries are: 

(i) lif{x) belongs to 2/(0,oo), and g{x) is of bounded variation in 
(0,oo), and tends to 0 at infinity, then (2.4.3) holds. 

(ii) If / is i and g bounded in (0,1), then (2.4.2) holds and the 


theorem follows. 


E 
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(iii) If / is bounded and g{x)\og(llx) is L in (0,1), (2.4.2) holds and 
the theorem follows. 

Apparently / bounded and gr L in (0,1) is not sufficient. 


2.5. In a later chapter we find some examples of Parseval’s 
formula which evade all the above theorems. These are cases where 
the existence of the transforms and the convergence of the integrals 
involved is obvious enough, and all that is needed is to prove the 
equality of the two sides of ParsevaFs formula. We can deal with 
some such cases by means of the following theorem. 

Theorem 39. Lei f{x) and g{x) be integrable over any finite interval. 

a a 

F{x,a) = J G{x,a) = J g{t)e‘^dt, 

—a —a 

6 

and = J g(y)f{x—u)du 

—a 

be all for some positive c, independently of a and 6, and tend to 

F{x), 0{x), and xip^) flw a oo, 6 -> cx5, for almost all x. Then 
A 

Jm I J(x)G(x)(fa: = i{x(+0)+x(-0)} 
provided that the limits indicated exist. 


Let A > 0. Then by dominated convergence 


/ 




00 

lim f dt 

a-t-oo J 
— 00 


—a —00 


g-WM+iut+tarf 


a 

= limV(2A) f f{x)e-^+^^ dx, 

a-»>oo J 


and the convergence is uniform over a finite w-interval. Hence 

6 00 b a 

j g(u)du j dt = lim V(2A) J g(u)du J f(x)e-^+“>‘dx 


-b 


a-hu 


= lim 7(2A) f g(u) du f f(x—u)e-^* dx 

-6 -o+u 
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0+5 xnin(j:+a,6) 

= limV(2A) I e-^'dx f g{u)f{x-u)du 

a—*-<30 J J 

—o —0 max(x-a, —6) 

00 

= V(2^) J 6) dx, 

— 00 

by dominated convergence. Also we may invert the left-hand side, 

by uniform convergence, and obtain 

00 

V(27r) J F{t)0{t,b)e~V'lXdt. 

— 00 

Hence, making 6 -> oo, and using dominated convergence, 

oo oo 

J F{t)Q{t)e-V'>^ dt = j e-^'x{x)dx. 

— 00 —oo 

Making A -> oo, the result now follows from Theorem 16. 

In particular, the result holds if/ and g belong to jL(— oo,oo), and 
one of them is bounded. 


2.6. Transform of a resultant. We now turn to (2.1.8), giving 
the Fourier transform of a product, or of a resultant. From one point 
of view this is merely a case of Parseval’s formula, since f(x—u) is the 
transform of A new problem arises, however, when we 

consider all values of x at once. We then ask whether (2.1.9) are 
transforms belonging to one of the general classes already considered. 

Theorem 40. Let f{x) be the transform of a function F{x) of 
2>(—oo,oo), and let g{x) belong to i(—oo,oo) (50 that its transform 0(x) 
is bounded). Then ^{27r)F{x)0(x) belongs to i(--oo,oo), and its trans¬ 
form is ® 

k{x) = i g(u)f(x—u) du, 

— oo 

For the inversion in (2.1.8) is justified by absolute convergence. 

Theorem 41. Let f(x) and g(x) belong to L{— 00 , 00 ). Then so does 
k{x)y and its transform is ^(2 tt)F(x)G{x). 

For o a 

J k{u)e^^'* du J e^'^^du j f{v)g{u—v)dv 

—a -a —oo 

00 a 

— j f(v)dv J g{u—v)e^'“du 

— 00 —a 


00 -a—v 

= J f(v)e^^^ dv J g{t)e^^ dt. 

— CO — a —V 
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The inner integral converges boundedly to :^{27r)0{x). Hence 

00 00 

J k{u)e^^^ du = J f{v)e'^^^0{x) dv = 27tF{x)0{x), 

— 00 —00 

2.7. Mellin transforms. 

Theorem 42. Let x^^^f{x) be L{0,co), and (5(1—k—it) be i(—oo,oo), 
or alternatively let be i(—oo,oo), and x’-^g(x) be L(0,cx)). Then 

(2.1.12) holds. 

For the inversion which gives the formula is justified by absolute 
convergence. 

Theorem 43. Letf(x) and g(x) be integrable over any finite interval 
not ending atx = 0. Let 

a n 

(5(«, a) = J dx, ®(«, a) = J g{x)x‘-^ dx 

1/a 1/a 

tend to g(«), (5(«) for a —k,a = \—k respectively, for almost all t, 
in such a way that are, for some positive c, 

bounded independently of a. Lei 

h 

a 

be bounded far all a, b, f, and, asa->0,b->co, converge to a continuous 
limit in the neighbourhood of $ = 1. Then 

k 4 iX -►00 

—. lim f g(a)®(l—s)d» = ( f(x)g(x)dx, 

IttI A->oc. j j 

k - iX -►0 

provided the left-hand side exists. 

This follows by a change of variable from Theorem 39. 

The analogue of Theorem 41 is 

Theorem 44.' Let x^f(x) and xf^g(x) belong to L(0,oo), and let 

AW-J/wgjf. 

u 

Then x^h(x) belongs to L(0,oo), and its Mellin transform is %is)(5{s), 
with a == fc+1. 

2.8. Poisson’s formula. Tliis is 

^mO)+lFcm] = Va(j/(0)+ !/(««)), (2.8.1) 

where ajS = 27r, a > 0. 
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We shall provef 

Theorem 46. Let f(x) be of bounded variation in (0,oo), and tend 
toOaax-^co, Then 


Vj3 i FM) 

= Va lira U/(0+0)+ ^ 0)+/(»»a+0)}— i f J(t)dt . 

Af->oo I m=»l ot J 

( 2 . 8 . 2 ) 

// afoo J f(t) dt exists, then 
0 

= .Va[i/(0+0)+J K/{»««-0)+/(ma+0)}]. (2.8.3) 

If also f(x) is continuous, then (2.8.1) holds. 

Since f{t) is the difference between two nondncreasing functions, 
each of which -> 0 as a; ->cx), we may take it to be one such function. 
The integral 

Fc(x) ~ Ji^ J 

exists for x > 0, and ” 


i F,{mp) 

ni—l 




which is the limit as Jf -> oo of 


y(¥)2„ J 

2mrriP 

, s ^ AT 2m7rlB 

+y(f)2 / 

(2m Dff/S 


+ 


+ 




(2M-f-l)7r/)5 


-m / 


(2.8.4) 


t I do not know whether this version of the theorem has been published previously. 
I obtained it by combining one of my own with one communicated to me by Dr. W. L. 
Ferrar. For other methods see Linfoot (1), Mordcll (1). 
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Now 

i2m+l)nlp 


2rMrlP 




‘irlp 

= J 


2m7r_^^y^ ym(n+m ^t 


= /I 


jf 2 sm^pt 

(2OT+l)7r ^ ,/2wnr , f^8in(»+ip J, 

1 -J 


by the second mean-value theorem. The last integral is bounded 
for all n and e.g. as 


nip 

J * + ■ J ‘^du, 

f (n+i)P( 

«.d 2K'-7^-»)-/(^»)1 

is convergent. Hence the first series on the right-hand side of (2.8.4) 
is convergent as Jf -> oo, uniformly with respect to n; and each term 
tends to 0 as n -> 00 . Hence the limit of the sum is 0. Similarly for 
the second series. This proves (2.8.2); and (2.8.3) and (2.8.1) clearly 
follow from (2.8.2) in the cases stated. 

There are also more complicated formulae of the same type. For 
example, Bamanujanf gives 

= /(3oi)—/(5a)+...}, 


where aj3 == Jtt; and 

Vi8{i;(i3)-f;(6j3)-i;(7/3)+j;(llj3)+J;(13)3)-...} 

= V«{/(«)-/(6«)-...}, 

where ajS = ^ir, and 1, 6, 7, 11, 13,... are the numbers prime to 6. 
These formulae are easily verified by the above method. 


2.9. There is another interesting formal method of procedure.! 
Suppose that f{x) is represented by Mellin’s integral 


c+ioo 

/(«) = ^ J 

C —<00 


t Ramanujan (2). 


t Ferrar (2). 
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c + ioo 


Then formally 

2 f{n<x) r 5(«) 2 (na)-* ds (c> 1) 

/I-1 ^7n J 


r —loo 

C + IOO 


= 2^ J dm{^h-‘ds. 


Move the line of integration from or = c to a = —6, where 6 > 0; 
^{s) has a simple pole at 5 = 1, with residue 1; and 

5(«) = + I {/(a:)—/(0)}*“-* dx + J f(x)3f-^ dx 

0 1 

has in general a simple pole at 5—0, with residue /(O). Since 
^(0) = — J we obtain 


i/(0)+ |/(«0.)-a-i5(l) 

n = \ 


~-b+ioo 


— 5 —ICO 
1 + 6-1-too 

1 +6 —ioo 
1 + 6 -+ iao 

= I* g(l-5)r(a)cosi57ra«)(-V'’rf« 

OLTTl J \(X/ 

1 + 6—100 

^ 1 + 6+ioo 

“ + 2 J 

^ ^1 + 6—100 


But by (2.1.23), with / and g interchanged, and 

g{x) = COSO;, (5(5) = r(5)C0S^57r, 6 ™ 1, 


Ai+ico 


^J.(a) =-L. f g(l-a)r(a)cos^STra-‘<f«. 

27rt J 

k—i<x> 

We have therefore obtained (2.8.1) again. 

We shall not attempt to justify this process here. The main interest 
of it is that it suggests a method of dealing with sums such as 


1 d(n)f(n), 

n*=l 
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where d(n) is the number of divisors of n. This sum, for example, 
gives 


c+ioo 


= i/(0)+r(l)-2y5(l)+^ J mm da. 


c — i<xi 


— &+ioo 


and the last term is 

l+6+ioo 

d(l-sK\l^8)ds 

l + 6~ioo 

l+6+<oo 


-6-iGO 


1 + 0 + 

2 . f 
27T% j 


= —. f 3(1 -«)r*(«)c08Hs7r da 

m J 


l+b-ioo 

2d{n) 


l+6 + ioo 


== ^ J 5(l--«)r*(«)cos^i«7r(47r^)“*cfe. 


1 + 6-ioo 

From (7.0.7) and (7.9.11) we deduce 

fc + ioo 


^K^{x)-T^(x) = ^ J r*(i«)co8»i«7r2»a:-»(fo {k > 1), 

k—ioo 

and, proceeding as before, the result is 

i d(n)f(n) = J/( 0 )+gf'(l)- 2 y 5 (l)+ 

n-1 

+^^d{n) j f(x%K^{4^^(nx)}—lnYo{in^{nx)}^ dx. 
2.10. Examples, (i)Let/(x) = c~®, JJ,(a;) = 

(u) Let/(x) = F,(x) = c-‘»*. Then 

^«(i+1^6-*“’“’) = V)8(H 

(iii) Let f(x) = e'^^'cos kx. Then FJipc) = c”*<**+®*^cosh kx. Hence 
Va(i+ 2 c~***"’cosjta?ij = 2 c""*^*”*cosh JtjS/ij. 
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(iv) The function/(x) = satisfies the conditions of Theorem 

l-\-x 

45, but does not belong to L(0,aa). 

(v) Let/(a:) = a:-*8in^ (1 < o < 2). Then 


^c(O) = ^^-^jr(l-«)8ini«7r(-2«-»). 
Hence, taking a = )3 = 4, 



i|a:+2|»-») {x>2), 


or 

1+^+^ +••• = r(l-«)8inJawV-ix 


2'^2j(2n)i^ 2(2n—l)i-» 2 (2«+l)i-»)}’ 

This is the functional equation for (1—2”*){(«). 


(vi) Let 

/(*) = (0<a:<l), 0 {x > 1). 

Thent 

F,(x) = x-J,{x) {x>0). F,{0) = 2->’ir(v+l). 

Hence 


1 , vW) ,_ /M 

^+T(v+l)'^ Z (71)3)- a/W 

n»i 


2J-- 

fFP'i) 


(i + 


2 (1- 

n^l/a 


-n^a‘ 




where, in the case v = the term n = 1/a, if it occurs, is to be 
halved. 

This is a case of Theorem 45 if v > J. Actually it is easy to see that 
the same proof applies if — J < »' < provided that a is not the 
reciprocal of an integer. 


t See (7.1.11). 
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2.11. Sine transforms. The corresponding theorem is 
Theorem 46. Let f{x) be integrable over (0, 8), of bounded variation 
over (8,oo), where 0 < 8 < ^tt, and tend to 0 at infinity. Then 

= Va[K/(a+0)+/(a-0)}~J{/(3a+0)^^^^ (2.11.1) 

where aj5 = Jtt. 

In this case the right-hand side is necessarily convergent. 
Preceding as before, we obtain 

Vj8[j;(j8)-i!;(3j3)+...+(- 1W{2»+ l)i8}] 


_ (-1)»V;8 f f„^sm{2n+2)pt 

~ \j{2n) J coS)8< 


(-l)»Vi3' 


mnip 


f fm 


sin(2n-f 2)j3< 




_ 1 V/ nm-i fsin(2n+2)v 

-V(2^/3)2/ P i 8in« 


-iTT 

This differs from the right-hand side of (2.11.1) by 

W-l Q 

-iw 

and the result follows as before. 


Example. Let f(x) = (0 < a < 1). Then 

Fg{x) = J |-jr(l~“6)cos ^sttx^-^, 

and 

y|^r(l-a)c08 J«77{i8»-»-(3i3)*-i+...} = Va{a-*-(3a)-+...}, 
or|^y r(l—3)cos^sirL(l—s) = L{s), I-(s) = 1’—.... 

2.12. More general conditions. The next theorem is a more 
general one, in which f(x) is not necessarily of bounded variation. 
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Theorem 47. Let f(x) be integrable over any finite interval, let 
otP = 27r, and ^ 


Xiv(y) = 2 fiy+na) -> xiy), 

n — 1 

(2.12.1) 


L {—^a, ^a). Then 


w)=y(l) 

—►00 

1 J f(x)GOB nfix dx 

(2.12.2) 

exists for every n, and 

0 


lim Vj3(iJ;(0)+ f 

1 = iVa{/(+0)+x(+0)+x( 

-0)} 

6-+0 1 n=»l j 

provided that the right-hand side exists, 

(2.12.3) 


We have 

(Np)a ^ (m+i)a 

f f(x)co&npx dx = I f{x)coQnpxdx 

N 

= 2 f{y+m0L)0OBnPy dy = Xiv(2/)co8nj8i/dy. 
^=1 -ia 


ia 


-la 
|(A^tl)a 


Hence 


- la 

J f{x)coBnPxdx < j <f>(y)dy. 

la -la 


Also, if (JV’+^)a < X < (X+Da, 

X (iv+|)a 

J f(x)co& npx dx ^ 


(JV+l)a 


(JV+i)a 

ii* 


Hence 


f IXN+i(a:)-Xjv(^)l d* < 2 r <f>{y) dy. 

-v -i« 

X 

J f(x)co8npx dx 


is bounded for all n and X, Also 

(iV' + l)ot 


' + l)a la 

J f{x)coBnpx dx= j {xjv'( 2 /)-~Xv( 2 /)}cosn^i/ dy 


(JV+l)a -la 

tends to 0 as X->oo, X' ->oo, by Lebesgue’s convergence theorem; 
and similarly 

(JV + l)a T- 

j f{x)co8 n^x dx-^0, J /(x)cos n^x dx->0 

T (iV'+i)oc 


t Borgen (1). 
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if (JV-i)oc < T < (iS^+i)a, (N'+i)cc^r <(N' + i)ct, T^oo, 
T* “> 00 . Hence (2.12.2) converges boundedly for every n. 

In (2.8.1) with a and p interchanged, take f{x) = e-^^cosxy. Then 

X,... 1(8 8 ) 




S’+(»-l)’^S>+(!(+l)’l’ 


and we obtain 


V^{j +2 


^{^cxn)K{y,8), 


say. Hence 


COB nPyf(y) dy\ 

\ 0 0 ) 

r 

= j f(y)K(y,S) dy. 

0 

By the bounded convergence of (2.12.2), the left-hand side tends 
to that of (2.12.3) as 7 -^oo. Also since K{y,S) is periodic, with 
period a, 

I = J + 2 I \f(y)K{y,8)dy 

ia 00 1“ 

^ \fiy)K{y,h)dy + 2 \ J{y+ma)K(y,8) dy 

= jf(y)K(y,B)dy + J x(y)-K’(j/. 8) 


by the dominated convergence of the series, ^(^,8) being bounded 
for a fixed 8. The result now follows from Theorem 17, with x = 0, 
a = — Ja, b = lot, and X(0,t/,8) = K(y,h). 
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TRANSFORMS OF THE CLASS 

3.1. PlanchereFs theory of Fourier transforms. The formulae 
(1.2.1), (1.2.2), connecting a pair of Fourier cosine transforms/(a:), 
jFJj(a:), express a relation between these functions which is formally 
symmetrical. But in all the theorems which we have proved so far, 
the two functions satisfy quite different conditions, so that the 
symmetry is only formal. 

A theory of the reciprocity which is completely symmetrical wajs 
first given by Plancherel.*j* It depends, not on ordinary convergence 
or summability, but on mean convergence. 

For complex transforms Plancherel’s theorem is 

Theorem 48. Let f(x) be a {real or complex) function of the class 
TA —oo,co), and let „ 

F{x,a) = j f(y)e<-y dy. (3.1.1) 

— a 

Then, ew a -> oo, F{x, a) converges in mean over (— 00 , 00 ) to a function 
F(x) of L*(~-oo,oo); and reciprocally 

a 

f(x,a) = J F{y)e-<-y dy (3.1.2) 

—a 

converges in rnean tof{x). 

The transforms f{x), F(x) are connected by the formulae 

— GO 

— CO 

for almost all values of x. 

It will be seen from the proof that we might rej)lace F{x, a) by 

b 

—a 

where a -> oo, 6 -> oo, in any manner. 

t Piancherel (1), (2), (3), (4). 
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At the same time we obtain 


Theorem 49. If /(a;), F{x) and g{x)y 0(x) are Fourier transforms 
CLS in the above theorem^ (2.1.1.), (2.1.2), and (2.1.3) hold. 

For cosine and sine transforms the theory is as follows. 

Theorem 50. Letf{x) belong to 2^2(0,oo), and let 


F^{x,a) = 



f(y)coa!xy dy. 


Then, cw O-X30, FJl^x,a) converges in mean over (0,oo) to a function 
Fc{x) of i/®(0,QO); and reciprocaUy 

a 

Ux,a) = Jl^ J F,.(y)(X)axy dy 
’ 0 


converges in mean to f{x). We have almost everywhere 


-V(i)- 7 ©s/ 

0 0 

Theorem 51 . The analogue of Theorem 50 for sine transforms holdsy 
with coexy replaced by sina;y, and einxy by l—co^xy. 

Theorem 52. (2.1.4), (2.1.6), (2.1.6), and (2.1.7) hold for transforms 
ofL\ 

The cosine and sine theorems may be obtained by taking/(a:) even 
or odd in the ‘complex’ theorem. 

We shall give several different proofs of these theorems. 


3.2. Fourier transforms, first method.f This is suggested by 
Fourier’s formal process (§1.1). Let 
(v+i)M 

J f(3;)dx ( 1 ^= 0 , ± 1 ,...), 


WA 


and == 2 

V— —n 

Then if 6 > 0 and n = [A6]— 1, 

b 

lim<l>n{x) = f f{y)e^^ dy 

A->0O 


-6 


t Titchmarsh (1), (2). 
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uniformly in any finite interval. For 
*> . , _ (v+D/A 


t fiy)^^ •iy = S f dy- 

-b yfx 

b -n/A 

I f{y)e*^dy- f f(y)e<^dy 
{«+i)/A 

Ij l/(y)l%+ J \f(y)\dy+ J l/(y)ldy-^0, 


-b (n+l)lX -b 

since < xj\ in each integral. 


Also 


(f+DM 


WA 

Hence, if X < ttA, 

X ttA 


(I'+D/A 

Kl*< J m?dx J dx = i J \S{x)\^dx. 

WA 


(I'+D/A 

i 


f f = f ( 2 2 d e-ii^Adx 

— -iA -iA^*--" 

„ (n+D/A 6 

= 27rA 2 ^ 2ir f |/(x)l*<ia; < 27r j \f{x)\^ dx. 

v»-n •L.v 


—n/A 


Keeping X fixed and making A -> oo, it follows that 


X I b 


(3.2.1) 


J I fiyy^^'dy (ia: < 271- I |/(a;)l*da;. 

-X I -b -b 

Making X -> oo, 

J j J f(y)e^^dy dx^2n j \J{x)\^dx. 

— <x> —6 —b 

If we take/( 2 /) = 0 for —o < y < a, this gives 

J |F(a:,6)-F(x,a)p(fo</j + /)|/(a:)|*(fo:, 

— <x> ^—6 a 

which tends to 0 as a-^co, 6->oo. Hence F(x,a) converges in 
mean, to a function F(a:), say, of L*(—qo,oo); and, making 6 -+oo in 
( 3 . 2 . 1 ), 

I |F(a:)|*da;< J \f{x)\’‘dx. (3.2.2) 

— 00 —00 

A similar argument now shows that f(x, a) converges in mean, to 
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^{x) say. We have to prove that ^x) = f{x) almost everywhere, 
and for this it is sufficient to show that 


J ^{x) dx = j f{x) dx 
0 0 


for all values of f. Now 
( ( 


f ^{x) dx = lim r f{x,a) dx — lim f d® f F{y)e-*^ dy 

J Or-f-ao J O-^oo J J 


— lim L. f 

o-*>Qo^( 27 r) J 


p-i(v _ 1 

J'(y)?- dy 


oo 

J 


F(y)^--^dy. 


On the other hand, Theorem 22 (1.24.2), with/(®) = 0 for |®| > a, 
gives ^ 

0 —00 

00 « > 

/• p-i(u _1 /• p-i(u _1 

But lim I - F{u, a)du= I - F{u) du, 

a-^ao J J ^ 

— 00 —00 

since l)/i^ belongs to L^(— 00 , 00 ). The result stated therefore 

follows. 

Incidentally we have proved (3.1.4); since we may now argue 
similarly with (3.1.2) instead of (3.1.1), (3.1.3) also follows. 

Also we may interchange/and F in (3.2.2). Hence in fact 

00 00 

J ii’(®)i*d®= J i/(®)i*d®. 

—00 —00 

If 0(x) is the transform of g(x) in the same sense, F+0 is the 
transform of/+gr; hence 

J IF(x)+0(x)l*dx = J l/(x)-i-g(x)l» dx, 

—00 — 00 

i.e. 

J {\F(x)mO(x)l*+2RF(x)G(x)}dx 
— 00 

= J {l/(»)l*+l9'(®)l*+2R/(®)y(®)}d®. 
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Hence R | F{pc)Q(x) dx = R J f(x)g{x) dx. 

•—00 —-00 

Arguing in the same way with/-|-t?, we see that the imaginary parts 
are also equal. Hence 

00 00 
J F(x)0{x) (foj = J f{x)g{x) dx. 

— 00 —00 


3.3. Fourier transforms, second method.f Let/(x) belong to 
2/*(—oo,oo). Then we can construct a sequence of functions /^(x), 
each of which is continuous and of bounded variation over a finite 
interval, and zero outside this interval, and such that 


Let 

Then 


— 00 

00 

— 00 

A A 00 CO 

J |j;(x)|*dx- i- Jdx J J Uv)ert^dv 

— A —A —GO — oo 

00 00 A 

= ^ J /„(«) du J /„(») dv J dx 

— 00 — 00 —A 

— 00 —00 

By the theory of § 1.9, the inner integral tends to 27rfn{u) uniformly 
over any finite range, as A -> cx); and hence 


Similarly 


00 w 

I |j;(x)|*dx= J !/„(«)I* dM. 

— GO — 00 

00 

J lF„(x)-j;(x)|*dx= J |/»-/n(«)l*<*«. 


t Bochner, Vorlesungen iiher Fourier ache Integrale, § 4U 
F 
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and the right-hand side tends to 0 as m and n tend to infinity. 
Hence Fn(x) converges in mean, to F(x) say; and 

00 00 

f |j’(a:)|*(fo: = lim f \F^{x)\^dx 

J n-^oo 

— 00 —00 

= lim f l/«(a:)l*<^*= f \f{x)l^dx. 

n-*-oo J J 

— 00 —00 

This function F(x) is the Fourier transform of f{x). It is of course 
not yet obvious that it is equivalent to the transform obtained before, 
or even that it is unique, since the sequence fn{x) is not unique. 
However, we have 

0 0 —00 —00 

(the range of integration being really finite). Making n -> oo, 

0 —00 
since belongs to L^, Hence 

F(x)^ i ^ f f(u)-^du 
' ' V(27T)dx J ' iu 

— 00 

almost everywhere. Hence F(x) is unique (apart from sets of measure 
zero), and is equivalent to the transform obtained by the first method. 

In the first method we deduced the Parseval formula from the 
reciprocity; in this method we have proved the Parseval formula 
already, and we deduce the reciprocity from it. As before, the 
Parseval formula gives 


w w 

J F{x)0(x) dx = j f{x)g(x) dx. 


Let g{x) = 1 (0 < X < g(x) = 0 (x < 0 or x > ^). Then 


(?(x) = 


_ 1 _ r 

J(2w) dx J iu 
0 

ix 

1 d f e<“-l ^ 
^(2n) dx J iu 


1 etfx_ 1 
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F(x)-—^dx 
—tx 


= J /(*) 


so that /(x) is the transform of F(x). 

Again, let h(x) — f{x) {—a < a: < o), 0 (|a:| > a). Then 

—a —a 

with the usual notation. Hence the transform of F{x)—F(x,a) is 
f{x)—h{x), i.e. it is 0 (|a:| < a),f{x) (|a:| > a). Hence 

J \F{x)-F{x,a)\^dx=^ I J + J\\f{x)\»dx, 

— 00 ' — 00 a * 

which tends to 0 as o ->• oo. Hence 

F{x) — l.i.m. F(x,a). 

a-^oo 

3.4. Fourier transforms, third method.f Suppose first that 
f{x) belongs to both L and L^, and let 


00 


Then 


00 00 00 00 

J c-***®’lF(a:)I*da; = ^ J J f{u)e^=‘'*du J f{v)e-<=^ dv 

~00 — 00 — 00 — 00 

00 00 00 

= ^ j f(u)du j f(v)dv j 

— 00 — 00 - 00 

oo 00 

= J J dv, (3.4.1) 

— 00 —00 

and by Schwarz’s inequality for double integrals 

1 00 00 

J J f{u)f{v)e-’^^^^^*^^'dvdv 

00 00 

J j dudv 


t F. Riesz (2). 
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Hence 


( 00 00 GO 00 V 4 

— OO —00 — 00 — 00 ' 

00 00 

= / / nitwit; 

— 00 —00 

00 00 00 

= J l/(«)|®dtt J e-vi^dt = 8 V( 27 r) J |/(«)l*dtt. 

— 00 — 00 — 00 

00 00 

, J < J \f{u)\^du, 


and, marking 8 -> 0, it follows that F{x) belongs to L%—oo,co). 

Also (3.4.1) is equal to 

00 00 

svfe / J 

— 00 —00 

— 00 — 00 — 00 

say. Since f belongs to L^, if/ is bounded and continuous. Hence 

00 00 00 

f lJ’(x)P<fo: = lim r e-i^'^'\F(x)\^dx = Mm. ^-- f dt 

J 8-^o J ^o0yj(27r) J 

— 00 — 00 — 00 

00 

= ^(0) = / \f{‘u)\^du, 

— 00 

by the theory of Weierstrass’s singular integral {§ 1.18). 

The existence of F for any / of and the reciprocity, may now 
be proved as in the previous method. 


3.5. The Hermite polynomials.t The Hermite polynomial of 
degree n is defined by 

and we write 

= e-i^'H^{x) = (- (3.5.2) 

The interest of these functions for our theory is that they form an 
orthogonal sequence, each member of which is, apart from a trivial 
factor, its own Fourier transform. 


t See Wiener, The Fourier Integral, 51-71. 
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We have 
and 


id 

(±) e-**=(^) {-2a;e-*') =-2a;(^l e-*’-2(w+l)(-^) c-*‘. 

\dx/ \dxl \dxj \dx) 


Hence 


(3.6.3) 

(3.6.4) 

(3.6.6) 


= (x*-2n-l)^„(a:). 

Thus y = <f>n(x) is a solution of the differential equation 

g_*V--(2»+%. 

Putting y = 6“*® w, we obtain 

dhi ^ du 
— -2a:— = -2nu, 
dx^ dx 

so that HJjx) is a solution of this equation. 

Further, it is the only polynomial solution. For let 
u = aQ+ajia:+... 

be a solution. Then 

2 a^r{r-l)af-^-2 ^ a^rx^ ^ -2w ^ 

Hence (r+l)(r+2)ay+2 = 2(r— 

and the general solution is the sum of two series, of which the one 
in which r has the same parity as n terminates, and the other does not. 
The Hermite functions <l>n{^) form an orthogonal set. For by (3.5.3) 

„ = 2(n-m)<t>Jx)<f>Jx). 

Hence 

00 

— 00 

= 0 

ifm=^n. 

3.6. Theorem 53.t If |^| < 1, 

e-Hx'+i/') 


2 


n»0 

We have 




X*—y* (x—yM 


(3.6.1) 


OD 


g-«*+2iar« du, 


t See Wataon (3). 
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«o 

and hence HJpc) — J «ng-u*+ 2 te« 


Hence 




n-0 


I J 

— 00 —00 
00 00 

/J ^~U^-V»+2iXU+2lW-2iUV 


dvdv 


eKa^+v') 


Vtt 


-00 —00 
00 


/ 


g-<l-att*+2i(x-i/0tt du 


The inversion is justified by the convergence of 

-i -«»-o ”■ 

ifp < 1. 

Thbobem 64. Thefunctiana 

^jx) = 

form a normal orthogonal set over (—oo.oo), i.e. 

<”;”5 

For m the result follows from §3.6. Also, putting x — y 
in (3.6.1), 

2j 2"»w,r VWi-<*)) “ i+r 

Hence 

” VWI-I')) y(’'i^9 “ “ nl. 
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00 00 

J j e~^{H„{x)}^dx=^ 2»n!V,r, 

— 00 —00 

and the result follows. 


3.7. Theorem 55. If f(x) is any function of L^(—co,oo), and 

00 

^ (m = 0,1,2,...), (3.7.1) 

— 00 
00 

then lim f |/{a:)—2 ®m W*)!*= 0- (3.7.2) 

n-<>oo * m—O ' 

— 00 

We can write (3.6.1) as 

Denote the right-hand side by K(x,y,t), Then K{x,yyt) > 0, and 
(putting y = 2xtj{\-{-t^)-{-u) 

J p 2 


-Mr-'-' 


as 1. The conditions (1,16.2), (1.16.3) are also plainly satisfied. 
Hence, if f{x) is any continuous function, vanishing outside a finite 
range, by Theorem 17 


lim C K(x,y,t)f{y) dy = f{x). 


(Z.IA) 


Hence, multipl 3 dng (3.7.3) by/(y) and integrating over (— 00 , 00 ), 

00 °° 

2®n<Vn(*)= \ K{x,y,t)S(y)dy-^S(x) 

as < 1, and the convergence is plainly bounded. Hence, multi¬ 

plying by f{x) and integrating again, 

\{S(x)fdx, 

n=0 ^ 

— 00 

00 

1<= j {fi^)Ydx. 


SO that 
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Now letf(x) be any function of L*(—co,co). Let/,(*) be a continu- 
OU8 function, vanishing outside a finite range, such that 

/ \f{x)-fy{x)\^ dx < €, 

— 00 

00 

and let = J f,(x)>f>^(x) dx. 

Then 

00 

J dx 

— oo 

00 

= / {/(»)}* d* + I oj5,,„-21 

— 00 

^ / {/(«)}* dx-yal= j {/(a:)-Oi^i(a:)-... dx, 

— 00 —00 

and also 

<2 J {/(*)-/,(x)}*d*+2 J {/„(x)-Oi.,0i(x)-...-o„.„1^„(x)}*d* 

— 00 —00 
00 

< 2c+2 J {/„(x)}* dx-2al ,-... -2o*,„ < 3« 

— 00 

for n sufficiently large. This proves (3.7.2). 

Theorem 66. 7/ ag,... arc given numbers such that 2 a* ic 
convergent, there is a function f{x) of oo,oo) stu^h that (3.7.1) 
holds. 

This is the Riesr.-i’ischer theorem for the set ®y Theorem 64 

f I f «m^m(«)r<^= S «m. 

•L 'm—n • wi—n 

— 00 

which tends to 0 as n and N tend to infinity. Hence, as n oo, 

m—0 

converges in mean, tof{x) say; and 

00 00 ^ 
f f(xy/ty{x) dx = lim f 2 a^^Jx)^y(x) dx 

J n-*>ao J m»0 

— 00 —00 

= ®r- 
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3.8. Theorem 67. The Fourier transform of(l>^{x) is i^<f>n{x). 
For 


00 

J dx ^ 

— 00 





00 

J da: 

— 00 


00 



eJfe+iv)* dx 


= (—J da: 

— 00 

ro 

= (—J da: 

— 00 

Alternatively, let oo 

J da:. 

— 00 

00 

Then <I>;(y) = — J a:V„(x)c^"^*' <ia:. 

— 00 

Also, integrating by parts twice, 

oo 

— 00 

Hence 

<i>;(y)-»*^«(y)+(2n+ i)‘i>„(y) 

00 

= ^) J {^;(x)-a:*^„(a:)+(2»+l)^„(a:)}e‘*vda: 

— 00 

= 0 . 


Thus satisfies the same differential equation as ^„(a:); and it is 
easily seen that, if is a polynomial, so is e*®'<I>„(a:). 



82 


Hence 

Now 


and also 

Hence 
and hence 
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<!»»(*) = Cn^«(*)- 

00 

— 00 

— 00 

= {(—l)«a:"+...}c-**‘, 

00 

^ I* = {(— 

27t) J 


Chap. Ill 


% 

1^) 


w w 


Hence c„ = t". 

3.9. Fourier transforms, fourth method. Take, for example, 

an even function/(x) of Zi*(0,oo), and let 

00 

«n== J dx. 

— 00 

«i = “s = ••• = 0. 

00 

®2n ~ 2 J /(*)<A2n(*) dx. 


Then 


and 


io< = 2/{/(*)}*«&:. 


By Theorem 56 there is an even function g{x) such that 


(-l)«a,„ = 2 


'2n' 


{x)dx (» = 0,1,...); 


00 

and J {sf(a:)}* dx = / (/(*))* dx. 

The relation between/and g is plainly reciprocal. 

We now identify g{x) with the Fourier cosine transform of f(x) 
previously obtained. 
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We have 

/ KV)^y>di 

0 0 0 

0 0 ^0 
since 02 n(O belongs to L(0, oo) and the ^-integral converges boimdedly. 
Hence 

f dy = lim f V (—l)"« 2 ii 02 n(y) dy 

J y iv->« J y ^0 

0 0 * 

"" A*“oo J ( 2 ) 2 ^ 

n-0 p ' P 

SO that / and gr are Fourier transforms in the ordinary sense. 

Similarly, by taking f(x) odd, we obtain the theory of sine trans- 
forms. 


3.10. Convergence and summability. We can now prove 
theorems for functions corresponding to Theorems 3 and 14. 

Theorem 68. If f(t) belongs to L\—co,co), and is of bounded 
variation in the neighbourhood of t = x, then 

A 

i{/(*+0)+/(a:—0)} =lim f dw. 

yl(^7r)X-*a> J 


The transform of 0{u) = (|«| < A), 0 (|tt| > A), is 




TT/ X+V 


Hence, by ParsevaTs formula, 
A 


-A -» 


The result now follows from the theory of Fourier’s single integral 
(Theorem 12, case i(a)). 
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Theorem 69.t If f(t) belongs to L^(--oo,qo), then 

h ^ 

wherever J \f(x-\-t)-\-f{x—t)—2f{x)\ dt = o{h) 

0 

08 A -> 0, and so for almost all values of x\ and Fourier's repeated 
inlegral for f(x) holds almost everywhere, if both integrals are taken in 
the (C, 1) sense. 


The transform of 0{u) = |l—(|t^[ < A), 0 (|u| > A), is 
A 


=v(^)i (■- x)'-*”-'” - j(y- 

Hence by Parseval’s formula 


sin*JA(a;+i;) 

X(x+v)^ 


-A -00 

and, as in § 1.16, the result follows from Theorem 13. 

The result also holds with / and F interchanged, and this gives the 
second part of the theorem. 

We also deduce 


Theorem 60. If 

= ‘iS-jifc) I 

— O 

where 0 belongs to L^, and also 


where x belongs to L, then 0 = 

For by the above theorem 

is equal to ipix) almost everywhere; and by Theorem 14 it is equal to 
X(x) almost everywhere. 


t Plancherel (3). 
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3.11. Convergence almost everywhere. If/(<) belongs to L®, 
the integral „ 

J me^dt 

— 00 

converges in mean; it is also summable (C, 1) almost everywhere, by 
Theorem 59, since in this theorem / and F are interchangeable. 

It is not known whether the integral necessarily converges in the 
ordinary sense almost everywhere. As in Theorem 58 it would be easy 
to make it converge almost everywhere by imposing extra conditions 
on F(x), The object of the next sections is to state simple additional 
conditions on f{x) itself which make the integral converge almost 
everywhere. 

Theorem 61. t If f if) belongs to L^{—cOyOo)y then 
X 

J ■f(t)e^ dt = o (log A) (3. 11 . 1) 

wherever 

X(h) = J \F(x+y)->tF(x—y)—2F{x)\ dy = o(h) 

0 

cw A -> 0; and so almost everywhere. 

As in the proof of Theorem 58 

J me^^dt = J F{x^yf^^dy. 

-A -00 

Now 

00 |2 00 00 

r < J |^(*+y)|® dy J ^ < J 

1 I I 1-00 

and similarly for the integral over (—*oo, —1). Also 

j F{x+y)^^ dy = J dy 

-1 0 

, = j {F{x^y)+F{x-y)-2F{x)fi^^y dy +0(1) 

0 


t Plancherel (3). 
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if F{x) is finite. The modulus of this integral does not exceed 

Ilk 1 


A f \F{x+y)+F{x—y)—2F{x)\ dy\\F(x+y)+F{x—y)—2F(x)\ 

0 iM 

If xW = second is 

/ 7 = f 7^ 

l/k ' l/k i/A 

This proves the theorem. 

Theorem 62.f ///(<) and aho/(t)hg(ltl+2) bdong to Z/*(—oo,oo), 
then X 


-A 


almost everywhere. 

We have 

A A A 

J (l-J^)/(0e*-‘d<+lJ* \t\me<^dt. 

“A "“A “A 

The first term tends to ^{27t)F(x) almost everywhere, by Theorem 59. 
Hence it is sufficient to prove that 

A 

r \t\f(t)e^^dt = 0 (A) 

-A 

almost everywhere. By Theorem 61 

A 

= J /(<)log(<+2)e**<d< = o(logA) 

0 

almost everywhere. If a: is a point where this is true, then 
A A 

dt 


J tf(t)e^dt = J 


log(«+2) 


^ m) r f _1 

[log(<+2)J„ J \log(<- 


log(<+2) («+2)log2(<+2) 


)^(<) 


dt 


_ Ao(logA) 
” log(A+2)' 

and the theorem follows. 


A 

j 0(1) d< = 0(A), 


t Plancherel (3). 
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3.12. In spite of the satisfactory appearance of the above analysis, 
it is possible to improve on the result. 

Theorem 63. Iff{t) and also f{t)^log{\t\+2) belong to oo,rx)), 
then (3.11.2) holds almost everywhere,^ 

\{x) 00 

Let <!>(*) = J /(<)c’'*' dt—j f(t)ci}(x, t)e^^ dt, 

— Xix) —00 

where A(a;) is any function of x such that A(a;) < a, and where 
a,{x,t)=^l{\t\^X(x)),0(\t\ > X{x)), so that o}(x,t) = 0 for |^| > a 
and every x. Then 

J 0(a;) dx = j dx j f(t)w{x,t)e^ dt = J /(0\/Oog{l<|+2)}x(<) dt. 


where 


x(0 = 




t)e^^ dx, 


(the Grange being really finite). Hence 

J<D(a:)(fo;r^ J |/(<)121og(|<l+2) J |x(<)|*d<. 

0 ' —CO —00 

Now 

00 00 ^ ^ 

J lx(OI*<^^= J J j u>{y,t)e-^«‘dy 

— 00 —00 0 0 

= [ da: { dy f 0 g»(x-vy 

J J ^ J log(|f|+2) 


0 0 —00 

f ^ ~X(x,y) 

= jd^fdy J 

0 0 —Xlx,y) 


^i{x-y)L 

log(|<|+2) 


dt, 


where A(a;,y) = inin{A(a;),A{y)}. Writing \(x,y) — X, we have, on 
integrating by parts twice, 

A 

rco8(x—y)< , 8in(x—y)A 1—cos(x—y)A 

J log(<+2) ~ (x—y)log(A+2)”^(x-»/)*(A+2)log2(A+2)‘^ 

n 

A 




0 

= t^ + J2+*4» 

t The theorem for series is given by Plessner (2). 
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say. We now observe that if F{x, y, t) = F(y, x, t), then 

iff ( ( 

j j F{x,y,X{x,y)} dxdy < 2 J dx J {*,y,A(x)}i dy. 
loo 00 

For let Q be the square and let 

Qi = «{A(®) < m). Qi = e{A(*) > A{y)}. 

Then in Q^, \{x,y) — A(x), and in Q^, A(x,y) = A(y). Hence 

I JJ F{x,y,X{Xyy)}dady^ 

< JJ lF{x,y,A(x)}| daay + JJ |F{x,y,A(y)}l dxdy 


( ( 

< 2 J dx J |F{x,y,A(x)}| dy 


by symmetry. 

It follows that 


f f. 


f fj,dxdy <2 fdx f dy. 

J J ^ ^ ^ J J (x-y)log{X(x)+2} y 


Now if 0 < X < f , 
i 


f ain{(x-y) A_(xj} ^ f d« < 2 f ^+1 

J x—y J « I J tt 


f{A(*) + S} 


Hence 


= 2[l+log^+log{A(x)+2}]. 




Similarly 




,(x)+2}log»{A(x)+2} 


dx < K(i). 
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f f J^dxdy < ff dx I l-7^^^-y)Uy 

J J * ^ " J «+2)*log3«+2) J J (x-yf y 

0 0 0 0 0 

{f+2Y\og\t+2y 

0 

Hence, for every A(x), 

^ 2 ® 

10(a;) dx < K(0 J {/(<)}*log( |< | + 2) dt. 

0 —00 

X(x) 

Let <l>{x,T,T')= max (f{t)cosxtdt. 

T^Afexr J 

Then <f>{x, T, T') is the difference between the real parts of two 
integrals of type <I>, in which/(<) = 0 for < < T and t > T'. Hence 

^<i,{x,T,T')dx 

b 

T' 00 

< K(h J {/(f)}*log(f+2) dt < m f {/(t)}^l 0 g(i+ 2 ) dt. 
AsT'->oo, 

S{x, T, T') -> <f>(x, T) = max f f{t)coaxt dt, 

T<A(x) J 
Ate) 

and <f>(x, T, T') > 0, since J f{t)coaxt dt = 0 if X{x) = T. Hencef 

T 

f 4>{x, T)dx^< m) J |/(0l*log(<+2) dt. 

0 T 

It is then clear that, given €, we can choose a sequence 
such that <l>(x, 0 except when x lies in a part of the interval 

(0,f) of measure less than c. A similar argument applies to the 
function ^(a:, T) defined with ‘min’ instead of ‘max’. Since 

tt' «' u 

j f{t)cosxtdt — j ~ j 

u T, Tn 

< ,f>{x,T„)-^(x,TJ 

ifT„ ^ u <.u*, it follows that j f{t)cosxt dt converges for 0 ^ x ^ ( 
except for a set of measure less than €. 

t By Fatou’e theorem; Titchmarfih, Theory of Functions, § 10 . 81 . 
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—►00 

Hence j f{t)co8xtdt 

0 

exists for almost all x. Similarly, the sine integral converges for 
almost all x. Hence the limit (3.11.2) exists almost everywhere; since 
the limit and limit in mean of a sequence are equal almost every¬ 
where, by Theorem 48 its value is almost everywhere F(x). 


3.13. Theorems on resultants. 

Theorem 64. Iff(x) and g(x) belong to L^(—oo,oo), then (2.1.9) are 
transforms in the sense that (2.1.8) holds for all values of x. 

For a fixed t, the transform off{u+t) is 


a a+t 

I* = Li.m. f f{v)e^=^dv 

V(2"') J O-.00 V(27r) J 

-a -a+< 

= F(x)e-^=^. 

The result therefore follows from Parseval’s formula, Theorem 49. 


Theorem 66. Iff(x) bdonga to I/®(—00,00), and g{x) to L{—co,co), 
then (2.1.9) are traneforma of the claaa L^. 

Since F belongs to and O is bounded, FO belongs to L*. The 

integral of its transform is 

00 

J 0 . 13 . 1 ) 


Now the transform of G'(tt)(e~**“—1)/(—»«) is 

1 


l.i.m.-i-— 

o-^oo 


hi j 


-tu 


-e-^y^du 


= l.i.m. 

O-^-oo 




= l.Lm.i f l,(D<K f 

a->flo rr J J U 

— 00 0 



V 
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the ordinary limit existing by dominated convergence. Hence 
(3.13.1) is equal to 

~ jmiy’l mu 

-00 —y 

00 X 

= J f(y) dy J g{u-y) du 

— 00 0 
X 00 

= J J f(y)y(^-y) 

0 —00 

this inversion being justified by absolute convergence. The theorem 
now follows on differentiating with respect to x. 

The direct proof that, if / is and g is then 

00 

Hx)= j f{y)g{x-y)dy 

— 00 

is follows from the inequalities 

00 00 
J \f{y)\’‘\g{x-y)\dy j \g{x-y)\dy 
— 00 — 00 

00 00 

= / \f(y)\^W—y)\dy ^ \g{u)\du. 


J |A(x)|*da;< J \g(u)\du ^ \f(y)? dy ^ \g{x-y)\dx 


= J \f{y)?dy{ / 

— 00 ' — oO ' 


Theorem 66. If f{x) is positive and L(—oo, cxd), and F(x) is its 
transformy then F(x) is of the form 

CO 

F(x)= j <f>{t),f>(x-l) dt, (3.13.2) 

— 00 

where <f> is cx),oo); and conversely, if F(x) is of this form, then it is 
the transform of a function f(x) which is positive and L, 
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If/(a:) is positive and L, yjfix) is L®; let 0{x) be its transform. Then 
O is L®, and by Theorem 64 

J Oit)0{x-t)dt 

V(27r) 

is the transform of = f. 

Conversely, if (3.13.2) holds, then//V(2v) is the square of the trans¬ 
form of if>, and so is positive and L. 

00 

Theorem 67. If f ia L, then P — ^ where 4> (^nd ifi 

— 00 

are L^\ avd converady, 

I’or/ = Vl/lxVl/lsgn/- 

3.14. Special theorems. Theorem 68. If both f(x) and f'(x) 
belong to Z®, then both F(x) and xF{x) belong to Z®; and conversely. 

We have {/(*)}*-{/(<>)}* = 2 J /(0/'(0 dt, 

0 

which tends to a limit as a; ->oo. Since {f{x)Y belongs to L, it can¬ 
not tend to a limit other than 0, and so tends to 0 as a? -> oo. Now 

a a 

J du = -w: J /(tt)c**“ du. 

—a —o 

As a 00 , the left-hand side converges in mean square, to >v^(27r)0(a:) 
say. The first term on the right tends to 0, uniformly in x. The 
second term on the right converges in mean square to —^J{2n)ixF{x), 
at any rate over a finite interval. Hence 

0(a;) == —ia;JF’(a:), 

and since <l)(a;) belongs to the result follows. 

Conversely, if a:jF’(a:) is L^, let ^(a:) be its transform. Then 

0 ‘ —00 
00 

— 00 

say, F{u) being />{— 00 , 00 ), since F and xF are Z®. But the first term 
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on the right is if{x) almost everywhere, and we may take it as the 
definition of if(x) everywhere. Then 

X 

J <l>{u) du = i/(a;)—(7 
0 

everywhere, and the result follows. 

The result can obviously be extended to any number of derivatives. 


3.15. Theorem 69. If f{x), Ff^x) are cosine transforms of 
so are ^ oo 


Ijmdt. jmd,; 


and similarly for sine transforms. 

That the second pair of functions belong to is a theorem of 
Hardy. (Sec Titchmarsh, Theory of Functions, p. 396.) 

To prove that they are transforms, we have 

0 0 
The cosine transform of this is 


00 00 

2 d r sinrw j f .sinajw , 

- dx F,(y)-^dy 

irdu J X J xy 

0 0 

_2 d /-Bi 

rrdu J y J 
0 0 
00 

I* 

J y 


smxu smxy 
x^ 


dx 


A 

du, 


= i[i ^ ''^1 “ I ® 


almost everywhere. 

The inversion is justified by absolute convergence. In fact, if y < tt, 

oo 1/w l/y 00 

da:< f uydx-\- ^ ^ 


Jl- 


mixu^mocy 


x^ 


j»,<ta+ji*+jg 

0 l/u 1/1/ 

= y+!/log^+y = ^2+log^jy, 
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and, similarly, ifu<y\ and the integral 

J |J;(j/)|(2+log^) dy +« J i^l|2+log|) dy 

0 u 

is convergent if belongs to L®. 


3.16. Another case of Parseval’s formula. 

Thbobbm 70. Iff ia L, and g ia L® and bounded, then 

X 00 

lim J ^ — ^^F{x)0{x) dx ^ J f{x)g{—x)dx. 

-A -00 

We have 

A A 00 

-A -A -00 

“vtLi 

-00 -A 

inverting by uniform convergence. As in the proof of Theorem 69, 
the inner integral is equal to 



9(«) 


sin2iA(a;+-i4) 

X{x-fu)^ 


du. 


This is bounded if g(u) is bounded, and tends almost everywhere to 
^{27r)g{-‘X). The result therefore follows by dominated convergence. 


3.17. Mellin transforms. We shall say that f(x) belongs to fi* if 

J |/(a:)|®^ < 00 . 

0 

Theorem 71. Let x^f(x) belong to Then 

a 

S(a. o) = J /(«)*•-* dx (R(«) = k) 

1/a 

converges in mean square over (fc—icx), A+ioo), to ^{s) say; 


k-\-ia 

/(*.«) = J %{a)x-»d8 

k—ia 
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converges in mean tof{x), in the sense that 



00 GO 

and J dx = i J |5(i+i01* 

0 —00 

This follows from PlanchereFs theorem by the usual trans¬ 
formation. 


Theorem 72. Let oi^f{x) and x^'~^g(x) belong to Then 

00 ik+ioo 

J /(*)fl'(*) ^ J 5(«)®(i-«) 

0 k—ioo 

This is the corresponding transformation of Theorem 49. 

Theorem 73. Let and x"-*g(x) belong to fi*. Then 

fc + too 

f(x)g{x), ^ J 5(w)(5{«—w) dw 

k—ioo 

are Mellin transforms in the sense that 

00 Ic+ioo 

0 k—ioo 

for all values of t. 

This is obtained by replacing g{x) by g{x)xf‘^^ in the previous 
theorem. 
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4.1. Transforms of functions of 2>. PuIlNCHBbbl’s theorem can 
be extended from the exponent 2 to a general exponent p. Through¬ 
out the chapter we write p' = p/ip—^), and similarly for other 
letters. 

Theobbm 74.t Let f{x) belong to i>(— cxd,oo), where 1 < p < 2. 
Then, as a-^co, „ 

F{x.a)^^^ j f{t)e^^dt (4.1.1) 

—a 

converges in mean with exponent p\ The mean limit F(x), called the 
transform of f{x), satisfies 

xl/(P-l) 


j J |/(«)|. J 

— 00 —00 

The Fourier reciprocity holds in the sense that 


(4.1.2) 


(4.1.3) 




almost everywhere. 

As in the case, we might replace F{Xy a) by 


o 


where a -> oo, 6 -> oo, in any manner. 

4.2. The most obvious source of such results is in the formulae 
(2.1.11). If i is an integer, the transform of is formally 

(27r)“l*+*^*,(a:), where 

00 oo 

— 00 —00 

We can deal with such integrals by means of the following lemmas.^ 
t Titchmarah (2). J Sea Hardy, Littlewood, and Polya,/ncgMoWiietf,pp. 198-203. 
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Lemma a. (Young’s inequality.) Iff(x) and g(x) belong to 
and respectively, where A > 0, /i > 0, \+fi < 1, then 

00 I 

/ fgM 

— 00 ' 


HSlder’s inequality for three fimctions is 

I 00 I / 

I ' — 00 

where a+jS+y = 1, a > 0, jS > 0, y > 0. Putting 

|0|i/« == \^\^iP\x\^iy, == I/I, = \9U 

and y = A, jS = /X, the result follows. 




Lemma jS. Let 


If 



00 

= J f(t)g(x—t) dt, 

— 00 


then 3iy(i_A-^)(^) ^ 3 iAi-A)(/)3i/(i-^)(?)- 

Young’s inequality gives 

Hence 


Jqo -00 -00 


— {3iy(i-A)(/)}^ 
and the result follows. 


Lemma y. Iff(x) belongs to then j>k^x) belongs to L*, and 

00 / 00 \2fc-l 

J {<l>k{^)fdx < ( J (/(xll^W^-WdxJ 

— 00 —GO 
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We have ^*(®) = J /(0^fc-i(*~^) 

— CO 

and, applying the previous lemma repeatedly, 

the result stated. 

4.3. Prooff of Theorem 74 for jj = 2fc/(2fe—1). Suppose first 
th&tf{x) and g{x) belong to L^, and are zero outside a finite interval. 
Then «, 

J fl'(«i)/(*-%) dui 
— 00 

satisfies the same conditions, and (e.g. by Theorem 64) its transform 
is F{x)0{x). 

Repeating the argument i;—1 times, and making all the functions 
equal, we see that the functions and are trans¬ 

forms of the class L^. Hence 
00 00 

J \F(x)\^dx = [,l^*(a^)l ®dx 

— 00 —00 

1 / ® » 2Jk—1 

This proves (4.1.2) for the special class of functions considered, and 
p = 2kl{2k—l). 

Now let f{x) be any function of the class The function 

equal to f{x) if a < |a:| < 6 and |/(a;)| < n, and to 0 elsewhere, 
belongs to the special class. Applying the above result to it, and 
making n ->■ oo, we obtain 

QQ Cl 6 

— 00 h Ot 

The right-hand side tends to 0 as a~>c», 6 ->oo. Hence F(Xya) con- 

t The argument ia analogous to that of W. H. Young for Fourier series. For a list 
of Young*s papers see Zygmund's bibliography. 
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verges in mean, to F(x) say. We have 
00 00 
f |J’(a:)l»da: = lim f \F{x,a)\^ dx 

*' O—*^00 J 

— 00 —00 

I / ® \ 2Jk—1 

—a ' 

— 00 ' 

Also 

f f fa 

I* .F{a:) (Zx = Jim I* J'(x, o) dx = lim — f da; f /(/)e*“< d< 

J a -^00 J o->oo A/(27r) J J 

U 0 0 -a 

—a —00 

00 

\ H C _ 1 

so that F(x) = -~± . 

' ' V(2v)dx J 

— 00 

almost everywhere. Again, if 0 < | < a, 

j~ f F{u,af~^- ~-du = f ^ e<«< du 

V(27t) j ' ’ ^ -tit 2ir J J -lit 

— 00 —o —00 

( 

= J /(O ‘ft. 

0 

the inversion being justified by the bounded convergence of the 
i^-integral. Making a -> oo, we obtain 

00 . i 

1 r xe-<f“-l , c 


e*^du 




since 1)/(—ii 4 ) belongs to i 2 fc/( 2 *-i) Hence 


^(2tr)dx J —tit 


almost everywhere (x > 0). Similarly for x < 0. 
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4.4. Extension to general p. To extend the theorem to other 
values of p we first prove the corresponding theorem for trigono¬ 
metrical polynomials. 

Lemma 8. For any given numbers (—n < m < n), 

i f 1 i i (4.4.1) 

J '111*—II ' 'HI**—W ' 

— It 

give two proofs, the original proof of Young and Hausdorff 
later one of Hardy and littlewood. 

Let/(^) be a function of L(—ttjTt), and let 

It 

Cm = ^ J ^ (m = 0. ± 1,...). (4.4.2) 

~ir 

write J^(/)=:^A J \f{t)\P^ (4.4.3) 

— IT 

-Sp(/) = (i|Cml»')'^'’ (4.4.4) 

have to prove that, for any trigonometrical polynomial /(<), 

(l<p<2).. (4.4.6) 

If p is of the form 2fc/(2i—1), this follows from the argument for 
sums parallel to that just given for integrals. If 

f(x) = 2 g(x) = 2 yme*”“. 

then /(«)?(*) = 2 

where < = 2 <^rYm-T- 

The analogue of Lemma j8 is therefore 

(4.4.6) 

and, as in Lemma y, it follows that 

w < r- 

But for any trigonometrical polynomial ^ 

m) = M4>)- (4.4.8) 

Thus -^(/*) = = {«4k(/)}‘. 

and (4.4.5) with p = 2fc/(2i--l) follows. 

To extend it to other values of p we consider maximal polynomials, 
viz. those for which is a maximum for a given value of and 

t Hausdorff (1). 


We 
and a 

(i)t 

We 

and 

We 
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a given », Since S^, are continuous functions with continuous 
partial derivatives with respect to the components x^, of tlie 
coefficients c„ = maximal polynomials exist; and we can 

determine them by the ordinary method of the differential calculus. 
Let 

TT 

m*»-n i&TT J 

Then the condition for a maximum is 


Hence 

Nowf 


dif/ dift 

^ I ^ 


{m = —n .n). 


(m = —n ,...,«). 


Also 




2 |/(<) l ~- 1/(01 =/( 0 —/( 0 +/( 0^/(0 

and similarly 21/(<) \^\f(t)\= 

Hence 


Hence 

Hence 


n 

+ *^ = f- f l/(0K-'Bgn/(<)€-<'^d<. 
27r J 


0^ 


2ir 


J 


— IT 


|/(<)l»'-isgn/(<)= Ap|c„|»-i8gnc„ (m = —n ,...,n). 

(4.4.9) 

t Bgnz = (: 7 ^ 0), 8gn0=0. 
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To find A, multiply by and sum. We obtain 

tr 

\fm’dt=Xp2\0n.K 


i.e. p'Jj; = XpS^. (4.4.10) 

Now (4.4.9) gives the first 2n+l Fourier coefficients of the function 
|/(0|^'"^sgn/(<). Hence Bessel’s inequality for this function gives 

TT 


\p 


7 lc„|i>-isgnc„ 


l/(0r-^8gn/(<)|*d<. 


I.e. 


2 J w'’-'*’ 


—w 

TT 


w——n 

i.e. AV-Si?=l < p’^Jl^zl 

From (4.4.10) and (4.4.11) it follows that 

-S? 2 

for every maximal polynomial. 

Let r' = 2p'—2, r = 2/(3-p). 

Then it follows from Holder’s inequality that 
Sf'-^ < 8^228^'-^, 

and (4.4.12) and (4.4.13) give 


(4.4.11) 

(4.4.12) 


(W< 

UJ " W ‘ 


(4.4.13) 


(4.4.14) 


Now suppose that (4.4.5) holds for p' = r and all polynomials. 

Then it follows from (4.4.14) that it holds for p' = ir'+1 for maximal 

polynomials, and so a fortiori for aU polynomials. We have already 

proved it for p' = 2k. Hence we deduce it in succession for 

, , , , *+3 *+7 

p' = i+l,-^,-J-,..., 


i.e. for all rational numbers whose denominators are powers of 2. 
Since these numbers are everywhere dense, the general result now 
follows from the continuity of Sj, and as functions of p. 

(ii)t We again consider maximal polynomials; but, instead of the 
general condition for a maximum of a function of many variables. 


t Hardy and Littlewood (1). See also F. Riesz (1). 
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we use the theorem that, in Holder’s inequality 

2 am6m <( 2 2 

the case of equality occurs only if the |a,„|p and \b^\P' are propor¬ 
tional. Also this proof is independent of the lemmas of § 4.2. 

We define 8^ and as before, and write 

/*»(*)== 2 Cm**”"- 

m=- —n 

For given n and p, let the upper boimd of Sp-{f„)IJp{f) for all / 
be denoted by Jf = M{n) = Mp{n)-, and let the upper bound of 
Jp'(fn)li3p(fn) for all sets of c,„ be if' = if'(n) = Mp(n). We first 
show that these bounds exist for every n. 

We may suppose on grounds of homogeneity that Sp.(f^) = 1. 
Then ^ l/(2»-l-l) for some value of m. Hence 

TT 

(2n+l)-^p' < |c„.l < ± J |/(x)l dx < Jp, 

— W 

and so ^ (2n-fl)^^>’'. 

Again, let g(x) = |/„(a:)|J’'-^agn/„(a:), 

and let ^ J 

— TT 

Then „ 

JWn) = ^ f /»»(»)?(*) 2 J |c„y„| 

^ Itt J m-“n m--n 


< Sp{S^)8p.{gr,) < M8p{S^)Jp{g) = M8p{fJJ^Jfp-^'>{f^). 

(4.4.16) 

and, dividing by it follows that M' is finite, and M' < Af. 

Agam, if h„{x)= f |c„!P'-isgnc,„e<"“, 

m——n 

we have (by an obvious term-by-term integration) 


•a 

S^-{fn) = ^ J /(®)6«(») dx < Jp{f)Jp (K) < M'Jp{f)8p(K) 

and hence M < M'. Hence in fact M = M'. The example /(*) = 1 
shows that Af > 1. 

Suppose now that/,j(a:) is a polynomial for which the maximum Af' 
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of Jp'{fn)l^p(fn) attained (since it is a continuous function of the 
variables c^, there is such a polynomial). Since M = M\ the extreme 
terms of the chain (4.4.15) are then equal, and so all the terms are 
equal. The case of Holder’s inequality used is therefore an equality, 
and hence ^ ^ ^ ^ 

where A is independent of m. Hence 

But, since /„ is a maximal polynomial, 

-Sp(/„) = = M-PS^rHg„), 

the last step depending on the equality of the 5th and 6th terms of 
(4.4.15). Hence ^ ^ M-P'Sf-P-P'(gJ. 

Let r' = 2p'-2, r = 2/(3-p). 

Then by Bessel’s inequality 

n 

8U9n) < ^ J Isrl’* dx = J^Mn) < J^r-8r(/n) 

— TT 

JL. „ E::!/ „ _e_\5<?zEl 

Since 2 < (2 Iyml*)®--n2 \vm\p-'^) ^-p . 

the product of these /S-terms on the right-hand side does not exceed 

Hence 1 ^ M^M^p’', 

and so -3f, ^ Mp > 

We can now repeat the argument with p replaced by r, and r by 
8 = 2/(3—r); and so on indefinitely. We thus obtain a sequence of 
values ofp tending to 1 (since r'—2 = 2(p'—2), etc.) through which 
Mp is non-decreasing. But 

Mp{n) < (2n-fl)J/»'->l 

as ->■ 1, p' -> cx), for a fixed n. Hence Mp(n) — 1. 


4.5. We can now prove Theorem 74 by the method used in § 3.2. 
Let/(a:) belong to L**, 1 < p < 2, and define o„ and 0„(a:) as in § 3.2. 
Then 
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by the above lemma; and 

(v+l)/A , (v+l)l\ .p-i 


\w-T^jnx . 1 JI-1 (v+l)/A 

J \fix)\^dxl J dx\ =J-- J \f(x)\^dx. 

WA ' WA ^ v/A 


wA 


r / r \1/(P-1) 

Hence J |0„(a:) [p' da: < 2w( j |/(x)|Pda:| 

— irA '—6 ' 

It follows as in § 3.2 that 


J \F{x,b)-F{x,a)\^>- dx < ( 27 r)*-»/''j| | + J j|/(a:)|»> dx 

Hence F{x,a) converges in mean as a->oOj to F(x) say, with ex¬ 
ponent p\ The remainder of the proof is the same as in the special 
case where p' = 2k. 

Still another proof of Theorem 74 can be obtained from a general 
theorem of M. Riesz on functional operations. See Zygmund, § 9.2. 


il(p-i) 


4.6. The Parseval formula. 

Theorem 75. Jf f(x) and 0{x) belong to Lp(— oo,oo), 1 < p < 2, 
and F(x) and g{x) are their transforms, then (2.1.1) holds. 

We know that if (l>{x) is and iplx^a) converges in mean to 
if/{x) with exponent p, thenf 

lim f {ilt{x)—t/f{x,a)}(l>(x)dx = 0. (4.6.1) 

a-*>oo J 

Now 



—t,b) dt. 


Making a -->oo, and applying (4.6.1) to the left-hand side, we obtain 

b 00 

J F(x)Oix) da: = J f{t)g{-t,b) dt. 

-6 -00 

Making 6->-qo, and applying (4.6.1) to the right-hand side, we 
obtain (2.1.1). 

There are also obvious extensions of Theorems 58-62. 


t Titchmarsh, Theory oj Functions^ § 12.53. 
H 
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4.7. Theorems on resultants. 

Thbobusm 76. If f{x), F{x) are transforme of JJ^, Ifi', and g{x), 
0{x) of I^', then (2.1.9) are transforms in the sense that (2.1.8) 
holds for aU values of x. 

Proof similar to that of Theorem 64. 

Theorem 77. If fix), F(x) are transforms of L^, IP', and g(x) is L, 
then (2.1.9) are transforms of IP, IP'. 

Proof similar to that of Theorem 65. 

Theorem 78. Let f(x), F(x) be transforms of L^, L**', and g(x), 
0{x) of IP, U^, where 

i+1 > 1. (4.7.1) 

CO 

Then F{x)0{x), J f{y)g{x-y)dy 

— 00 

are transforms of classes I/", respectively, where 

p_ n 

P+9-M 

That the resultant of / and g belongs to IP follows from Lemma jS 
of §4.2, with 1—A = 1/p, 1—p = Ijq. That FG belongs to I/^ 
follows at once from Holder’s inequality in the form 

J \F0\^dx<, ( J \F\J>’dxY'^'{^ J \0\<^dxY'^. 

The condition (4.7.1) implies that p <q', q < p'. Suppose that 
p < Then p < p', i.e. p < 2. 

Suppose that 1 < P' ^ 2. Then FG has a transform, the integral 
of which is „ 

— 00 

Now G'(«)(e-'‘*“—!)/(—»«) belongs to L and to L^, and so to IP; 
and, by Theorem 74, 

X+V 

y —00 

i.e. it is the transform of (?(tt)(e~*^“—l)/(—ttt). Hence, byTheorem76, 
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00 oo x — y 

J F{u)G(u)^—j^du = j f{y)dy J g(i)di 

— CO -^co —y 

oo OJ a? 00 

= I f(y) dy J g(u—y) du^- j du J f(y)g{u—y) dy. 


and the result follows on differentiating. 
Suppose next that 1 < P < 2. Then 


V(L) / 


has a transform, the integral of which is 


1 c _1 r 


This is the limit as a -> oo of 


^ J J f^y^y^^-y^^y 

— 00 —a 

00 a 

^ since J ... dy — l.i.m. J j 


(P) -a ' 


1 r r pixu _ 1 

= ^ J S{y)dy J g{u-y)-j—du, 

—a —00 

and by the Parseval formula (for g, g') the inner integral is equal to* 


<^( 27 r) J 0{v)e^^^ dv. 

Hence we obtain ^ 

ax X a 

J ny)dyj = I f(y)e^^dy 

— a 0 0 —a 

X 

-> j 0[v)F{v) dVy 
0 

since 0(v) belongs to over (0,a;). Hence the result. 

If jp = 1 and g = 1, then P = 1; see Theorem 41. 

4.8. Another extension of Plancherel’s theorem. We shall 
next obtain a generalization of Plancherers theorem in a different 
direction, due to Hardy and Littlewood.f 

t Hardy and Littlewood (1). 
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Theorem 79. Jf (q > 2) bdonga to L{—oo,co), tJien F(x), 

the tranaform of f{x), exists, and bdonga to Ifl-, and 

J |J’(a:)|«da! < A’(g) J \f(x)\i\x\^-^ dx. 

— CO —00 

(i) Consider the case g = 4. 

Suppose first that/(x) belongs to L^, and vanishes outside a finite 
interval. Then F{x) is L* and bounded, and ^{2it){F{x)}^ is the trans¬ 
form of a> 

^(»)= J f(y)f{x-y)dy. 


which also belongs to L^. Hence 

OO 00 

2n j \F{x)\*da:= J \<l>(x)\^dx. 

— 00 —00 

Now f{x) = |a:|“*g(a:), where g{x) belongs to L*. Hence 

00 00 

g(y) 9{x—y) 1 


J lyl* J 

— 00 —00 


|y|* \x-y\^ \y\^\x-y\* 
dy 


idy, 


Hence 

00 00 00 
|*da: < .4 


\y\^\x—y\i 

— OO 

_A f My)tM?(*-y)l* 

1*1* J 


|y|* |*-y|* 


dy. 


/Jf 


\9W\g{x—y)\* 


dxdy 


— 00 —00 
00 00 


l*|y|*|*-y|* 
l?(y)l®|y|* \gix—y)\^\x—y\^ 


dxdy 


^ J J l«l*|y|* 

— OO —00 

— 00 —00 

00 OO 00 

= 4 J \gm*dy J = 4 J \g(y)\*dy. 
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00 00 

Hence J \F{x)\^dx<A J \j{x)\*x^dx. 

— 00 —00 

The proof now follows the usual lines. Let f{x) be any function 

such that {/(«)}%* is L. Approximating to /(«) over (a, 6) by a 
sequence of functions of the special type, we prove as in § 4.3 that 

J \F{x,a)—F{x.,b)\^dx<A{ J + | j|/(a;)|<a:*tto. 

Hence F(x, a) converges in mean with exponent 4, and the theorem 
follows in the usual way. 

(ii) It is possible to prove the theorem when q is any even integer 
by an extension of the above method, but, as in the Young-Hausdorff 
theorem, the other values remain to be filled in. 

The simplest procedure is to begin by proving the corresponding 
result for series, and wo shall quote this from Zygmund.f The case 
we require is that if f{x) has the Fourier coefficients c^, then 


f i/(*) 1« dx ^K(q)2 ICm l«{ l«i I + 1 

J —00 

— TT 

Defining a„ and as before, it follows that 

7^ 7 I n \q 

I da? = A I 2 

J J Iv—n I 


-ttX 


Ifv>l, 
|o„l« < 


<mq) 1 KKIH+1)«-*. 

|;a—n 

(v+l)/A _ {V+1)IX 




v/A v/A 

There is a similar inequality for v < — 2; and 
i/A 


j l/A 

IoqI = J f{x)x^~^^x^'^~^ dx 




dx j = o (A”^«), 


and similarly for a^i. Hence, making A -> oo, we obtain 


)(7+/)i/wi 


J \F(x.b)-F{x,a)\Ux<K{q)\^ 

The theorem now follows as in previous cases. 

•f Zygmund, Trigonometrical Series, § 9.4. 


dx. 
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4,9. Theorem SO.f Iff(x) bdonga to D* (I <p < 2), then 
00 00 

J J" \f{x)\P dx. 

— 00 — 00 

Let g{x) be a function of LP\ vanishing outside a finite interval 
(a, 6), where a > 0. Then it also belongs to L'^, Hence, by Theorem 75, 
00 00 

J F(x)g{x) dx= j f(x)0{x) dx. 

— 00 —00 

Also, by Theorem 79, with q = p\ 

GO 00 

J \0{x)\}^'dx ^ K{p) J" \g{x)\P'\x\^'-^ dx. 

— 00 —00 

Hence 


/ F{x)g{x)dx\ ( J \f{x)\^dx\ J \G(x)\f>'dx\ 

— 00 ' 00 ' '—00 ' 

< K(p){^ J \f{x)\Pdi^ J |gr(a;)lP'|a;|P'-2dxj 


Let y(x) = |J’(x)|P~^sgn J(x)|x|*'“® (a^x^b). 

Then 

^ ® \ 1/P / ^ 

J |^’(x)l*’x>’~®dx < A( 2 ))( j \f(x)\p dx\ I J \F(x)\‘‘x‘’‘‘-^ dx) 

a '—00 ' ' a 

b 00 

and hence j \F(x)\^x^-^ dx < K{p) J \f{x)\P dx. 

a —00 

Making a -> 0, 6 oo, we obtain the desired result for the integral 
over (0,oo); similarly for the integral over (—oo,0). 



4.10. Another case of the Parseval formula. 

Theorem 81. Let f(x) be and let \0(x)\^'\x\^''-^ be L, where 
1 < ^ < 2. Then if F and g are the transforms of f and 0, (2.1.1) 
holds. 

The proof is similar to that of Theorem 75, but now 

b b 

J {F{x,a)--F{x)}0{x)dx ^ J {^(a;,a)— 

-b -6 

tends to 0 because, by Theorem 80, F(x, a)\x\^-^'^^P converges in mean 

t Hai*dy and Littlewood (1). 
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to with exponent p. The proof concludes as before, 

but is justified by Theorem 79 instead of Theorem 74. 


4.11. Failure of Theorems 75 and 79 for p > 2. That the 
Young-HausdorfI theorem fails for jp > 2 follows incidentally from 
Theorem 80. For, if/(a:) belongs to not only is integrable, 

but so is \F{x)\P\x\^^^; and hence so is 

\F(x)\^\x\^lp^-^ (p < r < p'). (4.11.1) 

Call the class of functions with this property so that is a, 
sub-set of 

If f{x) belongs to {q > 2), it does not necessarily belong to if, 
and is therefore not necessarily the transform of a function of 
However, we can show by means of examples that even if f(x) 
belongs to LI {q > 2), f{x) is not necessarily the transform of a func¬ 
tion of the class Presumably no condition which merely states 
the existence of an integral involving |/(a;)| is a sufficient condition 
for f{x) to be the transform of a function of 
Consider the function! (0 < a < 1, a < 6) 


f{x) = mi ^-a-1 QQg l-b (5Qg 
-*>0 


1 



1 



Let 


{<f,{x)+i>{x)}. 


V(2rr) 

^(*) = / + / 

^ il-O' 


(4.11.2) 




Jl 

+ J = '^i+^a+^3» 




l/(*+l) 


where ^ = o(l/x) as x ->• oo. Then 

j _ f d8in(x<+<~*) 

~ J ' 

and here x«“+^)-^ is positive, steadily increasing, and less than 


6—a 



f Titohmarsh (2). 
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Hence, by the second mean-value theorem, 


0-26-1. 


, 1*— m —X. 

). 

In ^8, is positive and steadily decreasing, and we 

obtain the same result as for <f>i. Finally 
/6 /6 _ AV»+i) 

i#.i < 


_*6+* 


Taking $ = x *6+"^, it follows that, as a: -> oo. 


2o-6. 


i>(x) = 0(a:i»+2) 


Again, 


^{x) 


d8in(arf—f-**) 
aj<“+i+6<»-* ■ 


r dsi 

J 


Now (arf“+^+6<“~^) increases steadily from 0 to a maximum of the 

form where K depends on a and 6 only, and then decreases 

steadily. Hence the second mean-value theorem gives 

0(a;) = 

/ 2 q-6 v 

Hence as a; -> oo f(x) = 

and plainly f{x) = 0(1) as Hence, if g is a given number 

greater than 2, f{x) belongs to Zf if 6 is large enough. 

lff{x) were the transform of a function F{x) of L^\ we should have 

0 

If we can insert (4.11.2) for f{u) and invert the order of integration, 
we obtain 


F{x) = a;“"-^^cosa;-^ (0 < a; < 1), 0 (x > 1), 

which does not belong to 1/ for any r > 1. This gives the desired 
result. 

The inversion is justified if we may invert 
—00 1 


/ 


sina:t4 

u 



^-a-icos ^*^( 1—cos ut) dty 
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and we may if 

lim f = 0. 

A->oo J J U 

0 A 

—^QQ A(x~l*0 Ax 

r sina;^(l—cos ^^) _ 1 1 f dv — f 

J u ^ J ~ J V 
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Now 


dv\ 


Ax 

< ilog 


Al*-«| 


x-\-t 


and the result follows from dominated convergence. 

4.12. Special conditions. In this section we give two sufficient 
conditions of special kinds iov f{x) to be the transform of a function 
of (1 < < 2). 

Theorem 82.f Let f{x) be even, 'positive non-increasing for x > 0, 
f{oo) — 0, and let {f(x)}PxP-^ (1 < ^ < 2) belong to jL(0,oo). Then 
F(x) belongs to IP. 

Since/(a;) in non-increasing, and/(oo) = 0, the integral 

—>00 

F{x) = = Jl^ J f(y)cosxydy 

u 

converges for every a; > 0. Let 

l/x —♦■00 

F{x)^ y@/ f(y)cosxydy + 70 J f(y)cosxydy 


1/X 


= F^{x)->!-F^{x). 

By the second mean-value theorem 



00 00 

and J li’ 2 (a:) \p dx < A j dx = A j 


•f See Hardy and Littlewood (3). 
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which is finite by hypothesis. Also 


\F^(x)\ < y® J fwdn. 


and we have to prove that this is i>; or, what is the same thing, that 

I f(y) dy 
0 

is Z**. We are given that/(a:) = g{x)x^P-^, where g(x) is IP, Hence 

XX X 

x-^p j f(y) dy = J giy)y^P~^ dy < x-^ j g{y) dy, 

0 0 0 
which is by a theorem of Hardy.f This proves the theorem. 

Incidentally it must follow from our hypothesis that f(x) belongs 
to LfP'; and in fact g, 

K > j dt >Mx){ix)p-^x, 

** f{x)< Kx-<P-^>lP, 

\f(x)\P' < Klf(x)\PxP-’‘. 

Theorem 83, Letf{x) be the integral of order {2—p)lp of a function 
^(x) of IP. Then FJix) exists and belongs to IP. 

a 

Let ®o(®) = /J(~j j ^(08in{x«+Wp) dt. 

Then, by Theorem 80, x^-*^*’<l>o(x) converges in mean (p) to g(x) say. 
Let fl'c(x) be the cosine transform of g{x). Then G'<,(x) belongs to IP'. 
Also „ „ 


0 ' 0 

_ Ito /® f 

a-ooV W J X 


da: 


00 ^ a 

= lim- I* dx f <ft(t)ain{xt+rrlp) dt 

a-^oaTT J J 

0 0 

- Um? f m dt f dx, 

a-*-co7r J J X**^ 


the inversion being justified by uniform convergence. 

t See Titchmarsh, Theory of Functions, p. 396. 
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The inner integral k 

(^ < y)> 0 U > y)- 

Hence 

y V y 

J Q,(x) dx = J (»-0^^-V(0 dt= i fix) dx, 

0 0 0 
by hypothesis. Hence Oc(x) =f(x) almost everywhere, and g(x) = Fc(x) 
belongs to IJ*. 

4.13. Lipschitz conditions. In this section we shall give a con¬ 
dition of quite a different kind for a function to have a transform 
belonging to certain i-classes. The analysis originated with theorems 
of Bernstein and Szasz on Fourier series, f 

Theobem 84. Let f(x) belong <o (1 < p < 2), and let 
00 

J \fix+h)-f{x-h)\P dx = 0(h<^) (0 < cx < 1) (4.13.1) 

— 00 

as h-^0. Then F(x) belongs to Lfi for 

p + ap—1 p—1 

For a fixed h the transform of f(x+h) is e^^^^F(x). Hence the 
transform of/(x+A)—/(x—A), as a function of x, is --2fsinxAF(x). 
Hence 

I \2sm.x1iFix)\i>'dx < Kip)}. ^ \fix+h)-fix-h)\p dx\ 

— 00 —00 

< A’(p)A“»'. 

Since |8ina:A| > Axh for x < 1/A, the left-hand side is greater than 

llh 

A J xi>'h^'\Fix)\P' dx. 

0 

llh 

Hence J xP'lFix)]^'dx = OiU‘*~^^'). 

“ f 

Let ^i$) = j \xFix)\P dx. 


t See Titchmarah (12). 
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Then, if P<p', 

< (j \xF(x)\p '= 0[e-’‘P+Pl^)- 

Hence 


f ( ( 

j 1 J’(a;)l^ dx = j x-P<ft'(x) dx = J x-P-mps) dx 

11 1 

= 0(i^-P-‘P+PlP)+0^jx-P-'^+PlPd!^ = 
and this is bounded as f ->-oo if 1—)S—o^+iS/p < 0, i.e. if 


P> 


P 

p+ap—V 


Similarly for the integral over (—f, — 1). This proves the theorem. 
A particular case, corresponding to the original theorem of Bern¬ 
stein, is that if the condition is satisfied with a > 1/p, then F{x) 
belongs to i(0,oo), so that the Fourier integral 


00 

I F{t)e^dt 

— 00 


is absolutely convergent for all values of x. 

To show that the range for in the above theorem cannot be 
extended, consider the even function 


/(*) = 


{x > 0 ), 


where 0 < a < 1/p, For x > 2h 

\f{x+k)-f{x-h)\ = 2h\f'{x+eh)\ (-i<e< 1) 
< 2 k\r(x-h)\ < 2A|/'(i*)|, 

since \f'{x) 1 is positive and steadily deci«asing. Hence 

J l/(*+h)—/(ar-A)!** dx = o|a»> J etej 

lA * Ofc ' 


2^ 


Also 


= 01**’^ J a:-«»+i)i» dx + fx-^ da;j j = Oih^-’P). 

2h s 2h . 

J \f{x+h)-f(x-h)\^ dx = oy = 0(h^-n- 
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The conditions of the theorem are therefore satisfied with a = 1 /p—a. 
Hence F{x) belongs to for j3 > 1/(1—a). Butt ~ as 
a; -> 00 , so that F{z) does not belong to Z/i/d-®). 

In the case a < 1, p = 2 it is possible to put the theorem into a 
form in which it is reversible. 


Theorem 85. If f(x) belongs to the conditions 

oo 

J \f{x+h)-f(x-h)\^ dx = 0(1^1*“) (0 < a < 1), (4.13.2) 
— 00 

( J ^ = 0(Z-2“) (X -> oo) (4.13.3) 


are 


Instead of an inequality we now obtain 
00 00 

J 4t&m^xh\F{x)\^ dx = J \f(x-\-h)—f(x—h)\^dx. 
— 00 —00 

Suppose that (4.13.2) holds. Then (4.13.4) gives 

llh 00 

J I J’(a;)l* dx<Aj snih:h\F{x)\^ dx = 0(A*“). 


(4.13.4) 


Hence 


mat) 


2J: 4JC 


J {F(x)Ydx = J + J + ... = 0{Z-2“+(2X)-*«+ ...} = 0(Z-*“), 

X ic 2X 

and similarly for (—-oo, —X). 

On the other hand, if (4.13.3) holds, then writing 

^(Z) = J{f’(a:)}*(fa;. 

X 

J a:*{J?'(a;)}* dx = j ~x^^'(x) dx = —XmX)+2 J qs^(x) dx 


X 

i 

0 




Hence 


2 J 0(xi-2“) (fo. == 0(X*-*“). 


-llh 

= 0(A*“), 

and (4.13.2) now follows from (4.13.4). 

f See e.g. Theorems 126-7 below 


00 I llh \ ? \ 

J sin®a:A{.F(a:)}®(ia: = OjA* J {J?'(a;)}®<ia;| + 0I J + J {F(x)Ydx\ 

.«« ' — l/Jk ' —00 Hh 
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Since, if jS < 2, 

2X 


/ 2X \ jo / 2X \ 1—1)8 

J \F{x)\Pdx < I I {^(a;)}adx) I f dx\ 

X ^x ' 'i: ' 

= 0(X-^fi)0(X^-iP) = 

it follows again that F(x) belongs to if j8 > l/(a+|), the case 
p = 2 of the above theorem. But this last step is, of course, not 
reversible. 


4.14. Mellin transforms of the class Let us denote by 
the class of functions f(x) such that 

00 

J |/{*)|^^<00. 

0 

Then we have 

Theorem 86. If ^(k+it) belongs to L** (1 < p < 2), then its Mellin 
transform f(x) exists, and x^f{x) belongs to 

If x^f(x) belongs to £^, then the Mellin transform g(5) of f{x) exists, 
and g(fc+tO belongs to L^\ 

Theorem 87. If ^(k+it) belongs to and x^^^g(x) to £p, then 

fc+ioo 00 

J g(a)®(l-«) = J /(*)«'(*) 

k—ico 0 

These are readily obtained by transformation from Theorems 74 
and 75. 

Theorem 88. If "Sik+iv), x^f{x) are Mellin transforms of IJ^, 
and x^^^g(x), (5(s—k—iv) of SP\ then (2.1.16) holds. 

Theorem 89. If ^{k+iv), x^f{x) are Mellin transforms of SP\ 
and (5{s—k—iv), af-^g{x) of £^, then (2.1.16) are Mellin trans- 
forms of £^, U". 


Note. It has recently been proved by Zygmund (2) that if f(x) is 
2>, 1 < p < 2, then (3.11.2) holds almost everywhere, no logarithmic 
factor being required. If f(x) satisfies the condition of Theorem 
79, then /(a;)log a; is £^(1,00) (apply Holder's inequality to the 
integral over {2^, 2"+^)). Hence (3.11.2) holds almost everywhere by 
Theorem 62. 
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CONJUGATE INTEGRALS; HILBERT TRANSFORMS 

5.1. Conjugate integrals. Fourier’s integral formula may be 
written in the form 


f{x) = J (6.1.1) 

0 

where „ „ 

®(0 = - J* f('u)ooBut du, b(t) — - J /(u)8inut du. 

-* -* ( 6 . 1 . 2 ) 

The integral in (6.1.1) is, formally, the limit as y ^ 0 of 

CO 

J {a(t)co%xt+b(t)Bmxt}e~^^ dt — U(x,y) (6.1.3) 

0 

say; and this is the real part of 

00 

J {a{t)-ib{t)}e^‘* dt = <t>{z) (6.1.4) 


(6.1.4) 


say, where z = x+iy. 

The imaginary part of 0(2) is 


J {6(^)cosa:^—a(<)sina;<}c”^'^d^ = F(x,i/) 

n 

(6.1.6) 

u 

-V(XyQ) = g{x)y we obtain 


00 

g{x) = 1 {6(<)co8x 1—o(f)sina:l} 

0 

(5.1.6) 

00 00 

= i J J &m{u—‘x)tf{u) du. 

(5.1.7) 


0 —00 

The integral (6.1.7) is called the allied integral of Fourier’s integral. 
It is obtained formally from (5.1.1) by replacing a by 6 and b by —a. 

Repeating the process, we return to minus the original integral. 
The relation between J(x) and g(x) is thus skew-reciprocal, i.e. 
reciprocal apart from a minus sign. 

Again, we have formally 
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Hence „ « 

= {i’(0--f’(-0}cosa;<rf<--^^ J {Jf(<)+-F(-0}sina:< d/ 

0 0 

00 

Thus 0{t) = —iJ?’(^)sgnf. (5.1.8) 

If/(a;) is even, b{f) = 0, and g{x) is minus the sine transform of the 
cosine transform of f(x)\ similarly, if f{x) is odd, g(x) is the cosine 
transform of the sine transform of f{x). 

Again, we have formally 

A 00 

g{x) == lim - I I Bm{u—x)tf{u) du 

A-^OO TT J J 

0 —00 

= lin.i f 

A->00 TT J U—X 

~>00 

00 

= lim - f ^—^^{f(x+t)—f(x—t)} dt. 

A->ao TT J t 

0 

If/(a;) is a sufficiently regular function, the part involving cosA^ will 
tend to 0 as A -> cxD, and we shall have 


g{x) = i r / (^+<) /(^ 0 at; (5.1.9) 

TT J t 

0 

and similarly f{x) = —i f dt. (5.1.10) 

TT J t 

0 

The reciprocity expressed by (5.1.9), (5.1.10) was first noticed by 
Hilbert, and the two functions so connected are called Hilbert 
transforms. 

Equivalent formulae are 


00 



00 



where P denotes a principal value at < = a;. 


(5.1.11) 
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Simple pairs of conjugate functions /(a:), g(x)^ are 


1 (0 < a; < a), 
1 


0 elsewhere, 


-log 

TT 


a+a: 


a—x 

X 


l+x^" l+a:2* 

cos a:, —sin a:, 

and any number of such examples can be written down by starting 
with a suitable analytic function 0(2). Examples from Chapter VII 
are \x\-'’J,{\x\), — 8gna:la;l-'’H^(|a:l) 

from (7.1.11) and (7.2.8); 

sgna:|a:|>’J,(|a:|), - la:l*’y^(|a;|) 

from (7.11.2) and (7.11.3); and 

Jo(2V|x|), -sgnx{(2/,r)2iro(2V|ar|)+yo(2Vl®l)} 

from (7.11.2), with v = 0 and x = \(ula-\-alu), and (7.12.8). 

5,2. Conditions which would justify the above formalities directly 
would be extremely complicated. Actually the simplest rigorous 
argument gives the reciprocity in a slightly different form. 
Theorem 90. t Let f(x) belong to L^—oOyOo), Then the formula 




1 -- 

t 


dt 


(5.2.1) 


defines almost everywhere a function g{x), also belonging to L^{— 00 , 00 ). 
The reciprocal formula 


00 

J fl'COlog 


1 —- 


dt 


(5.2.2) 


* dx. 


(5.2.3) 


also holds almost everywhere; and 

]{S{x)fd^^\{g{x)} 

— CO — 00 

If we could perform the differentiations under the integral signs, 
we should obtain the reciprocity in the form already given. We 
shall see later that this is possible; but we begin with the form to 
which the theory of Fourier transforms leads directly. 

Let F(x) be the Fourier transform oi f{x), 0{x) = --iF{x)sgnx, 
and g{x) the transform of 0{x). Then 


J \g{x)\^dx== J \0{x)\^dx= J \F{x)\^dx 
— 00 — 00 — 00 

t Titchmarsh (5). 

I 


J I /(^>;)1 


^dx. 
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— 00 —00 

The transform of ff(y) — (e~^—I)/|y| is 


e-*w_i 






J l!/l 


c-<“« dy 


-mi 


cos{x + u)y —cos uy 


cos(a:+^)y—costly 
S 

= /(a\lto( f f 

5|m| 

_ //2\|in. f ^dv 

V Ws-H-o J t; 

S|x+m| 

“Vdte 1 


Hence Parseval’s formula gives 

00 

I -n/ Jf-. 


00 

- f /(«)log du, 

TT J a; —u 


and (5.2.1) follows. The relation between F and (?, and so between 
/ and y, is skew-reciprocal, so that (6.2.2) also follows. 

5.3. Theorem 91.t Letf{x) belong to L%--oo,cx)). Then the formula 


- i I 


f(x+t)-f{x-t) 


(6.3.1) 


dtfines almost everywhere a function g(x), also of Z(*(— 00 , 00 ). The 
reciprocal formula 

/(,) _ _1 f y(»+0-i/(»-«)^ 

W J ( 


(6.3.2) 


t The analogue for series is due to Plessner (1). See also Hardy (14). 
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ofoo holds almost everywhere; and 


OD 00 

J {f{x)Ydx= J {g{x)Ydx. 


(6.3.3) 


The functions g{x) of Theorems 90 and 91 are equivalent. 

The integrals (5.1.2) defining a{t) and b(t) exist in the mean-square 


sense, and 


a(t)-ib{t) = jEm-t). 


Let H{t) = e*^ (t > 0), 0 (< < 0). Then 


GO 

0 

Hence Parseval’s formula, in the form 
00 00 

J F{-t)H(t) dt= j f(t)h(t) dt, 

— 00 —00 

applied to (6.1.4) gives „ 

0(2) = i f dt (1(2) > 0). 

'i'TT J t — Z 
— 00 

Taking real and imaginary parts separately, we obtain 

— 00 


(5.3.4) 


(6.3.6) 


(5.3.6) 


Define g and G as in § 5.2, the integrals being now mean-square. 
Then we also have 

aar <» 

=y© I -‘7© / ®'-‘> 

0 0 

00 

= -iJl^ J 0{-t)H(t)dt== -iJl^ J g{t)h(t)dt 


-00 -00 

77 J t-z 


(5.3.7) 
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Hence 


U{x,y) = - 

1 

1 

r (i_a;)*+ya^(^^ 

30 

(6.3.8) 

y{x,y) = - 

1 

€_ 

f -dt. 

1 (<-a:)*+ya 

(6.3.9) 


By the theory of Cauchy’s singular integral, § 1.17, J7(a;,y) f{x) 
as y 0 for almost all values of x, and V{x, y) -> —g(x) for almost all 
values of x. We now use the following theorem. 

Theorem 92. Let f{x) be any function such that f{x) belongs to 
L(0,1), and x^^f{x) to L{l,co). Let V(x,y) be defined by (5.3.6). Then 

lim(F(a;,y) + - dt\ = 0 (6.3.10) 

ttJ t ) 

for almost all values of x. 

We know that 

"(y) = /1/(*+0—/(*—01 ^ = oiy) 


for almost all values of x. Let a: be a point where this holds. We have 

V(x,y)^^ f dt 

TT J t 


V 


r f(x+t)—f{x—t) , y* f f(x+t)—f(x—t) 


^ nj (t^+y^)t ^ 77 J 

1 / 1 

== «/i+‘44“«4 

say. Asy-^O, „ 

l«^il ^ ^ J l/(*+0-/(«-01 = 0(1). 

0 

ij I < y* f lf(x+t)-f(x-t)i ^ 


(t^+y’^)t 


= tn .i2(!LV+»! (■ 
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and plainly Jz = o (1). Hence the result. 

Since V(x,y) ’--g{x) almost everywhere, (5.3.1) follows from 
(5.3.10). The relation between / and g being skew-reciprocal, (5.3.2) 
also follows; and (5.3.3) holds as before. 

5.4. In this section we shall show that the same set of formulae 
may be obtained from a different source. We can take an analytic 
function 0(z) satisfying certain conditions as the original function. 

Theorem 93. Let 0(2) be an analytic function^ regular for y > 0, 
and let ^ 

J \^{x-\-iy)\^ dx 

— 00 

exist for every positive y, and be bounded. Then, as y -> 0, <i>{x-\-iy) 
converges in mean to a function 0(a;), and also 0(a:+iy)->0(a;) for 
almost all x. For y > 0 

00 

<P(z) = . f — du (u real). 

2iri J u—z 

— 00 

If 0 ( 2 ) = U{x,y)+iV(x,y), 0(a:) = f(^)~i9(^)y iLe functions U, F, 
/, and g are connected by the formulae of the previous section, and in 
particular f and g are conjugate. 

We first prove the following 
Lemma. Let 0(2) be analytic, and let 

00 

I \<^{x-\-iy)\‘‘dx (p > 1) 

— 00 

exist and be bounded for yi < y < y^- Then, asx-^ ± 00 ,0(a;-f iy) -> 0, 
uniformly for yi+8 < y < ^ 2 ”^- 

Lef^ < y ^ ^ 2 ““^* Then, if 0 < P < s, 

277 

^( 2 ) = 77 ^ f dw — ^ { <t>(z+pe''t‘) d^. 

2771 J w—z 2n J 

lif-zl-p 0 
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Hence 


8 2tr 

iS*4>(z) = Ljpdpj <I»(2+pe<^) d^, 


0 0 
8 27r 


i 82 |a)( 2 )| < 


s{/i I 

'^0 0 ''00 

^(8) I j d'O j d«| 

' V, X-i ' 


p dpd<f>\ 


\i-ilp 


®+s 


Now 


x-8 


j du 


is bounded for ^ and tends to 0 as x->oo, for every v. 

Hence the right-hand side tends to 0, and the result follows. 

To prove the theorem, let 


= J(Sj / 


For each y this Converges in mean, to y) say, as a -> oo. Consider, 
however, the integral 

taken round the rectangle with comers at db®+^ 2 / 2 > where 

0 < < ^ 2 * The integral along the right-hand side is 

J dy = J <l>{a+iyY^ dy, 

Vi Vi 

and, by the lemma, this tends to 0 as a -> oo, for fixed and yg* 
Similarly, the integral along the left-hand side tends to 0. Hence, 
as a->oo. 



a a 

J 0(x-f dx — ^ dx -> 0, 


i.e. Vz) 0. 

Hence the mean-square limit of this sequence over any finite interval 
i8al8o0.i.e. 

for almost all t. We may therefore write 

<f>(tyy) = 

(f>{t) being independent of y (e.g. by putting <f){t) = 1)). 
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Also, by ParsevaFs theorem, 

00 00 
I \<l>(t)\h-^ydt = j \Q>{x+iy)\^dx. 

— 00 —00 

Since this is bounded as y -> oo, we must have ee 0 for < < 0; for 

-a -a 

J dt < e- 2 ««' J dt < Ke-^v o. 

— 00 —00 

-a 

so that J 1^(01^ dt = 0. 

— 00 

Since it is also bounded as y -> 0, belongs to iy2(0,oo). 

Also, is the transform of 0(a;+ij/i)—^(aj+iyg)- 

Hence 


00 00 

J \<i>{x-{-iyi)—<i>{x-^iy^\^dx=^ d<, 

-00 0 

which tends to 0 as -> 0, -> 0. Hence <t>{x+iy) converges in 

mean as y -> 0, to ^(x) say. 

Next, if 2 / > 0, 0(z) = f dw, 

27t% j w—z 

the integral being taken round the rectangle db®+i^^ 2 > 

where a > i»i and < 2/ < ^ 2 * A® before, the integrals along the 
right- and left-hand sides tend to 0 as a ->oo, and we obtain 

^ ^ 27ri J u+ivi—z J u+iv^-z 

— 00 —00 

But 


r r )|2 r — 

J U+iv^-Z J i V ^ 2^1 J 


du 


2/)^ 


— oo 

< , 

Vi-y 

which tends to 0 as v, -> oo. Hence 


0(2)=: 


2771 J U + tV^ — Z 

— 00 


(5.4.1) 
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and, making 0, 


<D(^) = 





(6.4.2) 


The integral with z replaced by z is zero. Putting 0(w) = f{u)--ig{u), 
0(2) = U{x,y)+iV(x,y), we obtain the formulae of the previous 
sections; and it follows from the theory of Cauchy’s singular integral, 
and (6.3.5) and (5.3.9), that 0(2) ->0(a;) for almost all x. 

Theorem 94. If ^{ z ) is regular and bounded for y > 0, then ^{ z ) 
tends to a limit cw y -> 0 for almost all x. 

For ^( 2 )/( 2 -f i) satisfies the conditions of the above theorem, and 
so tends to a limit almost everywhere. 

Notice also that, in the above theorem, <f>{t) is the transform of 
0(a;); for, if ^(0 is the transform of 0(a;), as y 0, 

00 00 

/ lx(<)—= J |<l>(a;)—O(a:+iy)|2da:-»-0, 

— 00 —00 

J ix(o-^(or<i< = o. 

Hence x(0 = ^(0- 


5.5. We also deduce 


Theorem 95. Alternative necessary and sufficient conditions that a 
complex C)(x) of L\—qo,co) should be the limit as z->x of an analytic 
0 ( 2 ) such that oo 

J |0(a:+iy)12 dx < K 
— 00 
are 


(i) <l>(x) = f(x)—ig(x), where / and g are conjugate functions of the 
class L^; 

(ii) <f>{x), the transform of ^{x), is nidi for a: < 0. 


The necessity and sufficiency of (i) follows at once from the above 
theorems. 

The necessity of (ii) has been proved in the course of the previous 
proof. Conversely, let <f>{x) = 0 for a: < 0. Let O be its transform. 
Then „ 


<!>(«) = l.i.m. 

O— 


1 

V(27r) 


r e'^«<f>{x) dx. 

•f 

fl 
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Let 


OO 

<!>(«+w) = J* dx {v> 0). 


Then <b(u-^iv) is analytic for t? > 0, and 

GO 00 OO 

J l<I>(tt+w)l*d« = I e-^\<f>{x)\^ dx < J \^{x)\^dx. 

-00 0 0 , 
Hence, by the above theorem, (I>{u-\-iv) converges in mean, and also 
almost everywhere, to 'F(w) say; and 

u 




lim 

V 


cc 

SV(2w) J 


^ixiU-k-iv) _ I 


IX 


<f>{x) dx 


u u 

= lim r ^(u-^iv) du ~ { du, 

1^->o I J 

Hence O(iA). 

The result also follows from the transform formulae; for, if O 

satisfies the given conditions, O, /, and gr are related as in § 5.1, and 

a 

<f>{x) = J {f{u)-ig{u)}e-^^'‘ du 


= F{^x)—iO(~x) = 0 (a; < 0) 

by (5.1.8). Conversely,let^(a;) — Ofora; < 0. Let<I)(t4) = f(u)—ig(u), 
let a{x) and 6(a:) be defined as before in terms of /, and similarly 
a(a:) and P(x) in terms of g. Then 

a(x)-\-ib{x) — i{oL{x)-}-ip{x)} ~ 0 {x a 0), 
i.e. a(x) = —P{x), b{x) — a(a:) (x < 0). 

Hence g is the conjugate of /, and the sufficiency of the condition 
follows from condition (i). 


5.6. Theorem 96. A necessary and sufficient condition that <l>(a:) 
should be the limit as y ->0 of an analytic 0 ( 2 ) such that 

OO 

J \<!>{x-\-iy)\^ dx = 0(6-^^) 

— OO 

is that (f>(x) ~ 0 for x < —k. 
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If k is the least number such that <f>{x) = 0/or x < —A;, then 


lim - log 

y^ooy 


00 

J \<i>{x-\-iy)\^ dx = 2k. 
— 00 


Suppose that 4>(z) satisfies the given conditions. Let 

0(2) = c-<*“'F(2). 

00 00 

Then j" \W{x-\-iy)\^ dx = ^ \<i>{x+iy)\^ dx — 0{l). 

— 00 —00 


Hence ^( 2 ) -> ^(a;) almost everywhere, and, if ^(ic) is the transform 
of T(a;), 0(x) = 0 for a; < 0. Now 


if){x) = l.i.m. 


1 

-y/(27r) 


a 

J 0(tt)e-^“dtt 

—a 


= l.i.m. 


1 

V(2w) 


a 

J du — ^(x-\-k). 

—a 


Hence <f>(x) = 0 for x < —A;; and in view of the above theorem the 
argument is reversible. This proves the first part. 

Again, since ^{x+iy) is the transform of e~’^^<f){u), 


I 

—00 

This is 


00 


00 


\<t>(x-{-iy)\^ dx = J e'‘^^y\^(u)\^ du — J e-^^y\<f>(u)\^ du, 

— 00 —k 

00 

-k 


and, if 


o}(u) = J 6\(u)\^ du, 


-k 


it equals 2y j du ^ 2ya}{—k+S) j 

-k -*+S 

= co{8-A:)c2(*-8)^'. 

Hence the second part. 


5.7. For a function having a mean value in a finite strip the 
corresponding theorem is as follows. 

Theorem 97. Let <!>(«) be an analytic function, regular for 

yi<y< y^y 

00 

and such that J |0(x+iy)l^ dx 

—00 

exists and is bounded for yx<y < y^- 
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Then the boundary functions <D(a:+i«/i) and ^{x+iy^) exist as mean- 
square limits, and also almost eoerywhere as ordinary limits of^{x-\-iy). 
For yi<y < 2/2. 


<X3 



- J- r du. 

27ri J u+iy^—z 


The transform of ^(x-{-iy) is of the form e'-^^<f>{t), where belongs 

to for y^^y ^ y^. 

This is an obvious consequence of the above analysis, except 
perhaps for the existence of the limit oi<i>{x-\-iy) almost everywhere 
as y -> or i/g- However, the previous analysis shows that 

[^.^+Jyi)du 
J u-\-%y^—z 


tends to a limit almost everywhere bb y ->y^ from above; and 


r Q>(u-\-iy^) 

J u+iy^—z 


du 


is regular for all y < y^y and so tends to a limit everywhere as 
y ^ 1 * Similarly for the case y -> y^. 


5.8. Theorem 98. Letf(x) belong to L\—oo,oo), Then 
fix) = f+ix)+f-ix), 

where f+{x) belongs to L\—oo,qo), and is the mean-square limit of an 
analytic function fj^z), regular for 1 ( 2 ) > 0; and similarly f^{x) is the 
mean-square limit of f_(z), regular for 1 ( 2 ) < 0. 

Let F{x) be the transform of/(a;), and 

00 0 

/+(z) = J F{u)e-^‘‘'‘ du, f_{z) = J du. 

0 —00 

Plainly/+( 2 ) and fj^z) are regular for y > 0,2/ < 0, respectively. The 
rest of the theorem follows as in § 5.4. 

Theorem 99. Let f{x) belong to L^0,oo). Then 
fix) = f{+)ix)+f(-)ix), 

where f{+){x) belongs to L-(0,oo), and is the mean-square limit as 
arg 2 -> +0 of an analytic function fi+)(z), regular for arg 2 > 0; and 
similarly fi^)(x) is the mean-square limit of f_)(z), regular for axgz < 0. 
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This may be deduced from the previous theorem by putting z (of 
the present theorem) — or deduced directly from Mellin trans¬ 
forms. In fact 

/(+)(*) = -^i j 5 («) 2 ~* /(-)(*) = J ds. 

5.9. Theobem lOOf. If f(x) belongs to L{—ao,co), then 
J f(x+t)-f(x-t) 

-*0 

exists for almost all values of x. 

We may suppose without loss of generality that f{x) > 0. Define 
U(x,y) and V(x,y) by (5.3.5), (5.3.6), and let 

00 

4)(2) = U(x,y)+iV(x,y) = 4- f P^dt {y > 0). 

ITT J t — Z 
— 00 

From its definition it is clear that U (a:, y) ^ 0 
Let ^*( 2 ) = 

Since U(x,y) ^ 0 , |T(2)| ^ 1. Hence, as y -> 0 , ^*( 2 ) tends to a finite 
limit for almost all x (Theorem 94); and this limit can be 0 in a set 
of measure 0 only, since U (a;, y) tends to the finite limit f(x) almost 
everywhere. Hence Y( 2 ) tends to a finite non-zero limit almost 
everywhere. Hence 0 ( 2 ) tends to a finite limit almost everywhere. 
Hence F(a;, y) tends to a finite limit almost everywhere. The result 
then follows from Theorem 92. 


5.10. Hilbert transforms of the class LP. 

Theorem 101. Let f{x) belong to Zf^(— 00 , 00 ), where p > 1. Then 
the formula ^ 


TT J t 


(5.10.1) 


-►0 


defines almost everywhere a function g(x), also belonging to L^(— 00 , 00 ). 
The reciprocal formula 


TT J t 

-*0 


(5.10.2) 


t Plessner (1). I believe that this version of the argument is due to Little- 
wood. 
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also holds almost everywhere; and 

00 OC 

/ j \f{x)\Pdx, (5.10.3) 

— 00 —00 

where depends on p only. 

This is M. Riesz’s extensionf of Theorem 91. There are three cases, 
(i) Let p be an even integer. Let 

a 

^ dt= UJpc,y)-\-iVJx,y) (y > 0). 

iTT J t — Z 

— a 

Consider the integral J dz 

taken along the straight line from —R+iy to R-\-iy, and round the 
semicircle above it. For a fixed a, 0„(z) = 0{ll\z\) as Izl^oo. 
Hence, making we obtain 


i.e. 


— 00 

00 

I {Ua+iV„Y dx = 0. 


Expanding the integrand by the binomial theorem, and taking the 
real part, 

00 

J {^S-(2)^S-^t7HQFr‘‘i7J-...±C/§j dx = 0. 

— 00 

00 • 00 00 

Hence J J J 


f If \(P-2W/P/ f \ 

Now J d* < M Fg dxj ( J t/g dx\ 

— 00 '—00 ' -00 ' 

Writing X** = | J Fgdarj^^J U^do^, 

it follows that 


\2*;p 


Hence X does not exceed the greatest positive root of the equation 

XP-Qxi*-*-...-! = 0, 


t M. Riesz (1), (2). For another method aeo Titchmarsli (7). 
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and so 






where Mp depends on p only; i.e. 

00 00 

J if? J UZdx. 


Now 


< — f ■ _^4 f- 

‘ J [ J (t 


x)^+y^ 

1 /( 01 * 


\UJx,y)\ = ‘^ f —— _ dt f 


-x)^+y^ 


dt 


dt. 


y f _i 
JT J (<— 


{t-x)^-\-y' 

1/(01*’ 


-*)2+y2 


p-l 


dt, 


-xf+y<‘ 

— 00 

00 00 

J J \f{t)\Pdt J — 


dx 


— 00 
00 


xf-\-y'^ 


Hence 


- J \m?^- 

— 00 

J {Va{x,y)Ydx^M% J m)Ydt. 


(6.10.4) 


Making a -> oo, 

00 

Va{x,y)->V{x,y) = — 1 J 


t—x 


(<—a:)*+y* 


:f(t)dt, (5.10.5) 


and, making y^O, V{x, y) -*■ — g{x) almost ever 3 rwhere, by Theorems 
92 and 100. It therefore follows from (5.10.5) and Fatou’s theorem 
that (6.10.3) holds. (See Titchmarsh, Theory of Functions, § 10.81.) 

(ii) Suppose next that p is not an integer. We may suppose 
without loss of generality that f{t) ^ 0. Then U{x,y) > 0, and 
Ua{x,y) > 0 for y > 0, a > o^. 

Some care is now needed in the definition of jpth powers. Let 

(^U+iVy = 

where — < arctan(F/l7) < for U > 0. Making Cf 0, we 

obtain 


{iV)P = IVlPe^P^ (V > 0). |FlPc-»*''" (F < 0). 
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With these definitions we have 


\{U+iV)p-{iV)p\ = p 


V hiV 


f zP-^dz 

iV 


< pU{V^+V^)iP-* < 2>2Wp-W(t7P+i7|Fl*’-i). 
Applying this to V^, we obtain 

J J UPdx+ J U^\V„\p-^ dxV 

— 00 — 00 — 00 * 

00 

But, as before, J {Ua-\-iV^ dx = 0, 

— 00 

GO 00 

R J {iVa)Pdx = Icosipwl J \V^\Pdx. 


and 


Hence 


J w 


dx 




IcosM I J UPdx + K^^ U,K\p-^ dx, 

— 00 — 00 — 00 

and the proof of (5.10.1) and (5.10.3) can now be completed as in the 
previous case. 

The above proof fails if p is an odd integer. Leaving this case 
aside for the moment, we next prove (5.10.2) in the above cases. 
We have . 

\U{x,y)-S{x)\P < g j 

' — 00 

<l\ Wlf-Waj'*, 

— 00 

00 00 00 

J \U{x,y)-S{x)\p dx <y- J J \S(t+x)-f(x)\P dx. 

— 00 — 00 — 00 

The inner integral (see Titcbmarsh, Theory of FunctionSy p. 397, 
exs. 17-19) is bounded for all t, and tends to 0 with t; hence the 
right-hand side is less than 

s 




dt 


< A_y/8+j7re{8), 
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'—00 a ' 


p -> 0 


which tends to 0 by choosing first 8 and then y. Hence for any 

00 

lim r \U{x,y)—f(x)\P dx — 0. 

Also, by (6.10.4), 

00 

J \U(x,y)— U„{x,y)\J>dx^ 

— oo 

as a -> 00 , uniformly with respect to y. Hence 

00 

/ \U„(x,y)-f(x)\Pdx^O (5.10.6) 

— 00 

as o ->■ 00 , y -> 0, in any manner. 

Again, by the calculus of residues, 

s'" '’>>'»• 

and, taking imaginary parts, 

Ip f U^^dx^_vM Y 

— 00 

Hence the Hilbert transform of UJI^x,y) is and it follows 

from (5.10.3) that, for the values of p already dealt with, 

00 oo 

J lT«(*.y)+ 9 '(*)l*’< A'p J \UJp:,y)-f{x)\P dx. (5.10.7) 
— 00 —00 

Combining (5.10.6) and (5.10.7), it follows that 

00 

J l®a(2)-{/(^)-*3(aj)}l*’ dx-^Q 

— oo 

as y ->■ 0, a -> 00 , in any manner. 

Now by the calculus of residues 


-^Mj-dz = <I>a(f+tl,) (y < T)). 
z—tij 


— 00 

Making o ->• oo, y -> 0, it follows that 
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and hanc ± j = Wl+i,). 

— 00 

Taking real parts, 

00 

— 00 

Making ty 0, the left-hand side tends almost everywhere to the 
Hilbert transform of g{x)y by Theorem 92; and the right-hand 
side (Cauchy’s singular integral) tends almost everywhere to 
This proves (5.10.2). 

(iii) To prove the case where p is an odd integer, we shall prove 
that if the theorem holds for any p it also holds for 2p, Since it 
holds when p is half an odd integer, it will follow that it holds when 
p is an odd integer. 

Applying the calculus of residues as before, but now to {0^(2)}^, 
we obtain 

r (y > 0), 

■ni J X—^ 


i.e. 


1 r Ul-Vl+2iU„V^ 


f 

TTt J 


x~i 




Taking imaginary parts, it follows that the Hilbert transform of 
y 2 ig Let if3(x) be the transform of J72, and x(^) that 

of VI Then ^(x)-x{x) - -2f4F„. 

Hence lx(a;)l'’ < 2‘>\^{x)\p+2?p\UJ^p, 


Now 


/ !x(a^)l^ < 20 j \^x)\Pdx+2^P ^ WMdx. 

— 00 — 00 — 00 

00 ! <Xi QO V J 

J \Va?'‘dxy, 


and, by the fundamental inequality (5.10.3) (for p), 
00 ® 

J \ili{x)\P dx < Kj, j \UJ^Pdx, 

_ 00 — 

00 

J \V^\^Pdx<Kj, J Ixla-Ol'-rfa;. 


K 
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Altogether 

J \V,\^’^dx<K„ J \U,\^Pd^+KJj \Ua?Pdx J \V„\^Pd^^ 

The result for 2^7 now follows as in the previous cases. This completes 
the proof. 


5.11. Theorem 102.t Lei f{x) and g{x) be Hilbert transforms of the 
class and h{x) and k{x) Hilbert transforms of the class L^\ where 

p' = p/(p—1). Then 

00 00 

j f(x)h(x)dx=^ f g{x)k{x)dx. (5.11.1) 

— 00 —00 

If p = 2, p' = 2, and (5.3.3) gives 

00 00 

J {f{x)+h(x)}'^ dx = J {g(x)+k{x)Y dx, (6.11.2) 


and the result follows in the usual way. 

In the general case, define Uf^(x,y), V^ix,]/) as before, and let 
y)y Qbi^y y) b© the corresponding functions for h and k. We have 
seen that the Hilbert transform of is —1^, and similarly that of 
is — Since these functions belong to TP, 

00 QO 

J U„{x,y)P^{x,y’) dx = J V„(x,y)Q,,{x,y') dx. (5.11.3) 

— 00 — oo 

Making a -> oo, 0, 6 -> oo, y' -> 0, and converge in mean to 
/ and — g, with exponent p; and JJ, and Qf, converge in mean to h and 
—A:, with exponent p'. Hence the result. 


Example. Let h{x) = l/(x—a) (|a:—a] > 8), 0{\x—a\ < 8). Then 

k{x) = ip r = ipf r ^ — + r —. 

77 J u—x 77 I J (u—a){u—x) J {u-~a){u—x) 

— 00 ^ — 00 a-fS 


ilog 


arf-8—ir| 


Hence 


7r(a—x) ®|a“-8— 

(z-f-8 —X 


f 4, _ i f i±p£ 

J X 77 J a—0—X 

S — 00 

00 

= i J 9{<+o)log 


dx 

a—x 


B+t 

h-t 


dt 

7' 


(5.11.4) 


t M. Rie8z(l), (2). 
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We can use (5.11.1) to give an alternative proof of the case of 
Theorem 101 where p is an odd integer. 

Let h{x), k(x) be transforms of Since the theorem has been 
proved for p', on making 6 ->cx), 0 in (5.11.3) we obtain 

oo 00 

J UJx,y)h(x)dx^ | Va{x,y)k(x) dx. 

— 00 —00 

Hence 

J VJx,^j)k{x)dx\^ < I J j \h(x)\P'dxj''^ 


mJ j \m\»dt)i''’( f lk(x)lP'dx]'"'' 

'—OO f '—oo ' 


by (5.10.4) and (5.10.3) for p\ Here k(x) may be any function of 
k{x) \V,{x,y)\P~^i,gaV,Xx,y). 


Then 


7 I ? V'Pl r ViP’ 

J \VJP dx < mJ j 1/(01^ dt\ I \v„\p dx\ , 

— CO '—CO • '—CO • 


or J \VJP dx < Mp J i/(<)P dt. 

— 00 — 00 

The theorem for p now follows as before. 

It also follows that, if is the least constant for which (5.10.3) 
holds, then Hence, since p and p' are interchangeable, 


5.12. Theorem 103. Let Q>{z) he an analytic function^ regular for 
y > 0, and let ^ 

I \<b{x+iy)\P dx < K (p > 1) (5.12.1) 

— 00 

for all values of y. Then <l>(x-\-iy) converges for almost all x, and also 
in the mean of order p,as y -> 0, to f(x)—ig{x), where f{x) and g(x) are 
Hilbert transforms of the class LP. 

It is convenient to use the following lemma. 

Lemma. Let An(x) be a sequence of functions such that 

f < K, 

a 

while Xn(x) -> 0 almost everywhere. Then if p{x) belongs to lP\ 

h 

j X,fx)fx(x) dx -> 0. 

a 
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Suppose first that the interval (a, 6) is finite. By Egoroff’s theoremt 
\^{x) -> 0 uniformly in a set E of measure and hence 

J Xf^{x)|JL{x) dx 0. 

K 

Also 

J A„(a:)/i(a;) da;| < ( J |A„(a:)l»’ '“I j |^(a:)lP'da:j 

CE ‘ Ve ' ^CE ' 


which tends to 0 with 8, and is independent of n. Hence the result. 
If 6 = 00 , we first take X so large that 


00 / 

/ K{^)A^)dx < J 

V 'y 


) llp' 

< € 


and then argue as before with (a, JC). 

If <t>(z) -^f{x)—ig{x)y it follows from Fatou’s theorem that / and g 
belong to IP. We prove (6.4.1) as before, and (5.4.2) now follows 
from (5.4.1) by the lemma, taking 

A„(«) = (» = 


and 


ll{x) = 


1 

u—x-{-iy^ 


Hence <f>{z) = \(U-\-iV) — \i{P-^iQ)i 

where U and V are (5.3.5), (6.3.6), and P, Q are defined similarly 
with g instead of/. Now make y 0. Denoting by/* the conjugate 
of/, and by g* that of g, we obtain 


f-ig = h(f-if*)—¥(g-ig*)- 


Hence / = —gf*, g ^f* almost everywhere. 

That 0(2) converges in mean to f{x)—ig{x) with index p follows 
from the analysis of § 5.10. 

That 0(z) tends to a limit almost everywhere was deduced by 
Hille and Tamarkin (5) from the corresponding theorem for series 
(Zygmund, Trigonometrical Series, § 7.53). It could be proved directly 
as follows. If O has no zeros, the result follows on applying Theorem 93 


t Titchmarsh, Theory of Functions^ p. 339. 
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to {0(z)}**’. Otherwise, let z„ run through the zeros of O in i/ > 0, 
and let 

-Sn(2) = 

(assuming that no z„ is i). For a fixed n, 1B„1 ^ 1—e for y < t), say, 
and all x. Let <t>(z) — On{z)B„{z). Then 

J \OrSx-]riy)\“ dx < 

for y ^ 7), Since G^(x+iy'), 0^{X’\-iy), {y < y') are related like the 
previous 0(z), f{x)—ig{x), it follows from the analysis of §5.10 
(especially (5.10.4)) that 

00 

J \0„(x+iy)\i> dx < K' 

— 00 

for all y, K' depending on K and p only. 

If O has an infinity of zeros, a little consideration of Carleman's 
formula (Titchmarsh, Theory of Functions, §3.7) shows that 

2i{z.)/(i+K|2) 

is convergent, and hence that B{z) = limJ5^(2;) and G{z) = lim(?„( 2 ) 
exist and are analytic. It follows that ^{z) = G(z)B(z), where G{z) 
satisfies (5.12.1) with some K, and has no zeros, and \B(z)\ ^ 1. 
Hence G(z) tends to a limit almost everywhere, as before, and so does 
B{z), by Theorem 94. 

5 . 13 . Theorem 104. Let f{x) belong to {p > 1), and let g{x) be 
its conjugate. Let X(x) belong to L^, where q > I, pq ^ P+9* 

00 00 
h{x) = J X{t)f{x—t) dt, k(x) — J X(t)g(x—t) dt. 

— ao —00 

Then if pq < p+q, h{x) and h{x) are conjugates of the class L^, where 
P = pqlip+q—pq)- If pq = P+q* h(x) and k{x) are conjugates, in 
the sense that 

1 r 

TT J U 

->0 

and reciprocally, for all values of x. 

(i) Suppose first that pq < p+q- Then h(x) and h{x) belong to 
L^, by Lemma jS of § 4.2. We have to prove that they are conjugate. 


n 2—gy ^v+i z„+i 
z—2^ z„+i Zy+i 
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Let <b{z) be the analytic function of which J(x)—ig{x) is the 
boundary value, and let 

00 

^( 2 )= j X{tyi>{z-t)dt {y>0). (5.13.1) 

— 00 

It follows from the lemma of § 5.4 that 0(2) is bounded in any strip 
^ < 2/i < y < 2/2* Hence 

I T' 1 T' 

II A(<)<l>(z-<) dt\ < J 1A(<)1. 

\l/9 

lA(<)|«d<j 

Hence the integral (5.13.1) converges uniformly in yi ^ y ^ y^- 
Hence \P( 2 ) is analytic for y > 0. 

Also, by Lemma jS of § 4.2, 

j mz)\^dx^ij m\<^dt\ (I i<D(z-<)i^rf< , 

— 00 '—00 ' 00 ' 

which is bounded; and similarly 

00 

I |T( 2 )-A(a:)+ijfc(x)i^’dx 

J \<i>(z—t)-f(x-t)-\-ig(x-t)\vdt^ 

which tends to 0 as j/ -> 0. Hence, by Theorem 103, h(x) and k{x) 
are conjugate. 

(ii) If pq = p+q^ it is known that h{x) and k{x) are continuous, 
and tend to 0 at infinity.! 

In this case the integral defining h{x) converges uniformly over any 
finite range. Hence 

i f *(»+»)-*(»-.) - i J A(<)</(,;+«-l)-/(x-«-0}<S 

I S -oo 

_i f A(<)* f/(»+■«-<)-/(»-»-<) 

TT J J U 

-00 S 

00 

== / A{%s(a^—0— 

— 00 

t See Titchmarsh, Theory^ oj Functima, p. 398, exs. 20, 21. 
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where gr8(a:) = - f dt. 

IT i t 

s 

Now ^ 9 {x-t), g^{x-t)-^0 

as 8 -> 0, A 00 , for almost all t. Hence, by the lemma of § 5.12, it is 
sufficient to prove that 

00 

J ls'8(*)p dx < K 


for all 8. 


Hence 


By (5.11.4) 


00 

9i{x) = ^ J 


S+i 

8-<l 


dt 

7' 


00 

ISr8(»^)l*’< ^ J l9'(<+a:)|»’log 

— 00 


8^< 

h-t 



< K 


J 

— 00 




log 


S+< 

S—t\ 


dt 

w 


by putting ^ = 8i^ in the last factor. Integrating with respect to 
X and inverting, the result now follows. 


5.14. The case p — 1. We have so far supposed that/(a:) belongs 
to IP, where p > 1. The general Theorem 101 fails in the case p — 1, 
in which f{x) belongs to L. We have seen (Theorem 100) that g{x) 
still exists almost everywhere in this case. But g{x) does not neces¬ 
sarily belong to L, Suppose for example that 


/(0 = 


Then for a; > 0 


1 

tlog^t 


{t > 0), 


0 (< < 0). 


a(-x) = lp f Md«>i . 

' TT j t+x n) 2xtlogH ~ 27 tx\^ 

— 00 0 

Hence g(x) does not belong to L. In fact it is possible to construct 
examples in which g(x) does not belong to L over any interval, 
however small. 

We have, however; the following theorem.! 


t Corresponding to a theorem of Kolmogoroff on Fourier series; see Littlewood 
(1), Titchmarsh (13), Zygmimd, Trigonometrical Series, § 7.24. 
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Theorem 106. Let f(x) belong to L(— 00 , 00 ). Then the formula 


^ J t 

-*•0 

defines a finite g{x) for almost all values of x, and 


(5.14.1) 


(5.14.2) 


is convergent if 0 < p < 

We may suppose without loss of generality that/(<) ^ 0, and that 
f{t) is not null. Let 


as before. Then 


tTT J t—Z 
—a 

hen „ 


if a is large enough. Let 0 < p < 1, and let 

where — < arctan(l^/17J < In. For a fixed a, 0„(3) = 0{ll\z\) 

as |z| ^ 00 , and the calculus of residues gives 

J (0 < 2/ < 1). 

— 00 

a 

Now |0„(i)| = f 

— rt 

Hence I J <Kj,. (5.14.3) 

I —00 

If (7 > 0, \V\ > 1, 

u+ir 

|(I7+tT)*'-(tT)Pl = p j tP-^dz ^pU\V\p-^^U, 

iV 

while if (7 > 0, |F| < 1, 

|((7+tT)»»-(iF)^| ^ (£7+l)P+l < C7+2. 
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J Z2+1 ^ J X^+1 

-00 ' —QO 


— 00 —a 


u w 

= J/(0d<+2ir< jf{t)dt+2iT. (5.14.4) 


From (5.14.3) and (5.14.4) it follows that 


f W 

J 2 *+l 


dz 


<ifp. 


Now 


= IF i „ l)co3 \TpiT±2xysm\jm „ \V^\^ 

(z*+l/ ' “ (a:*—y2+l)*+4a:y *’a:*+l 

for sufficiently small y and all x. Hence 

f 1^.IL efa; < F" 

J x*+l ^ 

— 00 

and the result follows as in the proof of Theorem 101. 


5.15. Lipschitz conditions. Theorem lOO.f Lei f(x) belong to 
LP {p > 1), and let it satisfy the Lipschitz condition 

\f{x+h)-^f{x)\ < K\h\^ (0 < a < 1) (5.15.1) 

uniformly inx,CL3h-^0 (say for all x and 0 < A < 1). ThenHilberfs 
reciprocal formulae (5.1.9), (5.1.10) hold for all values of x; and g(x) 
also belongs to and satisfies a Lipschitz condition with the same a 
as f(x). 

In this case the integral (5.1.9) plainly exists for all values of x. 

We next observe that iif(x) satisfies the given conditions then it 
is bounded—^in fact it tends to 0 as a: oo. For since/(ar) is continu¬ 
ous, the points where \f{x) | > 8 > 0 form a set of intervals. The 
length of such an interval (aj^iCg) tends to 0 as ar^ ->oo, since 

{x^—Xi)bP < J |/(a;)l^ dx -> 0. 

t Titchmarah (5). The result corresponds to Privaloff’s theorem for Fourier series. 
See Zygmund, Trigonometrical Series, § 7.4. 



146 


CONJUGATE INTEGRALS 


Chap.V 


Now since \f(xi)\ = 8, 

l/(^^)l < IM)l + l/(^)-/K)l < B+K\x^x,\- < 8+K\x,--x,\-, 

which tends to 0, by choosing first 8 and then x^^. Hence f(x) -> 0. 

It follows that if (5.16.1) holds for small h it holds for all A, with 
a possible rechoice of the constant K, 

Now as 2 / -> 0, 

00 

0 

_ t = o(v’ { -\ A = 0(rt. 

’) v+rt r J <’+»■ / " 




1 r (i-x )^-y^ 
n J {(t-xf+y^) 


-Jif) dt 


= _i r JL- f nt+x) dt = —- f ^{t^x)—f{x)}dt 

— 00 - 00 

'—00 ' 

Hence, taking A > 0, 

|g(»+A)—gf(x)| 

< !?(*+*)+ V{x+h,h)\+\V{x+h,h)—V{x,h )I + \g{x)+V(x,h )| 

(I X+h . 

f ^V(i.h)d^ |+0(A“) = 0(A“), 

SO that g(x) satisfies the required Lipschitz condition. 

The reciprocal formula (5.1.10), already known to hold for almost 
all values of x, now holds for all values of x, since each side is con¬ 
tinuous. 

If a = 1, we obtain similarly 

■®(i f 
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g{x+h)-g{x) = 0(|A|logl/|Ai). 

5•16. The allied integral. We next return to the allied integral 
(5.1.7), which is formally equal to g{x). We can now prove the 
following theorem. 

Theorem 107. Letf{x) belong to L {—oo,oo). Then, for any positive 
a, the allied integral is summable {C, a) to g(x) ivherever 


g(x) 


ou 


f{x+t)—f(x— t) 

t 


dt 


(5.16.1) 

(5.16.2) 


#4 

exists, and J \f(x+t)~f{x^t)\ dt = o(h); 

0 

and so almost everywhere. 

It is plainly sufficient to suppose that 0 < a < 1. 

We have to consider 

A 00 

f{x-{-t)Hm ut dt 

0 -00 

oo A 

= lira J {f(x+t)—f{x—t)} dt J ^1 — sin utdu. 


Now 
A 


j sinz^^di^ —A J (1—t;)“sinA^i; dv 

0 0 

1 

= —^[(l~^)“cosA^v]^J (1—i;)““^cosA^i; dv 


_ 1 , OL f cos(A^— 2 ^?) 

ii'-P 


Hence 


dw. 


sin utdu - 

t 


K(oc) 


It follows at once that, if 8 > 0, 

A 


lim J {f(x-\-t)-f{x-t)} dt |l-“J sinutdu = j* t 0 J(x -<) 


dt. 
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Also 
8 


— ain utdu 

i/A 0 

f /(x+o- /(x-o^ j cif^+niin^rMdti 

J t ^ Ij <“+iA“ I 


i/A i/A 

and, if (5.16.2) holds, the last term is 

' l8 


YsV+i f !/(*+«)-/(*-«)I + 

i Ji/A 


(«+l) f dt 


= o(l)+o 


1/A 

by choosing first 8 then A. Finally, 
A 


j |/(a:+«)-/(a:-tt)|d« 

1/A 0 

’ -1' 


and 




sin tU du\ 


<KX, 


J {f{x+t)—f{^-'t)}dtj sin utdu 


Ilk 


< 


KX J \f(x+t)^f(x^t)\ dt = 0 ( 1 ). 


This proves the theorem. 


5.17. Application to Fourier Transforms. In this section we 
make an application of the theory of conjugate functions to the theory 
of Fourier transforms. There is one respect in which this theory is still 
incomplete. We have shown that iff(x) belongs to (1 < p < 2) then 
f(x) has a transform F{x) belonging to LP\ and F{x) = l.i.m. F(a;,a). 

We have not yet been able to show that the reciprocal relation 
f{x) = l.i.m./(x, a), where ^ 

-a 

also holds. We can now supply this point.f 

t Hillo and Taniarkin (3). 
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Theorem 108. Iff(x) belongs to {I < p < 2), then 
f(x) = l.lm.f(x,a). 

It follows from Parseval’s formula (as in the proof of Theorem 58) 
that 

/(*,<.) = ! f 

7T J X~U 

— 00 

00 

__ sina;a p f /(i^)costea cosa:a p 
TT J X — U 7T 

— CX) 

= smxa<f>f^{x)~cosxailfJ^x) 
say, the integrals being principal values Sit u — x. By Theorem 101 

00 oo CO 

J \i>a (^)\’'J \f(n)costca\’’du < Kj, j \f{u)\t> du, 

— 00 — 00 — 00 

and similarly for Hence 

CO 00 00 

J J {2P\<f>„{x)\P+2‘f>]ili„{x)\»)dx < Kp j |/(M)|fdM. 

— 00 — 00 — 00 

oo 

This proves that J |/(a:) — f{x, a) 1^ dx 

— 00 

is bounded as a -> oo. We have to prove that in fact it tends to zero. 

We can construct a step-function f*(x), zero for |a;| > X, and such 
that <x) 

J \f{x)-f*(x)\P dx < €. 

— 00 

Now 

( J l/(•'c)— /(x,a)|P<ita;j \f(x)—f*(x)\P d.^ + 

'-00 ' ' —oo ' 

+ [ f \f*{x)-f*(x,a)\p dx\ +1 J \f*{x,a)-f(x,a)\P dx\ 

'-00 ' -00 ' 

say. By hypothesis, < c; and by the above method 

If/31 < AjJf/il < Ap€. 

Also f*(x,a) -^f*(x) boundedly in any finite interval, say (—f); 


J x—u 
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now if ^ > 2X, 


-X 


dx 


i '“-X’ i '--X ' 

We can choose i so large that this is less than e, for all a; and, having 
fixed i, ^ 

-f 

by bounded convergence. This completes the proof. 


5.18. Further cases of Parseval’s formula. We have already 
seen that (2.1.1) holds if / and O are Z*' (1 < p < 2). If / and g are 
the given functions, and belong to Z^, U*' respectively, we cannot 
state the result, because the existence of 0 is not known. We require 
an additional condition. 


Theorem 109. IffisL^{l < p < 2), and g is and LP\ then 

A 00 


lim f F(x)0(x) dx = 

A--® 


J f{x)g{—x) dx. 


Let G be the transform of g. Then 


0(x) (1*1 <A), 0 (1*1 >A); g{x,X), 


defined as in (3.1.2), are transforms of Z^; and the former is also Z^. 
They are therefore transforms of L^, Lp\ and Theorem 75 gives 
A 00 

J jF(a;)6r(a;) dx = j f(x)g(--x,X) dx. 

— A —00 

As in the previous section 

l.i.m.(p')g(—a;,A) = g{—x), 

A->00 


and the result follows. 

Theorem 110. If f is IP (I < p < 2), g is IP\ and the integral for 
0 is uniformly convergent in any interval 0 < 8 < a; < A, then 


lim 

8-+0, A-^oo 



00 

F(x)G(x) dx — j f(x)g(—x) dx. 
— 00 
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We can now prove by uniform convergence that 

0(x) (S< |a:| <A), 0 (\x\ <8, |x| > A) 

is the transform of 


1 

TT 


00 



sin A(t^--x)—sin 8(ii—x) 
u—x 


du. 


The proof now goes as before, but to complete it we want 

GO 00 

lim J f{x) dx J ^ du = 0. 

— 00 —00 

Now 

f 

J u—x 

— 00 

x+lis , X — Ilh 

J \g{u)\du-\-i J 4- 

x-nh ' -00 x+l/S ' 

as 8 0, for any fixed x\ and, as before, its mean j^'th power is 

bounded. The result therefore follows from the lemma of § 5.12. 


f \ 

J / \u—x\ 


du -> 0 
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UNIQUENESS AND MISCELLANEOUS THEOREMS 

6.1. Uniqueness of trigonometrical integrals. The classical 
uniqueness problem for trigonometrical series is to show that if 

00 

n=al 

for all values of x in (0,27r), or all values with some exceptions, then 
= 0, bn = 0 for all values of n. 

The corresponding problem for integrals is to show that if 

00 

J {a{y)coBxy+b(tf)aiaxy} dy = 0 (6.1.1) 

0 

in some sense or other for all values of a;, possibly with some excep¬ 
tions, then a{y) = 0, b{y) = 0 almost everywhere. A more general 
problem is to show that if a given function f{x) is represented by a 
trigonometrical integral, 

00 

J {o(j/)cos a:y+6(y)sin xy) dy = f{x), (6.1.2) 

0 

in some sense, then the integral is necessarily of the Fourier form, 
i.e. in some sense 

00 00 

a(y) = i / f{x)coaxydx, b(y) = h J f{x)Bmxydx. 

— 00 —00 

Owing to the symmetry of the Fourier integral formula between a 
function and its transform, in the integral case this is not, formally, 
a new problem. It simply amounts to the question whether a{x) and 
b{x) are representable by Fourier integrals; and in some cases the 
answer follows from theorems which we have already proved. 

Suppose, for example, that a{x) and b{x) belong to X(0,oo), and 
that CO 

J {a(i/)cosa:y+6(y)sinxj/} dy = 0 
0 

for almost all values of x. Adding and subtracting the formulae with 
X and —a:, it follows that both 

00 00 
J a{y)cosxy dy ~ 0, j b(y)»inxy dy = 0 
u u 
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for almost all x. By Theorem 14 (for an even function) 

A 00 

lim|J (l —du J a(y)co^uy dy ~ a{x) 

0 0 

for almost all x, and in this case the left-hand side is 0 for all x. Hence 
a{x) = 0 almost everywhere. Similarly b{x) = 0 almost everywhere. 
Theorem 22 can be used to give the same result. 

Suppose, again, that a(y) belongs to qo), and that 

—►00 

J a{y)oo^xy dy = 0 
0 

for almost all values of x. Since the limit and mean limit of a 
sequence, if they both exist, are equal almost everywhere, the cosine 
transform of a{x)y in the sense of Theorem 48, is null, and hence a(x) 
is the mean limit of a sequence of null functions, and is therefore null. 

The uniqueness theory of Fourier series suggests a different type 
of theorem, in which the possible values of x for which (6.1.1) fails 
are much more restricted, but in which a{x) and b{x) do not neces¬ 
sarily belong to 2>-classes. The main difference between the theory 
for series and that for integrals is that the convergence of 2 
for example, in a set of positive measure, implies that -> 0; but 
the convergence of 

J a{y)cosxydy 
0 

does not imply that a{x) ^ 0 as a: -> oo; for example, the integral is 
convergent if a(x) = e^cosc^. 

6.2. The expression 

l.m O(a:+A )+<I>(a:-/^)-2(D(a;) 2.1) 

*-►0 

is called the generalized second derivative of <l>(a;). The uniqueness 
theory of Fourier series depends on the theorem of Schwarz (see 
Titchmarsh, Theory of Functions, § 13.84), that if^(x) is continuous, 
and has at all points of an interval*the generalized second derivative 0, 
then 0(0:) is a linear function in the interval. Here we shall proceed at 
once to the general problem with f(x), and use 

Theorem lll.f Let <l)(a;) be continuous in (a,b), and have at every 
point of this interval a finite generalized second derivative f{x), which 
t De la Vallee-Poussin, Coura cVanalyae infimtesimale^ 1914 ed. 

L 
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belongs to L(a,b). Then 

X u 

0(x) = j du j f(v) dv (a < X ^ 6), (6.2.2) 

a a 

where Uq and are constants. 

We first prove two lemmas. 

Lemma 1. Let <I>(a;) be continuovs in (a, 6), and let 

_^j^)±O g_A)-2C>(x) ^^2.3) 

fee ^ 0 for every x in (a, fe). Then no part of any arc of the curve 
y = (^(x) can be above its chord. 

Suppose that some points of an arc {xi,X 2 ) lie above the chord, 
PQ say. Let 

= <l>(x)+l€(x—Xi){x—X2) {e > 0). 

Then, if € is small enough, some points of the corresponding arc of 
y = ^f{x) will lie above the chord. Let M be such a point of this 
curve, whose distance from PQ is not less than that of any other 
such point. Let x be the abscissa of M, Then, if A is the tangent of 
the angle which PQ makes with the ar-axis, 

h h 

Hence A)—20^(a:) < 0, 

i.e. ®(a;+A)+0(a;—A)—20(a:) < —e, 

for aU small A. This contradicts the hypothesis, and the result 
follows. 

Lemma 2. Let ®(a;) fee continuous in (a, fe), and let (6.2.3) fee ^ 0 
for almost all x in (a,fe) and be nowhere —oo. Then no part of any 
arc of the curve y = ®(a:) can be above its chord. 

If (6.2.3) is nowhere < 0, the result follows from the previous 
lemma. Otherwise, let E be the set, of measure 0, where (6.2.3) < 0. 
Lett x(^) ^ ^ non-decreasing absolutely continuous function such 
that x*{^) == + oo in E, and 

X 

Xi(*) = / x(«) 

a 

t See e.g. Titchmarsh, Theory of Functions, §11.83. 
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If a; is a point of E, and M any positive number, however large, 

> M (|»| 8). 


Hence, if A ^ 8, 

Xi(a:+A.)+Xi(x—ft)—2xi(a:) 1 


ft* 


= ^ J {x(^+m)-x(*;-“)} 

0 

h 

rj 


du 


2uM du — M, 


and so the left-hand side tends to infinity as A 0. 
Let i2(a;) = 


Then 


j|^^(^ 4- A)H-Q(^—A)—2Q (x) ^ ^ 
h-*o A* 


for every x in (a, 6). Hence no part of any arc of y = Q(a7) can be 
above its chord. Since this is true for arbitrarily small e, the same 
result follows for 1 / = 0(a:). 


Proof of Theorem 111. 

Let p(x) — min{/(a;), n}, q{x) = max{/(a:), —n). 

Then p{x) < f(x) < q{x)y and, since / is integrable, so are p and q. 


Let 


Pi(x) = J p{u) du, p^{x) = I Pi{u) du, 


and similarly for q. 

Then has almost everywhere the generalized second 

derivative q(x)—f(x) ^ 0, and 


q2{x+h)+q2{x—h) — 2q2(x) __ 1 


x^u 


ft* 


q{v) dv 


pj"” / 

0 x—u 
h x-\-u 

ljd« j (-») 


dv 


-n. 


Hence the generalized second derivative of q 2 ,(x)—^(x) is nowhere 
-— 00 . Hence no arc oiy = above its chord. 

The chord through the end-points a and b is 


0—a 
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and hence 

q^{x)—<t>{x) < ^^{52(6)—0(6)+0{o)}—0(o) (o < a: < b). 

0''’^Cb 

Similarly, no arc of y = P 2 {^)—^{^) is below its chord, and it 
follows that 

p^{x)-<t>{x) > ^{p,(6)-0(6)+<D(a)}-<I»(a) (a < a; < 6). 
Making n oo, ? 2 (^) both tend to the limit 

X u 

/ /(*^) 

Hence “ “ 

/2(a:)-0(a:) = ^{f^(b)-<t>(b)+<t>(a)}-<t>(a) (a < a; < b), 

the desired result. 


6.3. Theorem 112. Let a(y) and b(y) be integrable over any finite 
interval, and zero in an interval containing the origin. Let 
—►00 

I {a{y)cosxy +b{y)%mxy} dy = f{x) 

0 

for all X in a certain interval. Then 


0(a:) = 


—►<» 

J {a{y)<iOsxy-{-b(y)smxy} 




0 

exists for every x of the interval, and has the generalized second deriva¬ 
tive f(x). 

The convergence of the integral for 0(a;) follows from the second 
mean-value theorem. Now 


cos 

sin 


/ I 1. \ I , 7 V COS J. , 917 cos 

(x+h)y-i-^^^(x—h)y—2 ,^xy = —48in^hy . xy. 


Hence 

^ J {a{y)co9xy^b{y)s,mxy}^^^pLdy, 

(6.3.1) 

and it is sufficient to prove that this integral converges uniformly 
with respect to h for h ^ 0. 

-+00 

f {a(y)coHxy-\-b{y)s\nxy}dy = r{Y), 

Y 


Let 
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SO that lr(y)| < « for 7 ^ 7o(e). Then 

I CO 

J {a{y)coBxy+b{y)amxy}^^^^ dy 

r. 



for all fe > 0; hence the result. 

6.4. We shall now prove the uniqueness theorem on the assump¬ 
tion that ct(y)l(l+y^) and b{y)/(l-]~y^) belong to i(0,oo). Later it 
will be shown that this condition is superfluous. 

Theorem 113.f Let a{y)l{l-\~y^) and h{y)l{\-{-y^) belong to i(0,oo), 
and let _ 

I {a(y)coaxy-\-b{y)B\nxy]dy ^ f{x) (6.4.1) 

U 

for all values of x, where f(x) is everywhere finite and integrable over 
any finite interval. Then for almost all positive values of y 

A 

a(?/)==ilim f (l—^-^f{x)cosxy dx, (6.4.2) 

TTA—00 J^\ A I 


6(y) = ilim f ll~^^f{x)fimxy dx. (6.4.3) 

^A-^oo J \ A I 

— A 

In particular, if f(x) = 0, then a(y) — 0, b(y) — 0 almost every¬ 
where. 

The condition (6.4.1) may be broken for a finite set of values of x, 
provided that a[y) 0, b(y) -> 0, as ^ go. 

By replacing x by —x in (6.4.1) and adding or subtracting, we 
obtain similar formulae with the cosine or sine integral only. We 
may therefore consider them separately. 

t Pollard (3), Jacob (2). The unrestricted result fullo\\s from Offord (7); the proof 
{^iven here is by Offord and the author. 
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Suppose first then that b{y) = 0. Suppose also that a(y) = 0 for 
0 < y < 8, and let 


^{x) — — {^--cosxydy. 
V y 


(6.4.4) 


By Theorem 112, <I)(a;) has the generalized second derivative /(a:), 
and here/(a;) is integrable. Hence, by Theorem 111, 

X u 

<I)(a:) == J J f{v) dv 
0 0 

where p and q are constants; and g = 0 in this case, since O and / 
are even. Writing 

/l(«) = J /(«) 


we have 

and 
A 


0(x) = J fi(u) du + 27 , 


cosxy 




+ 


(l-^jysinx2/| 


dx 


+ 


J0(a:)|—— 2 / 2 |i —?jcosa:y| dx 


0(A)co8Ay p , 2y 
A A 


J ~y^ J |l~^j^(^)cosa; 2 / dx. 

(6.4.5) 


0 0 
Since a{y)ly^ is i, (6.4.4) and Theorem 14 give 
A 


lim 

A-^oo 


IN 


<b{x)Qosxy dx = — 

y 


(6.4.6) 


almost everywhere. Also <l>(a;) -> 0 as a; oo, by Theorem 1, so that 
the remaining terms in (6.4.5) tend to 0 as A oo. Hence 
A ^ 

]f{x)coBxy dx = Irraiy), (6.4.7) 




the required result with the conditions stated. 
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To remove the restriction that o(y) = 0 over (0,8), let 
a^ix) = a{x) {x > 8), 0 (a; < 8), 


and let 


u 

J a{y)cosxy dy = x{x). 


Then the result already obtained shows that 
A 


lira J |l—x(a:)}co8xy da: = iira^iy) 


almost everywhere. Also, by Theorem 14, 


IrJH) 


-\x{x)co&xy dx = 0 


for almost all y in (S,oo). Hence 




'-y{x)coQxy dx = inaiy) 


for almost all j/ in (8,oo), and so, since S is arbitrary, for almost all y 
in (0,oo). This is the required theorem for the cosine integral. 

Next let a(y) ~ 0, and suppose that b{y) = 0 in (0,8). Let 


CO 

^(a:) = — f ^\i\xy dy. 

•/ y 


(6.4.8) 


Arguing as before, we obtain 


= j du j f{v) dv -i-qx, 


j — = J -|jycosa:y| dx 

0 0 

= J Y(x)cosxy dx —y^ J |l —^j'F(a:)sina:y dx. 

0 0 (6.4.9) 

The proof now concludes as in the cosine case. 

If there are exceptional points where (6.4.1) does not hold, the 
argument merely shows that 


y=^<!>(x)--fduff{v)> 


( 6 . 4 . 10 ) 
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is a linear function in the intervals between these points. But now, if 

Hy)\ <|6(y)l < e for y> 

00 

J {a{y)cosxy-\-b(y)sinxy}'^^^^^ dy 
0 

< J {|o(y)H- 16(y)|} dy +2€ J dy 

0 A 

< K(^)+A€|h, 

Multiplying (6.3.1) by A, and choosing first € and then A, it follows 

h-^0 1 A A 

Taking x to be one of the exceptional points, it follows that the slopes 
of the straight lines which make up the graph of (6.4.10) are the same 
on each side of the point. Hence (6.4.10) is a single linear function, 
and the result then follows as before. 



6,5. To remove the restriction on a{y) and b{y) we require some 
more preliminary theorems. 

-♦•00 

Theorem 114. If j f{t)co8ytdl 

0 

converges uniformly in any finite interval^ to say, then 

ilL”V© / 

0 

for almost all x. 

This is merely a variant of Theorem 20; the proof is substantially 
the same, depending on the particular case of the data, that 

—►00 

J S(t)dl 

0 

exists. 

We require a similar theorem for the sine integral, but in this case 
the argument is more complicated. 


Theorem llS.f Let be a sequence of numbers tending to infinity, 
such that ^ (« = 2,3,...), 


t Cantor (1). 
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where i > 1. Then, given any interval (a,jS), there is a number Q in 
(a, j8), and a sequence of integers ...» such that 

(%n+^) (6.5.1) 

Suppose that 0 < a < p, and divide (a, jS) into throe equal parts 
(ot,y), (y, 8), (8,j8). Let be the first of the which is greater than 
both 

{k—l)(fi—ot) a’ 

Choose y, so that foils in (y,8). This is possible, since 

> 6/(j3—at). Then determine y„+i,y„+ 2 ,... so that 

(22/„+i+ 1)-(22/„+1)^^1 <1 (« = v,v+l,...). 

I 

If in any case there is more than one such take the least; the 
process is then unique; y^, ---iVv-i have any values. 

The numbers x^ and y^ now determine a sequence of fractions 
(2y^4-l)/^n’ which tend to a limit Q; for, by the above inequality, 
2yn-i-m+l 

^n+m 

Also 




hi 


->0. 


so that (6.5.1) follows. Finally, Q is in (cx,j3), since 






1 




x,(k^-l) ^ X^{k-l) 


< W-ol), 


1 


—►00 

Theorem 116. If J (ff{u)mixudu 
0 

is convergent for all values of x, then as n oo 


n + f 




j <l>(u) du -> 0 . 


If the theorem is false, there is a positive e and a sequence such 
that \r^^\ ^ and from this sequence we can select a sub-sequence 
n^ satisfying ^ Hence there is an x in (0, ^tt), and 

integers 2 /i,y 2 > • ••> that 


2xn^/7r—(2y^+l)->0. 

Hence, if fi is large enough. 
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Hence, for ^ u ^ %+iy where | < 1, xu—y^ir lies between Jtt 
and In; hence sina;t^ is monotonic in at most two intervals, and 
|sina;t^| ^ 1/V2. If e.g. smxu is steadily increasing, 

fill +^ fifi +^ 

f <j>{u) du f du = — f <l>(u)sin xu du 

] J sina:i^ &inxn^ J 

flfi tlfi Ufi 

by the second mean-value theorem, and the right-hand side tends 
to 0. Similarly in other cases. 

—►00 

Theorem 117. If J f(t)sinyldt (6.5.2) 

u 

converges uniformly in every finite interval, to yJ{^Tr)Fg(y) say, then 

A 

y(^) J ~f ^ = /(^) {Q.5.Z) 

' 0 

for almost all x. 


We can insert (6.5.2) in (6.5.3) and invert, by uniform convergence. 
We obtain 


—►OD 


1 — cos \{x—t) 1—cos A(a;-t-<)l 


Xix-tf 


Let T > X, and consider 


—►(« ilNrrlX „ A;7r/A» 

J_ r /(0co8A< , / r , V f \/(«)cosA<, 

T ' T lUTTlX ’ 

where N is the integer next above 2XTIn. By the second mean-value 
theorem 

|(n + l)7r/A f V N 


A ( a ;+«)2 i 


J(» + l)irM. 


dt. 


(6.5.4) 


inirlX 


i 


where ^wtt/A < f < |(?i+l)7r/A. By Theorem 116 the last 
integral tends to 0 as w oo, uniformly for A > 2/7r. Hence 


uniformly with respect to A. Similar arguments apply to the rest of 
(6.5.4) with t ^ T. Also, for a fixed T, the part with t < T tends to 
f(x) almost everywhere. The result therefore follows. 
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6.6. Theorem 118. The results of Theorem 113 hold if a{y) and 
b{y) are integrable over any finite interval^ and (6.4.1) holds. 

We again define by (6.4.4), but now the integral is not neces¬ 
sarily absolutely convergent, and <I>(a:) does not necessarily tend to 
0 at infinity. However, since 

V 

^i(y) — J limit 

0 


as y 00 (by putting a: = 0 in (6.4.1)), and 
Y r 


r ^y 

ij y 


ai(y)cos xY 

Y2' 


+ 




0 0 
the integral (6.4.4) converges uniformly over any finite interval. 
We therefore deduce (6.4.6) from Theorem 114. Also 




as a: -> 00 , by Theorem 1; and, for a fixed y, 
A A 


J 3)(a;)sina;?/da; = 1*10(1)— J du^inxy dx 

0 0 ' V+1 ^ 

CO 

m—r y) 1 —cosA(m— y) 

^ J I u—2/ u—y 


Xsin\(u+y) l-co3A (w+y) | ^ 
u+y u+y j 


as A ->oo. Hence (6.4.7) again follows from (6.4.5). 

In the sine case we obtain (6.4.8) as before, but now we get no result 
by putting x = 0 in (6.4.1), and we have to u.se Theorems 115-17. 
We have 

1/, , iniTTi'X ^ J(v+ 1 )|T,'X 1/2 y. 

(sinxydy^ I f + T f + f j^ysinxydy. 

' 7/, v^m i(/i + l)7T/x 

The second mean-value theorem gives 

j* ^ sin xy dy — J Hy) dyj, 

3 M7r/x ^ 
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where Jw/x ^{v+iytrjx; and the last integral is o(l) as 

v-*-co,x-^co, and is o(1/*) as voo, a:->0 (by considering 0(l/a:) 
terms of type r„). Hence as x tends to 0 or oo 

I i, = »{a=»(l + i)i) - 

Vi 

Hence (6.4.8) converges uniformly over any finite interval, and 

T(a:) = o{x) 

as x->oo. Also 


A 

j V(x)C 08 X 1 / dx 


= o{A)~-i 


1/+1 


b(u)\l—eo8X(u-{-y) , 

1—cosA(z4 

\ u+y 

u—y 


0(A) 


as A->oo, by an argument similar to that just used for 0(x). The 
result now follows as in the previous case. 

We can also state the above result as a direct theorem on Fourier’s 
integral formula. 

Theorem 119. Let f(x) be integrable over any finite interval^ and let 
lini I f(t)cosxt dt, lim f f(t)8inxtdt 

U-^OO J U—>00 J 

have finite values for every x, and let these values be integrable over any 
finite interval. Then 

A . M V 

f{x) — lim - J |l —-iYlllim J f(t)QOBu(x—t) d^du. 

6.7. Integrals in the complex form. The result in this form is 


Theorem 120. Let F{y) be integrable over any finite interval, and let 

A 

Jim ^^27r) | = /(*) (6-7.1) 

for all values of x, where f{x) is everywhere finite and integrable over 
any finite interval. Then for almost all y 

“ Izml 

In particular, if f{x) — 0, then F{y) — 0 almost everywhere. 
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Since 

A 

r F(y)e-i^ydy 

-X 

A 

= 2 J [{F{y)+F{—y)}coaxy—i{F{y)—F(—y)}3inxy]dy, 

0 

the theorem is equivalent to Theorem 118. 

There is a specially simple argumentf for the case f{x) — 0. Let 

X 

F^ix) -= J F(u) du. 

Then " 

r ^ 

I F{y)e-^^v dy = f Fi(y)e-^« dy. 

-A -X 

Replacing a: by —x, and adding, 

r ^ 

I ^'( 2 /)cosa:i/d 2 /== {ii(A)—i^i(—A)}cosa:A+a; f ^\(;(/)sin .rt/rfy. 

-A -*A 

A 

Now i;(A)_i;(_A) = r F(y)dy^0 

-A 

as A ^ GO, as a particular case of the data. Hence 

A 

lim X I Fi(y)&in xy dy = 0, 

A-.ao 

A 

and so lim f {F^(y)—F^(—y)}9inxydy = 0 

A-^oo J 
0 

for X ^ 0, by the above argument; and for x = 0 because the 
integrand is 0. 

We deduce that F^{y)—Fx(—y) = 0 
from Theorem 118; but now b(y) is bounded, and all that we want 
about ^(a;) is obvious from its definition. Hence 

F{y)+F{-y) - 0. 

The argument applies equally well with F(y)e^^y, with any f, instead 
of F(y). Hence 

F(y)e^^y+F(-y)e-^iy ~ 0 . 
for every y and Hence F(y) = 0. 


t OfTor(l(6). 
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Offord (7) has recently proved the remarkable theorem that if F(y) 
is integrable over every finite interval, and (6.7.1) is summable {C, 1) to 0 
for all X, i.e. ^ 

Um J dy ~ 0 

for all X, then F{y) = 0 almost everywhere. 

This theorem is a ‘best possible’ both in the sense that one excep¬ 
tional point is sufficient to render the conclusion false, and in the 
sense that it is not possible to replace (G, 1) by (C, 1+8) for 
positive 8. Thus 

00 

J du = 0 (C, 1) (a: + 0), 

— 00 
00 

and J ue^^^du — 0 ((7,1+S) 

— 00 

for all X. 

6.8. Parseval’s formula. The above results enable us to prove 
still another theorem on Parseval’s formula. 

Suppose that / and g are given functions,/ belongs to L(— 00 , 00 ), O 
exists as the transform of g in some sense or other, and G is i(— 00 , 00 ). 
We are unable to use Theorem 35, since we do not know that g is 
the transform of O, We have, however, the following theorem. 

Theorem 121 . Let f{x) be //(— 00,00), g(x) integrable over any 
finite interval, and let ^ 

J ( 6 . 8 . 1 ) 

—A 

for all X, and let 0(x) be everywhere finite, and i(—00,00). Then 
(2.1.1) holds. 

The convergence of (6.8.1) may fail for a finite set of values of x, 
provided that g(x) 0 as x-> ± 00 . 

For g(x) is the transform of G(x), by Theorem 120, and the result 
therefore follows from Theorem 35. 

6.9. Another uniqueness theorem. We shall next prove a 
uniqueness theorem of a different type, in which (6.4.1) is not neces¬ 
sarily convergent, but in which there is an additional condition. 
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Theorem 122.t Let e-y‘a(t), e-y%(t) belong to L(0,oo) for every 
positive y, and let 

00 

U{x,y) = J {a{t)coaxt-\-b{t)smxl}e-‘>^ dt 

0 

be bounded for y > d and all x. Then 

lim£7(a;,j/) =/(x) 

2/-^0 

exists and is finite for almost all values of x, and 

A 

a{t) = ~ Hm J — !^j/(a:)cos xt dx, 

A 

b{t) = i lim r (l — ^W(x)sina:^ dxy 

n A-^oo J \ A / 

-A 

for almost all values of t. 

00 

Let (S>{z) — J {a{t)—ib(t)}e^^ dt 

0 

be the analytic function of which U{x,y) is the real part, and let 
^(z) exp{—<l)(z)}. Then |'F( 2 )| is bounded above and below. 
Hence, by Theorem 94, T’(z) tends to a finite non-zero limit for 
almost all x, as y -> 0. Hence 0(z) tends to a finite limit for almost 
all Xy and hence so does U{Xyy). Let the limit of U{Xyy) be f{x). 
Now for y > 0, 7, > 0 


oo 

li 


(f- 


V 


7) cos xt 


U{x,y) e-Mt) dt J dx + 



7j sin xt , 


= J e^^^{a{t)e^vfco8^t-{-b{t)e~^sin^t} dt = U(iyy+7j)y 
0 

the inversion being justified by absolute convergence. Making 

y->0y 




li-xf+v 


J(x) dx 


by dominated convergence. 


t Verblunsky (2). 
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By Theorem 14, x 

=-lim j ^ — ^^U{x,y)coaxtdx 
~A 

A i 

= J U(x,y)cosxt dx (6.9.1) 

0 -f 

for any positive y, for almost all values of t. Now 

f f « 

j U(x,y)cosxtdx = - | co&xtdx j --— -f(u)du 

J IT J J (x-u^+y^^ 

-{ -( -oo 

= i f nu)du r --l^^L^dx 




y 


y 


0 0 

^00 ^ 00 ®0 ^ 1 


M)*+y* (a:+«)®+y* 


GOSXt dx 


'nn t • 


Also 


J ((»- 4 * 


0 0 0 I f 0 

y 


H-y* ' (a:+«)*+y*l 

go 

= r_ y- 

J (x—u)' 


coaxt dx 


uf+y- 


coaxt dx = coaut. 


% 

Hence = wc"*'' J {f(u)+f(—u)}costU du. 

0 

Again, by the second mean-value theorem, 


(6.9.2) 


oo 

J 

e 

00 

IJ 


(a:-|-tt)®-t-y® 


s: B » 


r^,~dx 


t (tt-f|)*-fy*’ 


< 5_ y _ 

t («-^)Hy*’ 


and also 




00 

/ 


ydx _ 


(x—M)*-l-y* 


= TT. 
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Hence, if l/(u)+/(-tt)l < M, 
( 


/(?+#■+!,■«*+x J 1 ■'*' 

0 0 f-Vi/ 

2MI . 2i ^ $\ , 2M( ^ 1 . a , / 

= (arctan——arctan-| 4- —(arctan-;—arctan-l+J/TTVy. 

t \ y yj i \ Vy y] 


Also, if > I, 


J (a;-f 


(a;4-«)®+<* 


da; ^ 


2 y 

t 


r ^ 

J (a;- 


y^s^dx _ y 






and also 

as before. Hence 


l«4l ^ 


2A/ r y 


t J u^+y 


--du+^ 


00 -h V I/ 

J (xIhI?J * 


2M(tt ^ a , 2i(f/77 ^ 1\ , ,r / 

= - (x —Arctan-l4- -(-arctan-,-+ii/wV«. 

t \2 y)^ t \2 ^'yy 

b'et ^ sequence of values of y tending to 0, and let 

E be the set of values of t for which (6.9.1) fails for any of these 

values of y. Then E is of measure 0. Let t be a point not in E. Then 

we can choose y ~ y^ so small that the contribution of *4 

to (6.9.1) is < € for all A > 1. Having fixed y, it follows from (6.9.2) 

that \ ^ 

e-^^a{t)—e^y*^j j {f(u)-\~f(—u)}cosutdu < 26 
0 0 

for A sufficiently large. Hence 

A i 

a{t) ~ lim-^ f d^ f {f{u)-^f{—u)}cosutdu, 

X —►00 TtA ^ J 

0 0 

Similarly we can prove the corresponding result for b(t). 


6.10. Special properties of transforms. In this section we 
consider some special properties of sine and cosine transforms. 

Theorem 123 . Let f(x) be non-increasing over ( 0 ,oo), integrable over 
(0,1), and let f(x) 0 as x ->oo. Then FJ{x) ^ 0. 

M 
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// \ I'* //2\ °° 

^,(*) = yin J /{2/)sina;yeiy = yy 2 J /(!/)8ina:y dy. 

^0 nnlx 

This is a series of alternately positive and negative terms, non¬ 
increasing in absolute value. Its sum is therefore ^ 0. 


Theorem 124. Let f{x) be a bounded function, which decreases 
steadily to 0 as x->qo and is convex downwards. Then FJ^x) is 
positive and belongs to i(0,oo). 

The conditions imply that f{x) is the integral of f\x)y which is 
negative and non-decreasing, and tends to a limit at infinity; and 
the limit is 0 since/(x) is bounded. We can now integrate Fourier’s 
cosine integral by parts, and obtain 

00 

0 

and this is positive, by the previous theorem. Also we may now take 
a; = 0 in the analysis of Theorem 6, and obtain 

—►00 

yQ J F,{u)du = m+o). 

-►0 

Hence F^x) belongs to L{0, co). 

Neither of these theorems is true for transforms of the opposite 
kind. lff{x) = 1 (0 < a; < 1), 0 (a; > 1), then 



which takes both signs. If f{x) = c-®, then 



which is positive but does not belong to L(0,oo). In fact if Fg{x) 
belongs to i(0,oo), f{x)->0 both as and as x-^oo, and so 

cannot be monotonic. 


6.11. It is not quite easy to construct a monotonic f{x) for which 
Fc(x) is not integrablet over (0,oo), To do so, we first prove that 
there is a function 


n«»l 


t For a similar result for series see Szidon (1). 
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with 6^ > 0, 2 convergent, and 




divergent. 

We have 
1 


dx 


J J 6 „lsinA„a:|^— J ^»vSinA, 

VX , i/A, 1/1 *"1 


Now 


VXn 


^ 6 ^ sin a; 

v^n->rl 


dx 

X 


X 


Ah 


smu 

u 


du > ^f>„logA„, 


J.< 



J 3 < 



= logA„ f b,. 

v — n-\ 1 


Hence if = k-^ with a sufficiently large k] and Jj -> 00 , 

Jo o (J^) if e.g. Ai == 1, and 


1 

Then j]i^dx->cyo, 

. . , , 

the required result. 

Theorem 125. There is a function f{x), continuous and steadily 
decreasing to as x -^co, such that J\{x) does not belong to jL(0,oo). 

We first obtain the result for a non-increasing function. Let 
f{x) = Cn in (an-i+S> where c^->0 steadily and 

steadily, and 0 < 8 < 1; and let f(x) be continuous and linear in the 
remaining intervals. Then, taking ao+S = 0, 
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ao 

= 2"" 


sin(o„—S)*—8in(a„_i+S)a: 


n=l 


+ 


00 r 


8in{a„+8)x sin(o„—8)a; 


X 


-+ 


^n+l 


' 28*2 

sin 8* , . . 

8*2 2 (c»-c„+i)8ma„*. 


{cos(a„—8)*—cos(a„+8)*}j 


n=»l 


By the lemma, we can choose and so that 


/| 2 « 

X n=l 


1 

is divergent, and then so is 1 da:, since sin 8a;/(8a:)-> 1 as 

6 

x->0. 

We can plainly construct a steadily decreasing function g{x), 
having derivatives of as many orders as we please, such that 
f(^)--g(x) belongs to L(0,oo). Then the cosine transform of f(x)—g(x) 
is bounded. Hence the cosine transform of g{x) does not belong to 
i(0,oo). 


6.12. Under special conditions Fc(x) and FJ{x) behave asymptotic¬ 
ally like a power of a:, either as 0 or as a:->oo, or both. The 
two simplest theorems of this character are as foliows.f 

Theorem 126. Let f{x) = x-^<f>{x), where 0 < a < 1, and <f){x) is 
of bounded variation in (0, oa). Then 

Fc(x) ~ ^l( + 0) J -a)sin^7raa;“~^ (a: ->oo), 

Fc(x) ~ a)sin|7raa:“-^ {x -> 0). 

Fg{x) satisfies similar conditions with sin \ttol replaced by cos Ittoc. 

We may suppose that <f){x) is positive non-increasing in (0,oo). 
Take the case a; oo. We have 

00 

yl(^)Fc(x) — j t-“<f>(l)cOSXi (It 
0 

t Titchmarsh (9). 
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OJ 

J u-~^<fi(ulx)coBudu 

0 


By the second mean-value theorem 


/g = J u''°^co9u du = 0(A-®) 
uniformly with respect to x. Now, for a fixed A, 

A A 

J {<f>[+0)—(f>{ujx)}u~'^(iOBu du = {^(-f 0)— ^(A/a;)} J u-'^cobu du 

= O{^(+0)-^(A/x)} = o(l), 

and 

A 00 

^(+0) J u^°^QOBU du ^(+0) J u-^GOBU du = ^(+0)r(l—- a)sin 
0 0 

Hence the result. Similarly in the case a; -> 0. 

Theorem 127. Let f(x) and f{x) be integrable over any finite 
interval not ending at x = let a;“+y'(ar) be bounded for all x, and let 
f{x) ~ a;~® 08 x->oo (a: -> 0). Then 


79 


r(l— a)sin iiTocx^-^ 


as x-*-0 (x-^aa). F,{x) satisfies similar conditions viith sin jira 
replaced by cos |wa. 


Consider the case a: -► oo. We have 


A/a5 00 


<^{\ir)Fclx) = ^ f(t)co&xt dt = J + J = A +4 


0 A/x 


^ J AOsin*! <« 

A/x 

00 

0(A-“a:«-i)+i J dt 
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Let m(i) = max so that m(^) -> 0 as f 0. Then 

x<( 

Mx A/x 

== J t~°^Qo&xtdt+ J {t°^f{t) — l}t-°^cosxtdt 

0 0 

A 

= J u^^QOQudu +o|w 

0 

F ( /A\/A\i-“^ 

= I t4“®cosw +0(a;“~^A~“)+0|^j—jl—I 

and the result follows on choosing A large enough, and then x large 
enough. 

Similarly if a; 0. 

6.13. Order of magnitude of transforms. There are various 
more or less trivial results; if (1 + |^l^)/(^) belongs to iy(- oo,go), the 
equation „ 

— 00 

can be differentiated n times. It follows that F{x)j F'{x)y ..., F^^\x) 
are all continuous and tend to 0 at infinity. 

If f{x),.,,,f^^-^\x) are continuous and tend to 0 at infinity, and 
f^^\x) is L, then by repeated integration by parts 

— 00 

Hence x‘^F(x) -> 0 as a; -> ± oo. 

Similarly, if (l + la?l^)/(a:) belongs to L2(—oo,oo), then 

are continuous and tend to *0 at infinity, and F^^\x) is L^{—oOyOo); 
and conversely. 

Other results have been given in Theorem 26. 

The idea underl 5 dng the following theorem is that both a function 
and its transform cannot be too small at infinity.f The result is 

Theorem 128. Let f{x) and F^x) be Fourier cosine transforms, and 
let each be as x->oo. Then 

f(x) = Fc{x) = Cc-*®’. 

t Hardy (19), Ingham (1), Morgan (1), Paley and Wiener, Fourier Trcmsforms, § 19. 
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We use the following lemma. 

Lemma. Let (f>(z) be an integral function, <f>(z) = 0(e“'“i) for all z, 
and <f>{x) = for real positive x->co,a being a positive constant. 

Then <f>{z) — Ce""*. 

There is a constant C such that 


|^(a;)l < C7e-“®, |^(re^“)| < C'e®', 

where 0 < a < tt. Hence, by a theorem of Phragm6n and LindolOf.f 
|^(re»0)l < (0 < 0 < a). 


where 


H{e) = 


—a sin(ot—0)+a sin 6 
sin a 


BUi^a 


Here we can keep 0 fixed and make a -> tt. Then H{d) -> — acos0, 
and it follows that 


\<f>{z)\ ^ (0 < 0 < tt). 


Similarly, we obtain the same inequality for —tt < 0 < 0; and 
also, by continuity, for 0 tt. Hence e^^<f){z) is a bounded integral 
function, and so is a constant. 

To prove the theorem we have 


Feiz) = 



f{t)C0BZt dt. 


By the condition on f(t) this is an even integral function of z\ and 
if \z\ = r, 

\FJ^z)\ ^ J e-i''c 08 hr< dt = ife*"*. 

0 

Hence I\{\lz) is an integral function which satisfies the conditions of 
the lemma, with a = Hence 

j;(V2) == Ce-K 

F,{z) = Ce-i^\ 

and also the result ioTf{z) follows, by a familiar formula. 

More general results can be obtained in a similar way. Suppose 
for example that 

f{x) - F,{x) == 


t The argument in that of Titchmarsh, Theory of Functions^ § 5.71, with 8 = 0. 
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where k is an integer. Then FJ{z) is an even integral function; and 

00 

\Fc{z)\ < ^ J c"*^^^coshr< 

0 

00 

= k{^ f c“*'*co8h r< 

\dl) J 

u 

/ j \ 2k 

= kI^] 

\dtj 

Let <f>(z) = Fc{ylz), Then (f)(z) is an integral function; and, if a^,..., 
are properly chosen, so is 

tf/{z) = z-^^{<f>{z)--{aQ+a^z+..,+af,^^z^-^)^^^^ 


Hence ^( 2 ) satisfies the conditions of the lemma, and so is Cc”**. 


Hence 


Fciz) = (ao+Oi22+...+o*2**)e-*»’, 


and f(z) is another expression of the same form. 
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EXAMPLES AND APPLICATIONSf 
7.1. Cosine transforms. Simflb pairs of cosine transforms aie 


1 (0,a), 0 (a, 00 ), 
cos® (0,o), 0 (o,oo), 
sin® (0,a), 0 (a,oo), 


(7.1.1) 


1 (sin 0 ( 1 -®) , sin 0 ( 1 +®)) 

V(27r)\ 1-® 1+® )’ ' ' 


—coso(l—®) 1—coso(l+®)) 


V(2 


1 11—coso(] 

^)( 




l+x j* 

(7.1.3) 

(7.1.4) 


Generally, the cosine transform of any even rational function, regular 
on the real axis and 0(1/a;*) at infinity, can be evaluated by contour 
integration; for example 


l+x^' 




Another familiar process of contour integration gives the pair 
1 1 


Next 


VSf 


cosh TTX ’ -^(27r)cosh j^x ‘ 

c“*** cosorii dx 


(7.1.6) 


00 

J 


e-»**+**“ dx = 




R-*»* 


V(2ir)'' J 

— 00 

00 


c-J«* 


(by Cauchy’s theorem). The cosine formula then gives (7* = 1, 
whence (7=1 since (7 > 0. Hence we have the pair 

e-***, e-K (7.1.7) 

All the above examples belong to obvious L-classes. 

t An extensive list of Fourier transforms is given by Campbell and Foster, Fourier 
Integrals Jar Practical Applications. 
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Next we have 


J(l) 

0 0 

VA 

by the formula just proved. 

This is true primarily for real positive A, but it can be extended by 
the theory of analytic continuation to all values of A with R(A) ^ 0. 
Taking A = i, 

00 

J (~) J cosxy dy ~ 

0 

Taking real and imaginary parts, we obtain the transforms 


cos — (cos sin \x^), 

sin Ix^, ^ (cos sin ^x^). 


(7.1.8) 


(7.1.9) 


The Fourier formulae arising from these give examples of Theorem 
11 , case (i). 

We define the Bessel function of order v by 
Thenf 


oo ^ 

I* (l—y^)'’-*cosxydy = V f (1—dy 

.. n*0 \ ^/* J 


= 1V (-i)”r(v+|)r(n+^) 

^„4o (2»)!r(v+ft+l) 

Hence we have the cosine transforms 

(0 < X < 1 ), 0 (x > 1 ), 2*’-»r(v+i)x-'j;,(x). 

(7.1.11) 

t Watson, Theory of Bessel Fvnctions, § 3..? (2). This work is referred to later as 
‘ Watson*. 
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These belong to if v > 0, and to L^, respectively if 
l/p > V, V > — i. 

In each case we can introduce a parameter, since the transform 
of f(Xx) is 

and similarly for sine transforms. 

7.2. Sine transforms. A simple pair is 



W1+^’ 

and, generally, the sine transform of any odd rational function, 
regular on the real axis and 0(1/a;) at infinity, can be evaluated by 
contour integration. 

Other familiar methods of contour integration give the pairs 
11 11 


gxV(27r)„l x^(27ry e^V(27r)_i 2:^(2^')’ 

. , V-» tanh{xJ(|7r)}— 1. 

smha:^(^7r) ^ ^ ^ 

The pair 

may be obtained by differentiation from (7.1.7). Nextf 

j y J y 


(7.2.2) 

(7.2.3) 

(7.2.4) 


1+a: 


Hence we obtain the pair 


sin X 1 , 


\+x 


l~x 


l—x 


(7.2.5) 


If V > I we obtain by partial integration from (7.1.11) the pair 
x(l-x^y-^ (0 < a: < 1), 0 (x > 1), 2''-'r{v-l)x^-''J^{x). 

(7.2.6) 

We define the Struve’s functionf of order v by 


H (X) V (V > -S). (7.2. 

’ Z r(w+§)l>+n+3) ' 


7) 


t e.g. as in § 5.2, 


Watson, H 10.4. 
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Then 

{l—y^y-isinxy dy=^ ^ 271 + 1 ) 1 " j (1— dy 

(-l)nr(v+i)n! 
r(»/+»+f) 

= ylvM) V_ . 

Z 2*»+ir(n+f)r(r+»+f) 

n=o 

Hence we have the sine transforms 

(l_a;2)«'-» (0 < X < 1), 0 (X > 1), 2''-»r(v+'^)x-'H,(x). 

(7.2.8) 


/ 


7.3. The Parseval formulae. We obtain simple examples of 
(2.1.4) or (2.1.6) by taking f and g rational functions; for example, 
let f(x) = ll(x^+a^)y Fc(x) — ^J{in)e-^|a, and similarly g, 0^, with 6 
for a. We obtain 


oc 

J 


dx 


(x^+a^){x^+b^) 2ab 


is! 


e-ax-bx dx = ^ -- --. ( 7 . 3 . 1 ) 

2a6(a-f*6) 


As another type, let /(x) = 1 (0 < x < a), 0 (x ^ a), 

^c(^) = ^(2l7T)sinaxlx, and similarly g, 0^, with b for a. We obtain 

00 miD(a.6) 

dx = J7rmin(a,6). (7.3.2) 

0 0 
Similarly, from (2.1.6) and (7.2.5) we obtain 
00 00 
f log 

V 
0 

by (7.3.2); or we can obtain this directly from Theorem 91. All the 
above formulae come under Theorem 52. 

We can deduce some of the familiar F-function formulae from 
Parseval’s formula. f Define r(a) by 

00 

r(a) = J c-»x“-i dx ifl > 0), (7.3.4) 

u 


a^x 

a—x 


log 


b+x 

b—x 


dx = 2 tt 


I 


sin aa; sin bx 


dx — 7r®min(a, 6), 

(7.3.3) 


/ 


sina:r sin bx 


dx — 


/ 


t See Hardy (3). 
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and let 


c{a) = J x^-^co8xdx (0 <a < 1), 

0 

GO 

8(a) = J a:“-^sina:da: (—1 < o <; 1). 


(7.3.6) 


(7.3.6) 


Then the cosine transform of is 


mi'- 


^cosxy dy = /{-) j coq u du = x-^ /|-ic(®) 


Similarly, the sine transform of is 

We can prove, by contour integration or term-by-term integration 
of series, that 


00 

f x~^ 

„dx = hiT sec Ian 

J 1+a:* * ^ 


(-l<a<l). (7.3.7) 


In (2.1.4) let f(x) — e-®, g(x) = x"-^. We obtain 

00 

r(o) = - r *1— dx = c(o)sec JOTT (0 < o < 1), (7.3.8) 

TT J 1 
0 

e.g. by Theorem 36. Similarly, by (2.1.6), 

00 

2 r X 

r(a) = - j —— ^x-“s(a) dx = 8(a)coaec^an (0 < a < 1). 

TT J 1 -pa/ 

0 (7.3.9) 

Also, by the above rule, the cosine transform of J is 

a;a-iic(a)c{l—a); 

TT 

since it is also a:®-i, by Theorem 6, it follows that 

c(a)c(l-a) = Jtt (0 < a < 1). (7.3.10) 

Similarly, 5(a)«(l—a) = \tt (0 < a < 1). (7.3.11) 

Also, (7.3.8) and (7.3.10) give 

r(o)r(l-a) = (7.3.12) 

^sinaTT sinuTT 

In particular 

c(i) = V(i’^). = m) = V^. (7.3.13) 


(7.3.10) 

(7.3.11) 
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We have also obtained the cosine transforms 


and the sine transforms 


-)r(a)cos|a7ra;-® (0 < a < 1) (7.3.14) 


Jl^r(a)ainlanx-» (0 < a < 1). (7.3.15) 

7.4. Some Bessel-function examples. From (2.1.4), (7.1.11), 
and (7.3.14) we obtain 


oo 


dx 


2\ r(a)cos \aTT 

^1 2>'-»r(7+i) 


X 

J {l—x^y-^x-^dx 


(7.4.1)t 


^ r(a)co8|a7r r(>'+ijr(J—4a) 

— 2v-ivWr(v+4) l^v-io+l)" 

_ 2“-*'-ir(4o) 
r(i/—^a+1) 

This is a case of Theorem 36 if v > 0 < a < 1 (taking 

f(x) = (0 < a; < 1), 0 (a; > 1), and g(x) = a;-“). Actually 

the integral converges if 0 < a < v+f, so that the result holds by 
analytic continuation in this wider range. 

Similarly, from (2.1.6), (7.2.8), and (7.3.16) we obtain 

J 4 . = yg j 4 . 


2“-''-^r(4o)tan ion 


(-1 <o<r+|). 

(7.4.2)t 


As an example of (2.1.8) let —4 < v < 0, 
f{x) = ^{2jir)r(2v+l)cosvn\x\-^''-^sgnx, F{x) = i|a:|*‘'sgna; 
by (7.3.16), and 

g(x) = 2i-''(l-x^Y-iir{v+l) (1*1 < 1 ), 0 (1*1 > 1 ), 

G(x) = 1*1-’J,(1*1). 
by (7.1.11). Then if* 9 .^: 1, 

-►00 

2 J V'Jy{t)e,mxtdl 

-1 (7.4.3) 

t Wutson, $ 13.24 (1). J Ibid., § 13.24 (2). 
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This may be justified by Theorem 39. 

If X > 1, the integral on the right-hand side isj* 

(1 u) {XU) an r(2i/+l)(a:2-l)vhr 
If 0 < a: < 1, the integral is 0; for consider 

J dw. 

This integral, taken round a circle of centre the origin and radius iJ, 
tends to 0 as J? -> 00 . On reducing the contour to the real axis from 
— 1 to 1 described twice, and allowing for the change of value of the 
integrand at — 1, a;, and 1, we obtain a multiple of the above integral. 
It follows that we have the sine transforms 


x^JJ^x), 




(x > 1), 0 (a: < 1). (7.4.4)t 


Actually (7.4.3) converges for v < I, and the result holds by analytic 
continuation in this wider range. The functions belong to L^, IP' if 

> -^ («'> 0); -- <P<—^ (—J<v<0). 

^ ^ (7.4.5) 

From (2.1.6), generalized as in (2.1.22), and (7.2.6) and (7.4.4), we 
obtain, if 0 < a < 6, 

00 

J {ax)^*’J^{ax)(bxY^^J^(bx) dx 

0 

_ 1 f 2/^+* (x^ 2l-->' ^ 

r(|-/Lt)U2 ) r(v-4j6\ b^l 


while the left-hand side is 0 if 0 < 6 < a. Hence 


J a:/^-»'+V^(aa;)Jj,(6a:) dx 


2fi-v+l^/x(ft2_Q^2)i/-/i-l 


(0<a<6), 0 (a ^6). (7.4.6) 


The process is justified by theory if —< /a < 0, v > 1. As 
usual, the result holds in a wider range. 

t See Titchmarsh, Theory of Functions, p. 63, ex. 19. t Watson, § 6.13 (3). 
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Next let 


and 


f(x) = sinx/x, F[x) = (|a:| < 1), 0 (Ia:| > 1), 


ff(*) = Jo(*) (* > 0), 0 (® < 0), 

00 00 

0'(*) = J 4(y)co8a:y dy J •^o(»)8in*y dy 


(1*1 < 1). 


iBgnz 


by (7.1.11) and (7.4.4). Then (2.1.8) gives 

/•'•<') - i / iSij ““ = / 7^^, - i 

0 —1 0 

Here f(x) and C/(x) belong toZ(Pifl<j)<2. 

From (7.2.1), (7.4.4), and (2.1.6) we deduce 


( 1*1 > 1 ), 


7rJo(x). 

(7.4.7)t 


2’’+i 


J e-^x^J^ix) dx JQJ r(J-v)(a:»-!)•'+* 
0 

1 

_ 2*'_r 

~ Vtt r(l="v) J 


dx 


__au= ^t+iL 

(a<hi+IXi-uy+i Vw(o*+l [»’+*' 

" (7.4.8)t 

Here the theory applies if p satisfies (7.4.6). The result holds by 
analytic continuation if v > — J. 


7.5. Some integrals of Ramanujan.|| Let 

CO 

g-iiru‘ 


^(X)= J 


-e-*^"dit. 


Then 


cosh 7m 

00 

^(a:4-t7r)+^(a:-t7r) = 2 J 


(7.6.1) 


ix*_{v 

= 2e*" 


(7.6.2) 


Again, by (7.1.8) and (7.1.9) the transform of is (27r)~*e' 


.*n 4 


t Watoon, § 13.56 (4). 

II Ramanujan (2)» (5), Watson (5). 


t Ibid., § 13.2 (5). 
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and that of sechira; is (27r)“^ sech Hence, by (2.1.8), 


00 i(ag—u)* _ tir 

e 


I r p An 4 r g>iirv*-ixv 

^(*) = T" I —»nr“ ~ * I —u— 

ztt J cosh jtt j cosh ww 

— 00 —00 

This integral is of the same form as the original one, and we can 
repeat the process which gave (7.5.2). We obtain 


^i{x±i7d* 

O Air 


Ji{x-iiry_ 


in ® 


<f>(x+in)+e <l>{x—i7r) = 2e * j dv 


= 2e 

—is 

i.e. e^^if>{x-\-i7T)-\-e~~^^if>{x —tV) = 2c 

Eliminating ^(x—iTr), 

(c*®—C“'*®)^(a:+i7r) = 2c ^^1—c^^ j, 
and, replacing x by a:—iV, we obtain 


<l>{x) = 


iir 

C^—iV" 


cosh Ja: * 

Taking real and imaginary parts, we obtain the formulae 


(7.5.3) 

(7.5.4) 

(7.5.5) 


cosTm^cosajt^ 

dtt == 

. x^ 1 

(7.5.6) 

cosh 7m 


2 cosh ^a; * 

sinTm^cosari^ 

du = 

x^ 1 

cos-- r- 

477 V2 

(7.5.7) 

cosh 7m 

2 cosh ^a; 


00 

J 

0 

00 

J 

0 

Similar integrals with denominator sinh ttu may be evaluated in a 
similar way, or deduced from the previous ones, as follows. We have 


00 

•f>(x+iiT)= J 


gTTU 

p^inu*-~ixu __ dqi 


cosh 7m 

= J e“*’>^“’“^*“(l+tanh7m) dw 
— 00 

= 4—2i f c"*’’^“’8ina;wtanh7m d74. 


(7.5.8) 


0 

N 
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Now by (7.5.4) 


<l>{x-\-i7r)—e 


/ _ lx 

lof* ITT in( I ^47r ■ ix’ 


sinh Ja: 


sinh .ix 


1^1—e^cosh Jxj. 


tanh nu 


00 

= i 

ttJ sir 


sinh \v 


Hence the second term on the right of (7.5.8) is 


00 


• j r sinttt; , 

Wixu du I - dv 
J smhjv 
0 

00 00 

2i C dv C . . 7 

-I .. . .. .. . . I sin sin w 

TT J sinh f i; J 
0 0 

00 

[ e^Bm{xvl2^) 

7T J sinh 


00 

1 ^-x r e^ 8 in(a:W 27 r) 


sinh iv 


= ~2e" 


sin a:?/ , 


Hence 


I* e^^y*8inxy __ cosh^a;—e ^ 
J sinh Try 2sinhja; 


cosTTi/^sina:?/ , _ cosh |x’-~cos(a:2/47r) 
sinh Tty 2 sinh Jx 


sin TTi/^ sin .rt/ , _ sin(x“/47r) 
sinh Try 2sinh Jx * 


(7.5.9) 


(7.5.10) 


7.6. Some P -function formulae.f The formula 


fTT 

J (C08<)"-V>'<i< = 


wr(o—1) 


*r(Ja+|x)r(ia—|x) 


t Kamamijan (4), (6). 


(a>l) 


(7.6.1) 
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may be obtained by calculating 



a-2 

dw 


taken round the contour formed by joining the points — f, i by 
the imaginary axis, and by the right-hand half of the unit 
circle. 

The reciprocal formula is 


/ 

— 00 


T(yi+\x)r(^-\x) r(a-l) 


0 


or, putting a — ot+jS, x = 2u+a—^, t = |y, 


(I<1 < H 

(7.6.2) 


/ 

— 00 


A. _ (2 cos 

r(cc+u)r{p-u) “ r(«+)8-i) 

= 0 


(|y| < 

(\y\ > ■")■ 


(7.6.3) 

Here F(x) = {r{a+u)r{p-u)}-^ = 0(|m|1-“-^) 

as ->■ ± 00 . The functions F{x),f{x), related by (7.6.3) both belong 
to (p > 1) if a+)8 > 2; if 1 < a+/3 < 2 they belong to L^, L^' 
respectively if p(a+)8—1) > 1. In the latter case (7.6.3) is non- 
absolutely convergent; this may be verified from the asymptotic 
expressions for the F-functions, or by Theorem 69 and its extension 
to IP. 


The particular case y = 0 is 


00 

J f> 


du 


2a+P-2 


+u)r(p^u) r((x+i8-i) 


(OL+P > 1). (7.6.4) 


Since 


sinmTTit/sinTTW = '*+••• 

(7.6.3), with OL = p, gives 


00 

J 


sin rtiTTU 


du 


sin 7m r(a+w)r(a—w) 


22a-3 

r( 2 a-l) 


{m odd). 


0 (meven). 

(7.6.5) 
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The particular case a = n +1 {n an integer) is 
00 

sinmTm du 


r _ sinmTm du _ 

Again, apply (2.1.1) with 
1 


= (»nodd). 0 (meven). 

(7.6.6) 


F(x) = 


r{oc+x)r(fi—x) 
Then, by (7.6.3), if a+j8+y+8 > 3, 

CO 

dx 

^5c)r(j3—x)r(y+a:)r(8-a:) 

1 


G{x) 


1 


r{Y+x)r(b-x) 


J r(a 


27r r(a(-f"j5—l)r(y-|”^ 

— fr 

r(ot+^+y+S—3) 




““ r{<x+p- irr(y+8- i)r(a+8- i)r(/3+y-1) ’ 

using (7.6.1) again. Here jPandgf areJ[>if 2—y—S < l/p<cx+i3—1. 

The formula (2.1.8) with the same functions and x = tt, a+8 = j3+y, 
gives 
00 

r c-*"* 

J r(i+^r(^a:)T(y+a;)r(8::¥) 


dx 


giiir(a-/J) 


2ir r(at+)3—l)r(y4-8 


2 r{i(«+j 8 )}r{i(y+ 8 )}r(«+ 8 -!)• 

In particular, 


~ J (2 cos iy)“+^-®(2 sin dy 

(7.6.8) 


OD 

1 {i> 


coswa: ^ 

+a:)r(oc-a:)}® “ 4r(2«-l){r(a)}®' 


(7.6.9) 


Other integrals which may be evaluated in the same way ai-e 


fiinx 

_I_ Ax 

r(ot+a:)r03-x)r(y+2a:)r(8-2a:) 

_ 2«+/»+y+^-ect<>^-“)r{i(«+/5+y+8-3)} 

V7rr{Ka+/3)}r(y+8-l)r(2«+8-2) ^ 
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provided that 2(a—j3) = y—8; if oc+jS+y+S = 4, then 


00 

J 


cos 


r(a+a:)r(j3—a:)r(y+2a:)r(8— 2x) 

1 


dx 


2 r(y+8-l)r(2at+8-2)r(2]8+y-2)" 

If 2(a—]8) = y—8+A:, where I: is ±1 or ±2, then 

00 

sin7r(2x+a—/S) 


(7.6.11) 


/ 


r(a+a:)r(j8-a:)r(y+2a;)r(8-2a;) ^ 

22a-y-3 


= ± 


^^^(jS-j-y—ot-)-^)r'(2o£“|“8—2) 

If 3(a—j8) = y—8+i;, where t is ±1 or ±2, 

00 

sin7r(2a:+a—/3) 


(7.6.12) 


J r(a 


+x)r{P-x)r{y+3x)r{b-3x) 


4x 


_ 3»“+«-«r(2a-/3+8-2) 

^ 47rr(y+8- l)r(3(x+8-3)‘ 


(7.6.13) 


The sign on the right-hand side in each case is that of k. 

We next take some integrals of a similar kind, but with F-functions 
in the numerator. Consider 




00 

J 


„ixt 


r(j8-|-a:)r(l—a—«) sin7r(a-f-a:) 

2t 


dx. (7.6.14) 


Now - = ---— == 2i V g-i7r(2m+lXa+x) 

8in7r(a-f-*) eMa+a:)_g-iiKa+x) 


Hence 



gixf-<7r(2m+lXa+a:) 

__diU 

r 08 +r)r(l-a-a:) ’ 


and these integrals are of the form (7.G.3), with y = (2m+l)7r— 
Hence / = 0 if ^ < 0. If < > 0, the only non-zero term is that in 
which m = [^/ 27 r]; the value of I may thus be obtained from (7.6.3). 
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We can now pass to 

00 

J r((x+x)r(fi-x)e^=^ dx (7.6.16) 

~oo 

in a similar way. This is 

„ f r(«+x ) , 

J r(l—/3+a:) sinir(^—x) 

— 00 

00 

= 2iff V f giai-Mlm+lX/J-*) dj; 

A i 

if I(j8) < 0. Hence (7.6.15) can be evaluated in terms of (7.6.14). 

The above results may be used to evaluate some integrals involving 
Bessel functions, in which the order is the variable of integration.f 
Using (7.6.4), we have 

J a<*-M 6*'-* 


ao QO 

-II 


(_IJm+n/JX ^+v+ 2 »i+ 2 » 


m—0 n—0 


m\n\ \2 


00 

J 


a^ml,2n 


r(/*+a:4-»wH-l)r(v—a;+«+l) 


dx 


2 y 

m\n\ 


(_l)m+n a^mf,2n 


2 /x+i’+m+n 


m->0n—0 
00 


-2 


2 M+«'+ 2 m+ 2 n 1 ) 

(^)r a2mly2r-2m 

l+V-f 

(-!)•• 




y 

2^ m! I 


{a^+b^Y 


2 2^r(/i+v+r+l) r! 
i e r dr - 

J OM-W 7i(^6*)}*<M+*’r 

— CO 

00 

In particular / «^+*(«K-*(«) ^ = •^*+v(2o). 


(7.6.16) 


(7.6.17) 


The values of corresponding integrals containing a factor may 
be deduced in the same way from (7.6.3). 


7.7. Mellin transforms. The simplest example of Mellin trans- 
“ f(x) = e-*, S(s) = r(«) (a > 0). (7.7.1) 

t Watson, § 13.8. 
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Here belongs to i(0,Qo) if k > 0; and g(«) belongs to 

L{k—ioo,k+icx)) for A: > 0. 


Other straightforward examples are 

1 {x < a), 0 (x ^ a). 

a’ja 

(<r > 0), 

(7.7.2) 

\og{ajx\ {x < a), 0 {x > a), 

a^js^ 

(ff > 0), 

(7.7.3) 

1 

1’ 

mm 

(<T > 1), 

(7.7.4) 

1 

mm 

(cr > 0), 

(7.7.5) 


where L(6) is (9.12.1). Here f{x)x^~^ belongs to L(0,oo) for fc > 0 in 
each case except (7.7.4), when it is A: > 1. 

We also observe that if f{x) and g(5) are Mellin transforms so are 

xHix) and 3r(«+^)> ®'iid also f(x°^) and -sf-V enables us to 

a W 

introduce parameters in each case. 

Consider next the integral 


k+ioo 



k~ico 


r(8)r{a—8)r(b—s) 

r(c-a) 


r(a)r(6) 


(7.7.6) 


where R(a) > 0, R(6) > 0, c is not 0, — 1, ..., and 
0 < A: < min{R(a), R(6)}. 


Since 


r{8)r{a-8)r{b-8)ir{c-8) = \z-^\ = 

the integral represents an analytic function of 2 , regular for r > 0, 
—TT < 0 < TT. If z = x, where 0 < a: < 1, it may be evaluated by 
moving the line of integration away to infinity on the left, and 
evaluating the residues at « = 0, —1, .... We obtain 

J(x) - 1 —^x+ —- X ... 

= F(a,b; c; —x) 

with the usual hypergeometric notation. For x > l,f(x) is therefore 
the analytic continuation of this function (and may, of course, be 
expressed as a sum of hypergeometric series by moving the contour 
the other way). We therefore obtedn as Mellin transforms 

r(«)r(o-«)r(6-«) ncj 
r('c-7) r(o)r(6) 

(0 < a < min{R(a), R(6)}). (7.7.7) 


f{x) = F{a, b; c; —x), 5(«) = 
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Particular oases are 
1 

l+x' 

1 


TT 


ilog(l+a5), 


(!+*)» 




Sm^TT 

mna-a) 

Via) 

ir 

(1—s)sins7r 

r(a){r{m-a)}^ 

r(i-«){r(m)}* 


(0 < ff < 1), (7.7.8) 

(0<<t<R(o)), (7.7.9) 
(0<a<l), (7.7.10) 
(0<a<m), (7.7.11) 


where is the Legendre polynomial of degree n. 

In each case 8f(or4-i0 belongs to L(—cx),oo) for the range of values 
of a stated. In cases (7.7.8), (7.7.9), and (7.7.10) the integral 


J /(a:)a:*“^ dx 


(7.7.12) 


can easily be proved to be equal to ^(^). 
Another Mellin pair of the same type is 


fix) - 


_ 0-. r(«)r(Hia-i«) 


(0<a<R(o)+l). (7.7.13) 
Here the integral (7.7.12) may be evaluated by putting 

* = iyNiy+^- 

Another class of Mellin transforms is 

r(«)r(o) 




(0 < iC < 1), 
{X > 1), 


S(«) 


/ <7 > 0, \ 

\R(o) > o/’ 


r(«+o) 

(7.7.14) 

f 0 (0<«<1), r(a-«)r(l-a) / 


0 (0 < aj < 1), 

{x—yl{x ^—1 )}»+{a;—V(a;»-1)}-« 


V(®*-1) 


log 


(* > 1 ). 

■l+*| 


1 —.T 


(7.7.16) 

2-»r(|o+i-i^)r(i-i^-ia) 

r(i-«) 

(a< |R(a)H-l), (7.7.16) 

-tan^TT (—l<ff<l). 

* (7.7.17) 
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In each case/(x) belongs to a different anal 3 rtic function for 0 < a: < 1 
and for a: > 1, while x’‘-^f{x) belongs to L(0,co) for some Jk. The 
evaluation of (7.7.12) is immediate in cases (7.7.14) and (7.7.15); for 
(7.7.16), put X — \(y+\/y). For (7.7.17), 


0 0 

= Kl^.+3(3b)+ ■)■ 


1 

and 


m 




7.8. Further gamma-function formulae. In (2.1.12) let 

f(x) = x^e-^, g(«) = r(«+a), g(x) = 3*-h-^, ®(«) = r(a+6— 1 ). 

Then 

Af + ioo 00 

^ J r{a-{-8)r{b—8) (fo = J dx 

k-ioo 0 

= 2-«-«»r(a+6) (-a < k < b). (7.8.1) 


This process and the following ones are justified by Theorem 42. 
The result is a particular case of the reciprocity (7.7.9). 

Taking b = a and the line of integration the imaginary axis, we 
obtain oo 

J ma+iOl^dt = 2-^7rr(2a) (a > 0), (7.8.2) 

0 


and there are similar particular cases of the following formulae. 


Next let 

/(x) = 


x^ 

(1+^“’ 


m = 


r(6+«)r(a—6—«) 

tW) ’ 


and so g, ®, with c, d for a, b. Then 

fc + lOO 


-L. f 

2irt J 


r(6+«)r(o-6-«)r(d-i-i-«)r(c-d-i-i-s) 


k—ioo 


00 

/ 


r(a)r(c) 


ds 




_r(6+d-l-l)r(o+c— b — d —1) 

r>+^) ^ 
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or, writing c—d—1 = «, 6 = j8, 1+d = y, a—b = S, 

fc + too 

J r{cc+a)r(p+8)r{y-8)r(8-8)da 


r{<x+y)r{<x+B)r(p+y)r{p+s) 

r(a+/5+y+8) 

Let 


(—a < k, —)S <. k,y > k,B > k). 

(7.8.3)t 

,_ r(fr+«)r(o) 


fix) = (0 < a: < 1), 0 (a: > 1), S(s) 

and so g, (5, with c, d for a, 6. Then 


r(a+6+5) 


A. f r(6+g)r(a)r(i+d~^)r(c) 


efo = J dx 


__ r(6+d+l)r(a4-c—1) 

or, writing a = P—ocy b = ot, c = 8—y, d = y—1, 


ICt-l' - 

J_ f r'(«+«)r(y—«) ^ _ r(o£+y)r(^+8—a—y—1) 

2ni J r0+8)r{8-8) r(p-cc)f(8-y)r(p+8-l) 

k—ioo 

(—a < ky —p < kyy > ky8 > k), (7.8.4) 

Defining f{x) as in the last example and g{x) as in (7.8.3), we 
obtain 


f 

27 X 1 J 


r(6+s)r(a)r(d+1 -5)r(c--d-1+«) 
~ r(a+b+8)r(c) 


(1+^)^ ' 


The integral can be evaluated in finite terms if c = 1—a. It is 
then 

/ x^^H-x^)»-^ dx=lj yii»^-»il-y)--i dy = 1 
Putting b — a, a = 1—/3—y, d = y—1, we obtain 

k+ico 

± f r(a+8)r(^+a)r(y-a) _ r(i«+^y)r( ^+y) 

27xi J r(l+a—y+5) 2r(l—^+ia—^yj 

ik — iao 

(—a < ky—P < i,y > kyP-\-y—QL—\ < k). (7.8.6) 


t Barnes (1); see Whittaker and Watson, Modem AncUysie, § 14.52. 
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Another formula of Barnesf is 
*+100 

1 f r(<x+a)r{p+s)r(y+3)r(8-s)r(-s) 

2,rt _J r(£+«) 

r(a)r(i3)r(y)r(c.+8)r(i8+8)r(y+8) ,, „ 

r(e-cc)r(e-m^-y) • ' • • ^ 

where cx+j8+y+8 = €. 

To prove this, we use the formula 

jfc + ioo 00 00 

^ j 3 .W 5 .WS.W* = J/AW/.(-)/.(i^)^ 

*—ioo 0 0 

derived from (2.1.18) with n = 2. Take 


(l+x)“+*’ 


5i(«) = 


Us) = 


r(Q(+«)r(8-s) 

r(«+8) ’ 

r{p+s)r{-s) 

rm ’ 


Ux) = a;y(l—(0 < a: < 1) « ^ r(y+g)r(t-y) 

0 (a:>l), r(€+s) • 

Denoting the left-hand side of (7.8.6) by I, we obtain 

r(«—y) r_ fj* ““_ ^ 1 L_ lY~‘>'~^dudv 

r(a-f-8)r(j3) ~ JJ [!+«)“+* (1+u)^ (mu)’' \ uvj uv 

uv>\ 

Putting t^ = i —l,v = - —1, the right-hand side becomes 
X y 

JJ a;y+^“^y>'~^(l—a;— dxdy, 

x+y<l 


Putting y = z(l—x), we obtain 
1 1 

J dz J x)“‘“^(l“- 2 -f-za;)^*^ dx. 

0 0 

The inner integral can be evaluated in terms of P-functions if 
a+jS+y+S = €. It is then equal toj 

r(«)r(y+s) 1 


r(a+y-f8) (l-z)«- 
«)r(y+s) _ r(a)r(y+8) r(y)r(.-y-^ 

(a+y+S) J ^ ^ r(a-hy-F8) r(c-a) ’ 


Hence we obtain 
1 

n 


I Barnes (2). 


t See Titchmarsh, Theory of Functions^ Chap. I, Ex. 19. 
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and the result follows. The necessary inversions are all justified by 
absolute convergence. 


7.9. Bessel functions. In (7.4.1) we may takea = ^ to be complex, 
provided that 0 < a < v+f. We thus obtain the Mellin transforms 


X-'’J,{x), 

2.-»-ir(ia) 

r(v-i«+l) 

(0 < a < v+f). 

(7.9.1)t 

Equivalent pairs 

are 



Jy(pc), 

2'-^r(j«+iv) 

r(iv-i8+i) 

(—V < ff < I), 

(7.9.2) 

x'’Jy{x), 

2*+’'-ir(j«+v) 

r(i-i8) 

(-2v < ff < f-v), 

(7.9.3) 

and x^Jy{x), 

2-»r(i«+iv+i) 

r(Fv-i«+f) 

V 

b 

V 

1 

(7.9.4) 


Taking v = —J, v = iin the last pair, we obtain 


cos a;, 

sinrr, 

We define 


= r(«)cos isn (0 < (T < 1), 

(7.9.6) 

= r(«)8ini«7r (—1 < a < 1). 

I (1 jSJ 

(7.9.6) 

T lx) = 


By (7.9.2) the Mellin transform of Yj^pc) is 

8inv7r\r(iv-J«+l) r(l-Jv-i«)| 

= ?——^{8in(i«—Jv)7rco8iAjr—8in(i«+^i/)fl-} 
irsin VTT 

= — 2*-^-^r(i«+Jv)r( Ji')cos( J«—iv)ff. 

Hence we have the Mellin pairs 

5^y(*). —2»-iw-ir(i«+i»')r(is—Jv)c 08 (^#—iv)»r (|i'|<<r<f), 

(7.9.7)t 

*~’’TJ,(a;), — 2*“*’~^iT~^r(i«)r( —v)cc>8(i«— v)n 

(v+|v| < ff < v+D- (7.9.8) 


t Watson, S 6.6 (7). 


t Ibid., § 13.24 (S). 
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From (7.9.2) we also deduce 

Jy(x)-\-J_^{x), 2*7r-^r(itf+^i/)r( Jt')sin ^str cos Jwr 

(7.9.9) 

Jy(x) — J_y(x), —2*7r~^r(is+iv)r(ls— Ji')cos ^»iT sin Jvir 

(M<‘^<l). (7.9.10) 

Again, by (7.9.1) and (7.9.8), 

*"’'R(*)+*J"v(*)} 

Jfc + ioo 

~ o~V* f i/)(8in( j5—v)7r—icos(|«~v)7r}a:“* 

2rtH J 

k—ioo 

k-\-ico 

— -^-2 J 2*“*’~^r(i«)r(^s—v)c*o»->’)wa:-*da, 

k-ico 

and here we can (by analytic continuation) replace x by ix. We 
obtainf 

2 

Trt 

/c+ioo 

= —I* 2»-''-»r(i5)r(|s—v)e"<**-*')a;-»e-*^’"*d«, 
27r^ J 

k—ioo 

80 that we obtain a8 MeUin transform8 

x-^K^(x), 2«->'“2r(i5)r(J«-v) [a > max(0, 2v)), (7.9.11)t 

An equivalent pair is 

x^K^{x), ((7 > max(0, — 2i/)). (7.9.12) 

Hence we verify that K^(x) is an even function of v. For v = \ 
(7.9.12) reduces to (7.7.1). 

From (7.4.2) we obtain the pair 

x-'’n,{x), (-1<<T<V+|), (7.9.13) 

1 (v—i^+l) 

and variants of this can easily be obtained in the above way. 

To justify the inversion formulae in the above cases, consider e.g. 
(7.9.1). We obtained (7.4.1) directly; the inverse formula is 
fc+iA 

JL.lim r (7.9.14) 

27rtA-« J r(v-l- ‘ ' ' 




Js+l) 


t Watson, §3.7 (8). 


t Ibid., §6.5 (3-6). 
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This follows from Theorem 28 if 0 < < v o-nd from Theorem 30 
if 0 < ifc ^ v+l. The leading terms in the asymptotic expansion of 
x’-^J^(x) are of the form x-^-^{a cos x+b sin x). Hence, in Theorem 30, 

if>{x) = ^{x) = c®, 

and the crucial condition (1.12.1) is satisfied if i; < v+l. 

We might begin by proving (7.9.14) by the calculus of residues. 
We have then to deduce (7.4.1). We have as < ->oo 

Tiv^is+i) I 

The result follows from Theorem 29 if 0 < i < v. We can also 
apply Theorem 11; here 

and (1.12.1) is satisfied if A; < v+|. 



7.10. Products of Bessel functions. By (2.1.16) and (7.9.1) the 

Mellin transform of x“/*~*'J^(a:)Jy(x) is 

J_ f _■ dw, 

2ni J r{l+fx-^w) r(l+v-ia+i«;) ’ 

fc—ioo 

and putting w = 2w’ and using (7.8.4), we obtain the Mellin pairf 

J^{x)J^(x) _ 2*-»*-»'-ir(^a)r(l + / ^+v—*) 

xM+*' ’ r(i+v—i«)r(i+/i—j«)f(i+/x+v—i«)' 

(7.10.1) 

Similarly, by (7.9.11), the Mellin transform of x-i^-''K^{x)K^{x) is 

ife + ioo 

^ f 2"’-»*-*r(iM))r(jM>—/i)2*-”’-''-®r(j«—jM))r(j«—v) dw, 

k-i<o 

and, using (7.8.3), we obtain the Mellin pair 

K^(x)^ 2*-M-v-»r iis)r(is-fijr(is-u)r(is-^,-,>) 

xf^^" ’ r(«—/I—v) 

(7.10.2) 

From (7.9.1) and (7.9.11), the Mellin transform of x-^J,{x)Ky{x) is 
*+<« 

J_ I* 2«-v-sr(ita)r(iM>—v)2*-”’-'’-i—r(^s—^w)—, 

2m J r(l+v-i«+J«;) ’ 


t Watw>n 13.41 (1). (2), 13.33 (1). 
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(7.10.3) 


(7.10.4) 


and, using (7.8.5), we obtain the Mellin pair 

By combining particular cases of (7.10.1), we obtain as Mellin 
transforms 

J(x)Y(x) _ - _ Y{y)r(^8+v) (7 10 4) 

r(j^+i)r(i+i/-i5)‘ ^ ^ ^ 

Other particular cases of (7.10.1) give the Mellin transforms 

cos a; J (x) 2»-Vtr(^8+iv)r(i-a) 

r(i+iv-i8)r(j-iv-i8)r(i+iv-i8)’ 

(7.10.5) 

,inxJ(x) 2s-W(is+l.+mh-^) 

’’ r(HI>'-is)f(i-i..-|8)r(i+iv-48)’ 

„ u- • .1 I (7.10.6) 


COSxJy{x)y 


sina:t/„(a;). 


Combining these, we have 


«-t- loo 

27n J Vtt r(l-[-v— 8 ) 


(7.10.7) 


As in (7.9.11), we may now replace x by ix, and obtain the Mellin 
transforms 

« 2«,7‘r(i+v-8)- 

Again, from (7.10.1) and (7.10.4), the Mellin transform of 
J^(x){J,{x)+iY^(x)} 

■ —i(^ r(|8+v)r(^8)r(^—^8) 

27r» r(l+v-i8) 

and hence, replacing x by ix, we obtain as Mellin transforms 

I (x)K (x) r*(j^+wr(|^)r(^ |^) . ^ . 

I,{x)K,(xl 4V^r(l+i/-~i^) * 

Similarly, the Mellin transform of e-^^{J^{x)-\-iY^{x)] is 

- _? VTT r(j-~s)r(5+i')r(5—v), 

TT* 

and replacing x by ix we obtain 

e^K^(x), 2-%-i cos V7rr(i—5)r(a+i')r(5—v). 

(7.10.9)1 

The processes of this section can be justified by Theorem 73; for 

t Ibid., §6.51. 


I^{x)K^(x\ 


(7.10.8) 
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example, belongs to if 0 < A: < fi+i, and x^-^x'-^J^{x) 

belongs to if 0 < a—k < v+We can choose a and k to satisfy 
these conditions if ft > —J, v > — This would not include (7.10.6) 
directly; for this we could consider first (1—cosa;)j;,(a:), cosa;) 

belonging to if —2 < i < 0. We can of course also extend the 
ranges of validity of the formulae by analytic continuation. 


7.11.* Integrals involving Bessel functions. We are now in a 
position to evaluate a large class of integrals involving Bessel functions. 
By transformation from (7.7.16), we have the Mellin pair 


(a: 2 _l)-v-» (a; > 1 ), 0 (a: < 1), 

Using this and (7.9.6), (2.1.23) gives 

00 fc+ioo 

f da: = — f 2»-M ds 

J (a:*—1)*'+* 2irt J 


fc-ioo 


T(i-ia) 2r(i+i«) 


k+ioD 




47ri 


k—ioa 




= 2-*-Mr{i-v)o-J» (-J < V < i) (7.11.2)t 
by (7.9.3). The formula is the sine-reciprocal of (7.4.3). Similarly, 
using (7.9.5) and (7.9.7), 


J (*T?ir‘ ^ -2-'-vr(i-v)a''y,(«) (-^ < v < i). 

1 (7.11.3)t 

These processes come under Theorem 42 if J < v < for 

5(a) = = 0(|<|*'-*), 

which is L if A; < — J; and is L if —\k < v < ^. The 

result can be extended to the full range — J < i' < J by analytic 
continuation, or we can use Theorem 43. For 0 < a < 1 

1 

J ^\nx7f-^dx = 0(1) 

b ^ h 

and J sina:a:*“^ dx = [—cosa:a:*“^]^-t-(a—1) J cosa:a:*“® dx 
1 1 
= 0(1)+0(|<|) = 0(|<|). 
t Watson, 6.13 (3). t Ibid., 6.13 (4). 
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Also, for a = 1—fc, 




if —lk<v<^. The other conditions are plainly fulfilled if 
—J < V < ^. By taking k arbitrarily near to 1 the result follows. 
Again, from the Mellin pairs 


a:'’+V„(cw:), 


r'(i«+»'+ i) 
^ r(j-j,) ■ 


r(^a)r(/x.+ l—|a) 
2r(^+i) 


(7.11.4) 

(7.11.6) 


(transformations of (7.9.3) and (7.7.9)), we obtain 


oa 

I 


x<'+ U,(ax) . 
(a:*+l)»*+i 




_ _L r 2 »+>'o-»-v-i ni*+y+|) r(^—|a)r(/i+i+^a) ^ 

2in J 


k-ioo 


1 


m-y) 


2r(^+i) 


fc+2v + l4-ioo 


47rir(/i+l) 


J 2»'-''-ia-»'+''r(J«')r(ia'+M—»') 


—ioo 


a^K^-^a) 

2Mr(/i+l) 


(7.11.6)t 


by (7.9.12). Here the 3f(«) of (7.11.4) is L(fc—loo, A:+ioo) if 

— 1 < k < —V—1; andis L if < fc < 1. 

These conditions are consistent if 0 < i/ < 2/x, and the result 
then follows from Theorem 42. The formula is actually valid if 

— 1 < 1 / < 2 / 1 -(-f. It can be extended to the full range either by 
analytic continuation or by Theorem 43. 

The following examples can be obtained in a similar way, and 
present no particular difficulty 


00 

J e-^{x^—iy-i dx = 
1 


2-r(v+J)A» 

m) ’ 


(7.11.7) 


t Ibid., 13.6 (2). 

i The corresponding formulae in Watson are 6.15 (4), 13.2 (5), 13.2 (8), 13.3 (4), 
13.3 (5), 13.45 (2), 13.6 (3), 13.6 (5). 


O 
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2 ’'r(v+^) 
VW(a*+l )•'+*’ 

y(l +a^)-aY 


f c-<«j (x) dx - 

Je J,(x)dx- ’ 

I j^{ax)e-*‘'x'’^^ dx = 

00 


(7.11.8) 
(= 7.4.8) 

(7.11.9) 

(7.11.10) 

(7.11.11) 

(7.11.12) 

(7.11.13) 




A more delicate example is 


00 #C + iao 

f T/ NT / sj 1 f 2*-ir(i«+H2-«r(l + ,ii;-ia) ,, 

J <fc = ^ J r(iv-i.+i) njv+iWi') “ * 


= f ^d, (k > -p) 

2tti j a+v 


= a” (0 < o < 1 ), J (a = 1 ), 0 (a > 1 ). 

(7.11.15)t 

If a 91 & 1 this may be justified by Theorem 43, with 


X(f) = J Jv{o^)Jv+i(^^) dx. 


The conditions may be verified as in the proof of (7.11.1). If 
a = 1 , x(l) is discontinuous at | = 1 , and the method fails to 
evaluate x(i)* We can fill in this case by proving directly that 
^( 1 ) = i{x(l+ 0 )+x(i““^)}i we can apply the method in the 
opposite direction, which gives the whole result, but with more 

t Watson, § 13.42 (8). 
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tedious details; or we can write 


00 00 

0 0 

- - J-) 


so that 


00 00 
J Jy{sc)J,,^{x)dx=(v+l) J '!^±Mdx. 


The last integral is l/(2v+2), by taking v = ft, a — 2fi, in 
(7.10.1). 

As an example on (7.8.6), we have, by (7.9.12) and (7.10.8), 


oo 

J x-^K^{2x)Iy{x)K^(x) dx 
0 

A; + ioo 


i(&-l) + l00 


r(Hv-ia)r(|-i^)r(ia) 

r(i+v+i«) 




l(fc-l)-ioo 


r(v-5')r(H«')r(-a'),, 
X - -fli+.+s') 


r(i-iM)r(i+i/^)r(.^i-iM)i>+i+i/^) 

From (7.7.11), and (7.11.4) with v = 0, we obtain 


(7.11.16) 


u 

_ J_ "f°°g. r(is+i) r(|-Mr(n-HM» 

-27n J r(i-i«) 2r(Hia){r(«)}* 

k-ioo 

fc f ioo 

= M^)P / 
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27rt{r(n)}* 




A:+2n~l —#00 


aa) 


i2n-2 




(7.11.17) 

7.12. Some non-absolutely convergent integrals. We have, 
by (7.9.6) and (7.9.6), the Mellin transforms 


cosx“, 


sinx®, 


l«/a\ Sir 

ri-lcos— 

2(x 


oc \(X, 


-ri-lsin—. 

2oc 


! 


(X \(X^ 

From (7.12.1), with a = 1 and ck = 2, we obtain 

A:+100 

1 

2 


(7.12.1) 

(7.12.2) 


cos cos ax 


dx = —. I r(«)cos isn r(|— l8)coa J7r(l—«)o-* 

4m J 

u k~ico 

fc + ioo 

= —. f 2*-Mr(i«)cosiw(l—«)a-*(is 
4m J 

k—ico 

= |ir*C08i(ir-o2), (7.12.3) 

by (7.12.1) and (7.12.2) with a = 2. Similarly, 

—►00 

J Binx^cosaxdx = ^Tr^sin J(7r—a*). (7.12.4) 

0 

The results are equivalent to (7.1.8) and (7.1.9). The process is 
justified by Theorem 39. As in § 7.11 we have 

af-^cosx dx = 0(|<|) 


t 


fi Ja-l ia+1 

f coB(ax—x^) dx = 


J + / + J 

A la-1 |a+l 




for all A and /i. Also 

[ 

(with obvious modifications if A > |o—1 or /x < Ja+l). Plainly 
J, = 0(1); and 

dsin(ox—X*) 


•4 


= f ^Bin(ax-x«)^_l f dsin(ax-x*) = 0(l) 
J a—2x 2 J 


af-|a+l af-|o+l 

by the second mean-value theorem. Similarly, = 0(1). The con¬ 
ditions of Theorem 39 are thus satisfied. 
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Next, combine the cases a = 1 and a = 3 of (7.12.1). We obtain 


Jfe + 100 


J cosa:®cosaa:(fo: = ^. J r(«)co8^«irr(i— |«)co8J7r(l—«)o-*d«. 


0 

Now' 


k—ico 


3*-* 


r(«)r(i-is) = “-r(i«)r(is+i)r(j8+§)r(i-is) 


= ?^'*r(i«)r(is+i)/8ini7r(l-8). 


We thus obtain 

Ar + too 


^ J 3*-*{l+2cosi7r(l— 


247n 

k-ioo 

In the first part put 8 — We obtain 

fJk+ioo 


/ 3 »*'"*r(K)r(K+ 4 )«-'‘'d«' 

lA:—loo 

/ l\-' 


ffc-ioo 

by (7.9.12). In the second part put 5 = We obtain 

ffc + i-t-ioo 


^ J 3«*'-i8inj7rsT(K-J)nK+i)o-“'+*<i«' 

fjfc+i-ioo 

= -% f 2*'8ini,rsT(j8'-i)r(is'+i){2(ia)»}-'ds' 

247ri J 

by (7.9.9). Hencef 

J eoax^cosaxdx = ^g[«/i{2(i®)*}+'^-i{2(ifl)*}]H—^^l{2(J®)*}- 

" (7.12.6) 

Similarly, 

J sina^sinoxdx = ^^[«fi{2(io)*}+‘^-i{2(i®)*}]—^■^»{2(i®)*}- 
" (7.12.6) 


•f Watson, § 6.4. 
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The process is justified by Theorem 39, as in the previous case. 
We have 

J dx ~ “ J f*^“”^cos| = 0(|<|) 

A A' 

for 0 < a/a < 1, as before. Also the integrals 

—►00 

J coB{ax±x^) dx 

0 

converge uniformly in any finite a-interval. 

Again, 

fc+ioo 

a:’’-*cos^ = J ds 

k-in 

I-v-Aj-t iJo 

= r r(l—i'—5)cosi7r(l— 

27n J 

l—v—k—ico 

Using this Mellin transformation and thatrof cos a;, we obtainf 

00 k+i<x> 

C a* If 

I cosXcos— x^-^dx — -—. I r(s)cosis7rr(«—v)cosi7r(«— 

J X ZTTt J 

0 Ac —too 

2Ac-2v+ioo 

= -i-. f r(v+|«')r(|d'){cOS Jw+COS J7r(5' + ^)} 

OTTl J ** 


2 Ac- 2 v-“i® 


= cos |wa-i!r,(2a)+^^-g^{J_,(2a)-J,(2a)}, (7.12.7) 

by (7.9.12) and (7.9.10). Similarly, 

00 

I sinajsin—dx = coBiiTva''KJ2a)— - —{d’_„(2a)—J„(2a)}. 

J X « 4 sin^w^ 


The process may be justified as in the previous cases. 


(7.12.8) 


7.13. Laplace transforms. Simple functions f(x), <f>{s) con¬ 
nected by (1.4.1), (1.4.2) are 


C-®, 

1 

«+i’ 

(7.13.1) 

cos a?. 

8 

(7.13.2) 


t Watson, § 6.23. 



7.13 

EXAMPLES AND APPLICATIONS 

207 


sin X, 

1 

«*+!’ 

(7.13.3) 


a:“-S 

r(a)a-“. 

(7.13.4) 



J 

VI 

(7.13.6) 

The pair 

X'’Jy{x), 

2-'r(v+j) 

V77( !+«*)•'+* 

(7.13.6) 

results from (7 

.4.8); the pair 






{V(i+«*)—«}” 

V(i+«*) 

(7.13.7) 

from (7.11.9); the pair 






{V(i+»*)-«}v»' 

(7.13.8) 

by integrating 

(7.11.9) with respect to a; the pair 



Xi''jy(^/X), 

2-*'^ 


(7.13.0) 

comes from (7 .j 

11.10). 




Writing 

X 


X 


C(x) = 

1 r cosw J V 1 r sm 2 ^ J 


0 


0 

(7.13.10) 

we have 





oo 

J e~'^^C(x) dx 

oo 

1 r cos 1 
^J(27t) j V-u 

CX) 

- du J € 

dx 


0 

0 

u 



1 

00 

r cos It 

1 wo M/ 

du —_ 

/ 1 + * 

(7.13.11) 

^{2tt)8 J 

0 

UbU/ — "T^ 
28 

AV(l+«*) ' l+a^j 


e.g.by (7.13.7). 

Similarly, we 

have the pair 




1 ' ” 
ya+so) i+sy 

(7.13.12) 

Defining 

i?(a;) = 

CO 

1 + 2 J 

g-n*7r*x 

1 

(7.13.13) 

we have 



X 

on 


J e~'^^d'(x) dx == 1* e 

00 J% 

+2 2 [ dx 

n — 1 y 


0 

0 


0 



-42t ' - ' . 

s ^ s+n^TT^ VstanhVs 

n*l ' 

(7.13.14) 
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In each case the real part of 8 has to be greater than some lower limit 
—in fact 0 in all the above examples. 


7.14. The formula (2.1.20) gives a number of interesting examples. 
‘The simplest is obtained by taking /(x), <f>{8) as in (7.13.4), and 
g, iff with j8 for a. We obtain the familiar result 

X k+iao 

J r(cc)m^ds 

0 k—ioo 


r(«)r()3) 

r(«+j8) 


a-a+jS-l 


(7.14.1) 


The formula (2.1.20) is equivalent to Parseval’s formula for the 
Fourier transforms 


(x > 0), 0 (x < 0), (2iTy^(k+it)y 
and similarly with g and Here the makes problems of / and 
g at infinity trivial. In the above case the L* theory applies if 
a > i, jS > i- The result holds for a > 0, jS > 0. The extension 
may be made e.g. by Theorem 38. 

The following examples are easily justified in a similar way. 

Take /(x) and ^{s) as in (7.13.6), but with parameter /lc, and g, 
with V. Thenf 


/ y>^Jyky){x-yyJM-y) dy 

u 

*+ioo 

= J- r 2M+»’r(/i+i)r(v+i) 

2ni J It (l+«*)M+'’+i 

fc-ioo 


r(ft4-i)r(v+i) 

The particular case /t = v = 0 is 




(7.14.2) 


j siny Jo(a;—y) dy = xJi(x). (7.14.3) 

0 

A number of similar formulae derivable from this are given by 
Watson, § 12.21. 

The particular case /tt = 0, v = 0 is 


t 


X 


j Jo(y)Jo{^—y) # = 8“®- 
0 

Hardy (10), Watson, §§ 12.2-12.22. 


(7.14.4) 



(7.14.6) 
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Similarly, (7.13.8) gives 

X N Jfe+iao 

/! Wd+O-l-^e" 

0 k-ioo 

/tv a; 

Taking/, <f) as in (7.13.8), but with /t for v, and 9 , ^ as in (7.13.7), 
we obtain 

0 fc—ioo 

Taking gr, ^ as in (7.13.7), and /, (f> with /t for v, we obtain 

a? Jfc+ioo 

J J^{y)Jv{x-y) ^y = -^ J d8 

0 fc-ioo 

= 2{J^+.+i(a5)-^^+.+»(*)+...}. (7.14.7) 

The integral is expressible in finite terms if /t-f v is an integer; for 
example 

X fc + ioO 

J J-y{y)JAx-y) dy = ^ J (7.14.8) 

0 k-i<x> 

A slightly different type of formula is obtained by taking 


(7.14.6) 


f(x) = a:l<*.^(oVa:), ^(a) = 

and g, ^ with 6 , v for o, /t. Thenf 

X 

j y*%(oVy)(a:—y)*'’J„{6V(a:—y)} dy 
0 

fc+ioo 


a/* 

2#**/*+! 




1 f Of‘6'' / aa+6» , \ , 

~ 2»r» J 2M+»’a/*+»'+2®’'P( 4 a 


2f*+»'^/4+»'+2 


k~ioo 

2af^b'’ 


t The result is equivalent to Watson, § 12.13 (1). 
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Taking the same g, i/i, and the /, ij> of (7.13.4), we obtainf 


fc+ioo 


J = ^ J exp(-^+*«) 

(7.14.10) 


k—ico 


= ?!^)a:»*'j;^(6Va:). 


From (7.13.11) and (7.13.12) we obtainj 

fc + ioo 




k—ioo 

J(a:—sina:), 

A;+ 100 


(7.14.11) 


J {0(y)C(x—y)—8(y)S(x-y)} dy = ^ j 


k-ioo 


k + ico 


k — ioo 

and there are some similar formulae involving Jq and Jj. 

The method also leads to an integral equation|| satisfied by the 
function i?(a:). From (7.13.14) we deduce 

k hioo 

exs 


Now 


J &(y)^(x-y) (iy= j 
0 

= -L 

ds \tanh Vs/ 2y 


s tanh^ V<s 


ds. 


k—ioo 


2 Vs 2Vstanh2V«’ 


Hence the right-hand side is 

A:+100 A: + too 


k-ioo 


k-ioo 


L. 

TTi J 8 TTi J yds tanh y/sj Vs 

Af + ioo 

= '+s J s+sfe-ih* 

A:-ioo 

X 

= 14 * 2 a:;^(a:)— J &{u) du. 


t Watson. § 12.11 (1). 

|j Due to F. Bernstein. See Hardy (10). 


X Humbert (1). 
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X fc + ioo /c + i’oo 

since j&{u)du J 27 ri J aHanh-vis’ 

0 k — ioo k~ioo 

and the last term is 0, as is seen by moving the line of integration 
away to the right. We have thus proved that 

X X 

J ^(yW^—y) ^y = 14 - 2 a:i?(a;)— J du. (7.14.13) 

0 0 
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GENERAL TRANSFORMATIONS 


8.1. Generalization of Fourier’s formulae. In the foregoing 
chapters we have studied two formulae of the form 


f(x) = j k(xu) du j k(uy)f{y) dy (8.1.1) 

0 0 


for an arbitrary function f{x ); k{x) = J jcos x gives Fourier’s cosine 
formula, and k{x) = J |-jsina: gives Fourier’s sine formula. There 


are, however, other formulae of the same form, the best known being 
Hankel’s formula, in which 

k{x) = (8.1.2) 

There are also formulae of the form 


f(x) = J k{xu) du J h{uy)f{y) dy (8.1.3) 

0 0 

in which the two cosines of Fourier’s formula are replaced by differ¬ 
ent functions. The simplest formula of this type is that in which 

k(x) = x%{x), Hx) = a:*H,(a:). (8.1.4) 

As usual, (8.1.1) may be written as a pair of reciprocal formulae 

00 

= / f(yMxy) dy, (8.1.6) 

0 

00 

/(«) = / giy)K^) dy. (8.1.6) 

0 

A function k{x) giving rise to a formula of the form (8.1.1) will 
be called a Fourier kemd. The main object of this chapter is to give 
an account of such functions.! 

Suppose that we multiply (8.1.6) by and integrate over (0,qo). 
We obtain formally 


00 00 00 

J jf(a:)**-^ ^ ~ j ^ dy 

0 0 0 

00 00 00 00 

= J fiy) dy j k(xy)x‘-^ dx = j f{y)y-* dy j k{u)u*-^ du, 
0 0 0 0 
f Hardy and Titchmarsh (8), Watson (2). 



8.1,8.2 GENERAL TRANSFORMATIONS 213 

i.e., with the usual notation for Mellin transforms, 

(5(8) = 5(l-s)il(*). (8.1.7) 

Similarly (8.1.6) gives 


2f(«) = ®(1—«)«(«). (8.1.8) 

Changing a into 1 —a in one of these equations, and multiplying, we 

51(«)«(l-«) = 1. (8.1.9) 


deduce that 


We should therefore expect that a Fourier kernel k{x) would be in 
some sense of the form 


C + toO 

c—ioo 


( 8 . 1 . 10 ) 


where 51(«) satisfies the functional equation (8.1.9). 


8.2. The condition (8.1.9) may also be expected to be in some 
sense suificient. 

A characteristic property of a Fourier kernel k{x) is that, if 

X 

^i(^) J* dUf (8.2,1) 

0 

then r k(xu) du = \ ^ (8.2.2) 

J tt 0 (a: > ^). ' ' 

0 

For if we put /(«) = 1 (0 < a; < |), 0 (a: > ^), in (8.1.1), we obtain 
(8.2.2); and conversely (8.2.2) leads to 


J S(y) = J /(y) J *(y «)—du 

0 0 0 


= du J k(uy)f{y) dy, 

0 0 


from which (8.1.1) follows by formal differentiation. 
Now (8.1.10) gives formally 

c+ioo 

*=■<*'= ^ J 

C—ioo 


(8.2.3) 


Hence, by a formal application of Parseval’s formula for Mellin 
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transforms, in the form (2.1.20), 

00 c + i« 

r k{xu) du = J—. r da (c > 0) 

J u 2in J a 

0 c — ioo 

c+ioo 

= 2S I (^)■7 = *<•><*<«■ 

C-ICO 

Hence (8.2.2), and so the Fourier formula, is formally a consequence 
of (8.1.9). 


8.3. Similar analysis holds for the unsymmetrical formulae arising 
from (8.1.3). If we now write 


f{x) = J k{xu)g(u) du, 

0 

(8.3.1) 

00 

g{u) = J h{uy)f{y) dy, 

£\ 

(8.3.2) 

V 

the relations between Mellin transforms are 

5(5) = ®{l-5)it(5), 

(8.3.3) 

®(«) = g(i-«)S(«). 

(8.3.4) 

and, eliminating 0f and (S, 

ft(5)$(l-5) = 1. 

(8.3.5) 


We may regard (8.3.2) as the solution of the integral equation (8.3.1) 
for the unknown function g{u), the ‘solving kernel’ h{x) being 
given by e+ioo c+i® 

c—ico c—too 


8.4. Examples. Before proceeding farther we shall give a number 
of examples. 


(1) If 
then 


«W-2 f(l7-}5+}) 

k{x) == x*J,(x), 


(‘'>- 1 ). 


and the formula is that of Hankel; the cases v = —^and v = -J- are 
Fourier’s cosine and sine formulae. 

If —2 < i» < — 1, then 



r(v+i)r 
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and generally, if —m—1 < v < —m, then 


the sum being the first 7n + l terms in the jiower series for Jj{x). 

(2) Iff l-(.v) - xir^(x), 

then, by (7.9.7), 

Si(s) = -2‘’-i7r-^r(is+ip+i)r(is-ip+i)co8(is-iy+i)^. 

This does not satisfy (8.1.9), so that X:(x) is not a Fourier kernel. But 
(8.3.5) gives 

It then follows from (7.9.13) that 

h(x) == x^Hy(x), 

(3) There are a number of very general transformations, due to 
FoXjf in which i(x) and A(x) are linear combinations of generalized 
hypergeometric functions. From our present point of view these 
originate as follows. 

Suppose that > 0, that and are any real numbers other 
than negative integers, and that 

^ = o^l—Pl—p2+h 


and let 


S{{s) = 2^-\ 


r'(Pl+ 

We deduce from the calculus of residues that 


k(x) = 


00 



_ r(«i+^) 

^(^1+^i) r(p2+™) 


n\ 


— (is;) ^ l-^2(®i>Pi>P2> J^’) 


in the usual hypergeometric series notation. If we now calculate 
§(«) from (8.3.5), and then h{x) by summation of residues, we find 


h(x) = hi{x)+h2,{x), 

where 

hi(x) = Qti+pi, 1—/32 +Pi,/)i; —Ja:*), 

sin(/j2—pi)’*- 

and h 2 {x) is derived from hi(x) by interchange of p^ and pg. The 
formulae thus obtained are those of Fox’s Theorem 1, in the special 


■f Titchmarsh (3). 


t Fox (1). 
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case = 1. In the general case ft(«) is a more complicated product 
of gamma-functions of the same type. 

The case = 1, pi = f, p, = >'+f gives example (2) above. The 
case = 1, Pi = o-f-l. Pi = v+a+l gives a more general trans¬ 
formation found by Hardyf and discussed by Cooke.The case 
«i = v-ff, Pi = v+l, Pi = 2i»+l gives 

k{x) = yn yxJim), Hx) = -^vJ,(y)Y,{\x), 

a transformation due to Bateman. || The case 

= v+a+l, p 2 = 2i/+a+l gives a more general transformation 
due to Titchmarsh.lf Fuller details concerning these transformations 
will be found in § 5.2 of Fox’s paper. 

If we take 

^ ^ r(6,+ia)r(52~is)r(63-j^)’ 

where ai+a 2 +« 8 +i = 

we obtain examples of Fox’s Theorem 2. For example, if 

«2 = «8 = h 

bi =1, *2 = ^3 = 

k(x) and h{x) are each combinations of two h}rpergeometric functions, 
and can be reduced to the forms 

(4) If k{x) = a:*jrUa:)-f?coso7rI(:,(*)j, 

then, by (7.9.7) and (7.9.11), ft(«) is 

2««-ir(is-i-iv+i)r(is-Hiv-n)r(is-iv- i -i)r(is-iv-n) . 

nhs-iv+i+y)r(i+iv-i8-ia)x 

X r{i8-iv+i-ia)r{i+lv-ia+y) 

In this case again h(x) is the sum of two hypergeometric series. There 
are two interesting particular cases. If v = 0, a = 1, then 



t Hardy (13). t Oooke (1). |i Bateman (1), (2). 

tt Titchmarsh (6). 
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which satisfies (8.1.9), so that, by (7.9.7), (7.9.11), 
k{x) = a.-»j7o(a:)-?J£o(a;)j 
is a Fourier kernel. If v = 2, o = 0, then 


11(a) = 22*-i 


r(ia+§) f 
m-i«)/ i»+J’ 


and 51(a)il(l—a) = —1, so that 


k{x) = 


—h{x) — x^Iy 2 (x)+-K 2 (x)]. 

TT 


The formulae in this case are due to A. L. Dixon and Hardy.f Much 
more general formulae of a similar character have been obtained by 
SteenJ and Kuttner.|| 

(5) If il(a) = (a > 0), 

then §(a) = 


Taking c = J in (8.1.10), we find that 


00 



— 00 


2yJ(TTax) * 


and h(x) is the conjugate function. The Fourier formula thus 
obtained may be reduced by a change of variable to the exponential 
form of the ordinary Fourier formula. It is 


f(x) — f fi-i(\0Bxuma 

47ra J ^(xu) 

u 

and, if we put a — and 

X = u — y = 


oo 

J* gt(loguv)’l4a 

II 


/(y) 

V(«y) 




g(i) = e*‘^*+*f/(cf). 


we obtain 


00 00 

(/(l) = ^ J e-^(dC j e^(vg(r)) dr). 

— QO —00 


This formula is not included in our standard form, since the limits 
are —cx) and oo instead of 0 and oo. 


t Hardy (17); see also Hardy and Titchmarsh (8). 
t Steen (1). || Ktittner(l). 

P 
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(6) If R{a) = (a > 0), 

then k{x) is a Fourier kernel. Taking c = J in (8.1.10), we find 

—►00 

J cos(af^+^log^) dt 

-BihJ'WwWV'-feKffl 

(0 < a: < 1), 

= > *’■ 
by (7.12.6) and (7.12.6). 

(7) If 51(«) = exi){ie“*(*~0} = exp(ic') (a — l+i<), 

then §(«) = exp(—*c-'). 

We obtain 

00 00 

k{x) = ^ J exp{ief)x-i-^‘dt = ^ J e^"!*-*'**® ^ 

— 00 0 

00 

= ^ j ^ ~ ilogo:), 

u 

and h(x) is the conjugate.f 

(8) If m = 1, 

then (8.1.9) is satisfied, but the integral (8.1.10) is not convergent. 
If, however, we regard (8.2.3), with 0 < c < 1, as the definition of 
ki{x)y we have 

c + ioo 

k(x)-l- r 

r-ioo 

If we replace (8.1.5), (8.1.6) by 


(0 < a; < 1). 


oo oo 

?(®) = i J f(y) dklixy), fix) = i J g(y) dk^ixy), 


then our formulae become 


IJi 


X \x, 


1 II 




X \Xi 


which are plainly consequences of one another. 


t Pttley aiid Wiener, Fourier Tranafortns, § 16. 
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(9) In all these examples is analytic. Suppose, however, that 
c — 2 > S{(l+it) = isgnL 

Then §, defined by (8.3.5), is —51. The integral (8.1.10) is not con¬ 
vergent, but it is formally 
0 

1 


27t'^x 


/ u . ou 

/ J dt — J x-^ dtj == J sin(nogx) 


dt 


TTSIX log X ’ 


the integral being summable {C, 1). Our formulae become 


f(x) = 


1 f [7(y) dy 

^/(^y)log(X7J)' 

0 




-i f _J 

ttJ 


/(y) % 


■y)log(zt/) 


If we replace z and y by ef and c’>, and interpret the integrals as 
principal values, we obtain formulae equivalent to those of the 
theory of Hilbert transforms. 


(10) If 5^(8) == cot J87r, 

then (8.1.9) is satisfied. The integral (8.1.10) is of the same type as 
in (9). A formal application of the theorem of residues gives 


]c(x) — 


-x^ 


and we again obtain formulae of the Hilbert transform type. 

(11) We obtain formulae of a somewhat different type by taking 

Ril+it) = 

Then (8.1.9) is satisfied, and 


oo 00 

J '“(j-'"’**) *■ 

— 00 0 

The integral is summable {C,l) if x ^ 1, and has the value 

— |a:logij ^Jj|2|logij^| (0 < a; < 1), 0 (a: > 1). 

If a; = 1, the integral for k{x) diverges to infinity, and 4:^(a;) has 
a discontinuity, as in example (8). The formula which results is 
therefore nx 
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If we put 

a: = e-f, y = e-'i, c-‘f/(c-^) = e-'-^g{e-() = ^(^), 

we obtain „ 

The reciprocal formula is obtained by interchanging <f> and The 
Fourier formula which results may be verified by using the integralf 

■ v<i+»W(?ur' 


(12) The kernels which arise in the summation formulae obtained 
formally in § 2.9 are Fourier kernels. For example, in the argument 
of § 2.9 we obtain 2 cos 27tx and 4.firo(47rVa:)—27ry„(47rVx-) as the Mellin 
transforms of 






respectively. These functions of course satisfy (8.1.9). 

Note also that, if k{x) is a Fourier kernel, so are ^ak{ax) and 


8.5. X*-theory. In the theory of Fourier integrals we have proved 
theorems of two kinds, theorems on convergence in the ordinary 
sense, and theorems on mean-convergence. There are also theorems 
of both kinds for general transforms; but here the mean-convergence 
theory is both easier and more general than the other, and we begin 
with this. 

In the first place, we need only assume the existence of the function 
il(a) on the line a = The equation (8.1.9) then takes the form 

m+imd-it) = 1. (8.5.1) 

We might simply write 5l(J.+i0 = <^(0, and <l>(t)<l>{—t) = 1; but we 
shall retain the previous notation to preserve the appearance of the 
formulae. 

We should now have formally 


00 

— 00 


(8.5.2) 


There is no reason in general to suppose that this integral will exist 

t Watson, § 13.47 (10). 
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in any sense. However, the formula for obtained by formal 
integration will exist in the sense that 

^i(^) = f dt. (8.5.3) 

2tt t-^oq j 
-T 

If, as in most of our formulae, ft(5) takes conjugate values for con¬ 
jugate values of s, then (8.5.1) gives 

m+it)\ = 1. (8.5.4) 

Hence — belongs to i>2(—co,oo), the integral in 

(8.5.3) exists in the mean-square sense, and k^(x)lx belongs to 
L2(0,oo). 

It follows that our theorems have to be stated in terms, not of 
k{x), but of A’i(.r). For example, (8.2.2) is no longer significant. 
However, the formula obtained by formal integration with respect 
to X is 00 

J ki{xu)ki{iu) ^ = min(,r, |). (8.5.5) 

0 

This integral is absolutely convergent in the general case, and 
(8.5.5) by itself may be taken as the basis of a Fourier theory. 

The theory takes different forms according to whether (8.5.5) 
appears explicitly or not. The results may be summed up in the 
iollowing theorems. 


Theorem 129. 
(8.5.4), so that 


Lei 5l( I 


-f- it) be any function of i satisfying (8.5.1) and 

m+it ) 

\—it 


belongs to L^—cOyCo). Let ki(x) be defined by (8.5.3). Letf(x) be any 
f unction of L^(0, oo). Then the formula 

00 

0 

defines almost everywhere a function g(x), also belonging to L^{0 ^qo); 
the reciprocal formula ^ 


(8.5.7) 



222 


GENERAL TRANSFORMATIONS 


Chap. VIII 


also holds almost everywhere; avd 

00 00 

J {/(«)}* dx — ^ {g¥)f dx. (8.5.8) 

0 0 

Theorem 130. If 51(i4-tO satisfies the conditions of Theorem 129, 
then k^{x)lx belongs to 2/*(0,oo), and (8.6.6) holds. 

Theorem 131. Let ki(x) be such that ki{x)jx bdongs to L^{0,oo), and 
let (8.6.6) hold for aU values of x and Then the reciprocal formulae of 
Theorem 129 JuM. 

Theorem 129 is thus a consequence of Theorems 130 and 131. 
But it is possible to prove it directly. 

The above theory is due to Watson.f We shall call functions /(*) 
and g(x) coimected by (8.6.8), (8.6.7) ^-transforms; and (8.6.8) the 
Parseval formula for A^-transforms. 


8 .6. ProofJ of Theorems 129, 130. Let f{x) be any function 
of i/®(0, oo), and 2f(a) its Mellin transform, so that 5(i+i<) belongs 
to Z/*(—oo,oo). Since |ll(^-|-i<)| = 1, 51(|-fi<)g(^—i<) also belongs 
to L®. Let g{x) be its Mellin transform. Then|| 

X i + ioo 

J g{u) du = ^ J ft(«)g(l-«) ^ ds. 

0 i-too 

Now ki(x)lx is the Mellin transform of !!(«)/(l—s). Hence, by the 
Parseval formula for Mellin transforms, 

J -4- too 00 

i —ioo 0 


Hence 



and (8.5.6) follows almost everywhere. The Ij-transform g{x) of f(x) 
is thus the Mellin transform of 51(«)5(1—«) (on a — \). By the same 
rule, the ik-transform of g(x) is the Mellin transform of 


s<(s)si{i-sms) = ms). 


Thus the l;-transform of g(x) is f(x). All these transformations are 
of the class L®, so that the necessary uniqueness theorems hold. 


t Watson (2). t Biisbridge (1). 

II This fonnula and the next oome under Theorem 72, extended as in (2.1.23). 
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00 00 

J {!/(x)}2 j |«(Hi<)5( J-tO I* dt 

0 -00 

00 00 

==~ j = J {/(X)}* dx, 

— 00 0 
the Parseval theorem for Aj-transforms. 

Theorem 130 also follows at once from the Parseval formula for 
Mellin transforms. Since ki(x)lx is the Mellin transform of St(«)/(1 —«), 

00 I+ 100 

f ki(bx) ^ J_ f Si{l—3)f-^ , 

J ax bx 27ri J I—8 s 

0 I—ioo 

i + ioo 

= J_ f ^^:-d3, 

i-ioo 

by the functional equation for If a > 6, the integral may be 

evaluated by moving the line of integration away to the right, and 
the value is If a > 6, its value, obtained by moving the line of 
integration to the left, is 6“^. Also the integral on the left is con¬ 
tinuous at a =- 6. Hence the result. 


8.7. Proof of Theorem ISl.f Suppose first that/(a:) has a con¬ 
tinuous derivative, and that it vanishes for all sufficiently small and 
sufficiently large values of x. Let 


0 0 

Then gi{y) is clearly differentiable, and 

00 00 

9{y) = 9i{y) = J 


Hence 


J dy 
0 


00 00 

J F J 


dx J ki($y)f'{i) di 
0 


0 0 0 


t Titchmarsh (15); see also Plancherei (6). 
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= [fix) dxjmniin{x,^)d^ 

0 0 


00 00 00 00 



00 


= — 2 J /(*)/'(«)« dx 
0 

0 

= 1 {/(*)}* <^- 

0 


All the transformations are easily justified if f{x) satisfies the given 
conditions. 

Next let/(x) be any function of ii*(0,oo). Then it is known that 
there is a sequence of functions each satisfying the conditions 
previously imposed on f{x), and such that 

lim f{/(*)—/„(*)}* = 0. 

n-oo J 

Let gnix) correspond to f„{x) in the same way as the above g{x) does 
to fix). Then 

00 00 

/ {9mix)-gnix)Y dx = J {fjx)-f„ix)fdx, 

0 0 

which tends to 0 as m and n tend to infinity. Hence the sequence 
gj^x) converges in mean, to a function g(x) say. Then 


f {»(«)}* d* = lim f da: = lim J {fj.x)f dx=l (/(a:)}* dx, 

J n-^-oo J n-^oo ;; 


the Parseval formula. 
Also 


I giu) du = lim i gr„(«) du 

r. n—►oo J 
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SO that 

0 


9{y) is the A:-transform of f{x). 

Let <l>{x) be another function of L*(0,oo), and ^(x) its ^-transform. 
Then the Parseval formula gives 


00 00 

J dx = j f(x)<f>{x) dx. 

0 0 


Let 

<f>(x) = 1 (x ^ tt), 0 (x > u). 


Then 

00 u uy 

J = J dx = j dx, 

0 0 0 


and hence 

uy 

0(y) = A f dx = 

^ dy J X y 

0 


Hence 

J g{x)^-^- dx= j f(x) dx. 



0 0 

and the reciprocal formula (8.5.7) follows. 


8.8. Necessity of the conditions. f It is also easily seen that 
the conditions imposed on k^(x) and Si{s) in the above theorem are 
necessary. For suppose that the reciprocal formulae 


X oo 


f f{y) dy = 

I V/ 

(8.8.1) 

J 

0 

J 

0 


X 

J g{y) dy = 

f du 

J « 

(8.8.2) 


0 0 


hold for any function/(a:) of i^(0, oo). Let/(a;) = 1 (a: < |), 0 (a: > f). 
Then (8.8.2) gives 

J g{y) = j du = j ^^dv, 

0 0 0 

80 that g(x) = — \ 

X 


t Busbridgo (1). 
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Substituting in (8.8.1), we obtain 


/ 


In particular (x = ^ — 1) iki(u)/u belongs to L^(0,oo). 

If 5t(«)/(l—«) is the Mellin transform of ki(x)/x, Parseval’s formula 
for Mellin transforms gives 

i + {00 00 

1 f Si(s)a-* _ f iciibx) _ min(a,6) 

2m’ J ~T^ « “ J ~ o6 ■ 

O 

J + tOO 


i-ioo 


But also 


- f - 

2ni J 1 


6 *"-^ ^ _ min(a, 6) 


-5 s 


ab 


♦ -ioo 


Hence (taking 6=1) 


* + ioo 


JL r 

27ri J (1— 8)8 


= 0 


i —ioo 


for all values of a. Since the integrand (as the product of functions 
of L*) belongs to L, it follows from Theorem 32, p. 47, that it must 
be null, i.e. that it(s)R(l—«) = 1. 


8.9. The unsymmetrical formulae. For the transformation 
arising from the equation (8.3.5) a similar set of theorems holds. We 
now assume that and il(i+iO are both bounded. Let 

hi{x)lx and k^{x)lx be the Mellin transforms of and 

Then a given function f(x) of L^(0, oo) has two trans¬ 
forms 00 00 

0 0 

The ^-transform of is /(x), and so is the 6-transform of gidx). 

The usual Parseval formula is replaced by the relation 

00 00 

J 9hi^)9k(^) dx = j {/(«)}* dx, 

0 0 

together with the inequalities 

00 00 

J !?»(«) I® dx<cj {/(a:)}* dx, 

0 0 

J l9fc(«)l® dx<cj {f{x)Y dx. 

U 0 
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The proof of Theorem 129 extends without substantial change to 
this case. That of 131 holds only if and are con¬ 

jugate, so that gh{^)gic{^) — \gk{^)\^- In the general case the result 
still holds, but now we have to prove (8.3.5) as in § 8.8, and thence 
proceed as in the proof of Theorem 129. 


8.10. A convergence theorem. In the foregoing theory the trans¬ 
formation is expressed in terms of ki(x), which is not necessarily 
differentiable. To obtain the forms (8.1.5), (8.1.6) we require further 
restrictions, both on the kernel and on the function represented.! 

Theorem 132. Suppose (i) that Si(^-\-it) satisfies (8.5.1) and (8.5.4), 
so that x~^k^{x), defined by (8.2.3) vdth c = belongs to i2(0,cx)); 
(ii) that ki{x) is the integral of k{x)\ (iii) that x-^ki(x) is bounded. 


Let 


X 

/(*) = i J Hy) #. 


( 8 . 10 . 1 ) 


where (f)(y) belongs to 1/2(0,oo). Then 

—♦•00 —►GO 

f{x) = J k{xu)du J k(uy)f(y)dy (8.10.2) 

-♦►0 -►o 

for every positive x. 

We have ^ ar 

i/{*)i < J J ® 

'0 0 

as a; -> 0; and 

i/(^)i < i J \m\ J \ A (*"*) 

0 o' 

as X 00 , by choosing first X and then x. 

Let i/j{x) be the i-transform of <f>{x). Then ip(x) belongs to and 

J <l>{y) dy = J —^- V(^) 


Let 


?{“) 




dv. 


(8.10.3) 


I Hardy and Titchmarsh (8); see also Morg€ui (2). 
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X CO 

j Hy) = — \ ki{xu)g’{u) du 

^ ^ A 

lim \^\ki{xu)g(u)']^-\-x^ k{xu)g{u)dv^. (8.10.4) 
/ «> °° ^4 

l?(«)l < I J llA(w)l® J ^ ® (“■*) 


asu->oo;and ^ 

\9M\ < I dv +1 J m? dv J ^ = o(«-t) 

as by choosing first 8 and then u. Hence the integrated 

terms in (8.10.4) tend to 0, and we obtain 

X -+00 

f(x) = ^ J ^(y)dy= J k(xu)g{u)du. (8.10.6) 

0 -tO 

Again, (8.10.3) may be written 

00 

g{u) = J •li{v)fi{v) dv, 

0 

where fi{v) = 0 (v < u), l/v {v> u). Hence by the Parseval formula 


g(u) = j <l>{v)X(v) dv, 


where 


= ^ r dt = ^ ( dt 

dvj t dvj 




A;i(w) 

^2 «V 


Hence 


g{u) = J 4>{v) dv J j 


= 9i{'u)-gM 

say. Integrating by parts. 


( 8 . 10 . 6 ) 


00 -00 -♦■00 

?i(«)= v/(t))J^^d^ + J vf{v)u^^^dv, (8.10.7) 

■ n 
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and the integrated terms vanish since vf{v) = o{v^), and, since 

k.m is 

^^di = oiv-i) 


00 

J 


as in the case of g{u). Also 


^2(m) = — J t/(v)^^dw+ J vf{v)^^^dv, 


and the integrated terms vanish since v~^ki{uv) = 0(1). 
From (8.10.6), (8.10.7), and (8.10.8) it follows that 


( 8 . 10 . 8 ) 


gr(«) = I k{uv)f(v)dv, (8.10.9) 

-►0 

and (8.10.5) and (8.10.9) give the theorem. 

8.11. The resultant of tw^o Fourier kernels.! Let 

00 

m{x) = I k(xy)l{y) dy 
0 

be the resultant of k{x) and l{x). Then a formal rule is that, if k{x) 
and l{x) are Fourier kernela, so is m(x). We may, for example, put 

OOQO 00000000 

JJ m{xu)m(ut)f(t) dudt = JJJJ k(xuy)k{utz)l{y)l{z)f{t) dudtdydz, 

00 0000 

and the substitution t = v/z, y — zw gives 

00 00 00 00 

JJ l{z)l{zw) dzdw J J k{xzwu)k(uv)fl^ dvdv 
0 0 0 0 

0000 

= JJ l{z)l(zw)f{xw) dzdw = f(x) 

0 0 

if k and Z are Fourier kernels. 

We can also argue in terms of Mellin transforms. If 51 and £ are 
the Mellin transforms of k and Z, that of m is 
00 00 00 
gjl( 5 ) == J m(x)x^^^ dx = J x^^^ dx J k(xy)l(y) dy 
0 0 0 

00 00 CO QO 

= J Ky) J k{xy)x^-‘'^ da; “ J l(y)y~^ dy J k{u)u^~^ du 
0 0 0 0 
= £(1-5)51(5). 
t Hardy (20). 
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Hence a«(a)aR( 1 -s) = 1 -a)fi{ 1 -«)fl( 5 ) = 1, 

and the result again follows. The argument is still of course purely 
formal. 

The theory gives 

Theorem 133. Let h^{x) and l^{x) satisfy the conditions of Theorem 
131, and let mi(l/a;) be the Utransform of k^(x)lx. Then m^(x) also 
satisfies the conditions of Theorem 131. 

Here ^^(l/a;) is defined by 


f mil) dtt = r du. 

J W J u u 


Now mi{alx) is the Z-transform of k^(ax)lx. Hence by Parseval’s 
formula for /-transforms 


oc 

J 


m-^(ax)my{f)x) _ 


0 


the required result. 

As a particular case, let 5i(a;) = 0 (a; < 1), 1 (a; ^ 1), so that 

We call this the transformation S. If k^ — l^y then 

J = min(l,a:), 

0 0 
and = s^. If Z^ = s^, then 

0 nx 0 

and mi = Thus the resultant of k and k is s, the resultant of k 
and 8 is k. 

Examples. (1) If A; and Z are the cosine and sine transformations, 


1/>/v 


a ;—1 


AM t — 


1 
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and the m-transformation is 

If / is even, this gives 


= 2 f m 

ttJ 1—xH^ 


dt. 


a; W TT J x-t 


the Hilbert transform of f{t). 

The resultant of this transformation and k is defined by 

0 

or, regarding k(x) as even, by 

m(x) = - f dt. 

TT J X — t 
— 00 

Thus the conjugate of a Fourier kernel is a Fourier kernel, 

(2) The function l^(x) = x (x <, 1), 0 (x 1), satisfies (8.5.5). We 
conclude that, if k(x) is a Fourier kernel, then so is 

00 1 X 

m(x) — J k(xt) dli(t) = j k(xt) dt —k{x) = “ J —k(x), 

0 0 0 
Similarly, taking l^{x) = 0 (a: < 1), logrr—1 (x > 1), we find that 

k{u) 


/ 


u 


du -~k(x) 


is a Fourier kernel. 

(3) The resultant of t^Jy(t) and i“*t/v_i(l/0 isf 

(4) The resultant of .^(2/7r)cosa;, ^(2/7r)a:“^ cosis (§7.12) 


i{ii:„(2Vx)-F„(2Vx)}; 

TT 


that of ^(2/7r)sinx, >y/(2/7r)x~^sinx“^ is (2/7r){iLo(2Vx)+yo(2Vx)}. 

The last kernel is also the conjugate of Jq{2'sIx), ‘ 

(5) The resultant of Jo(2y/x) and cosx is —sinx, and that of 
Jo(2Vx) and sinx is cosx. This may be proved as in § 7.12. 

t Watson, § 13.61 (1), or as in § 7.12. 
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(6) We have 

xi J dt=^- ^ (C, 1), 

0 

ifx ^ 1, while when x = 1 the integral diverges like 

00 

The divergence indicates that when we form the resultant of 
xU^(x) and xU^^{x), there will be a discontinuity in mi{x) at x = 1. 
In fact a; 

0 

28in/iMr f . . 

-^ 1 -^^^ + 008/*ir (x > 1). 

0 

The inversion formulae are 

0 

and the reciprocal formula. 

(7) If we form the resultant m{x) of ^(2/7r)cosa; and J^(2^x), and 
then replace m{x) by 2-^x-hn(ll2x), we obtain the Fourier kernel 

{2a;)^{cos(a;— \tt)Ji{x) +sin(a;—J tt) ^(a;)}. 

8.12. Convergence of integrals. We now leave the transform 
theory, and prove quite independently a theorem on convergence in 
the ordinary sense. To do this we have to make very special assump¬ 
tions, and the theory is practically restricted to those examples in 
§ 8.4 in which is a product of F-functions. For such functions, 
however, we obtain a direct generalization of Theorem 3. 

Theorem 134.f Let R{8) be regular in a strip a < ug, where 
ai < 0, cTj > 1, except perhaps for a finite number of simple poles on 
the irnagvmry axis; and let Si{s) be of the forms 


t Hardy and Titchmarsh (8). 
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for large positive and negative t respectively, where 

== r(5)cos Isn 

is the Mellin transform of cos a:. Let S{{s) satisfy (8.1.9), and let k(;x) 
be the Mellin transform of 

Lei X > 0, and letf(y) be i(0, oo), and be of bounded variation near 
y = x. Then 

—►00 00 

J k(xu) du J k{uy)f{y) dy = i{/(a:+0)4-/(a:—0)}. (8.12.1) 

0 0 


The function is regular in any strip < a < ctj, except for 
a finite number of simple poles at points where w < 0. If < is large 
and positive, then 






where C and a are complex, and a depends on a; and iO 

satisfies the conjugate formula. 

The functions 

■n/ \ • 1 n/ \COSi37r . sin iSTT 

r(«) 8 m isTT, r(«) —^, r(«) ^ 

1 —3 It—S 

are the Mellin transforms of 


sin a;, 

and are of the form 


sin a; 

X 


sm a;—a; cos a; 


for large t. If 51(8) satisfies the conditions of the theorem, we can 
find constants ag, a^, a^, such that 

5t(8) = 5l(i>(8)+ft<2)(«)+5l(3)(8), 

where 

5t(i)(5) = Ojr(8)cos J87r+a2r’(^)sini87r, 

^/o\/ X vCOsi^TT , .sini^TT 

«»)(«) = 03r(«)-j3^-+a4r(«)-2^-, 


and 9^\s) = O(|51o(«)«“*l} = Od^l"-*) 

for large a of the strip. Let be the Mellin transforms of 


Q 
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8.13* Lemma a. k{x) is bounded for all positive x. 

This is true for kf^\x) and Jtf^^x), so that it is enough to prove that 

C+iao 

= 5 —. f da 

27r% J 

c—ioo 

is bounded. If a; ^ 1, We take c = l+S, where 0 < 8 < |, 1+8 < wj. 
Since is then 0{ |« |*"*), Jd^{x) is bounded, and indeed is 0(x-^-^). 
If 0 < a; < 1, we take c = —8, where Cj < —8 < 0. Then 

•”8 + i<X> 

= 2 ^- J ^ +P> 

—8—100 

the latter term being the smn of the residues at any poles on the 
imaginary axis. It is plain that p is bounded, and the integral is 
bounded because S^\a) = (?(|«|-*-*). Hence k{x) is bounded for all 
positive X. 

8.14. Lemma j8. Let 

X 

<ft(X,x,y)— { k{xu)k{yu)du, (8.14.1) 

ilX 

where A > 1 and x ia poaitive and fixed. Then 

\<f>\<B{x,0 (8.14.2) 

for aU poaitive y for which \y—x\ > J. 

In view of Lemma a. we may replace ^ by 
X 

X{h,x,y) = J k{xu)k{yu) du 
1 
A 

= J {l;<^>(*tt)+ifc<®(*tt)}(l^>(^)+A:(*>(y«)+l:(®>(ytt)} du + 

1 

X 

+ j* Id^'>{xu)k(yu) du. 

1 

The last term is bounded because U^{xu) = 0(«-i-®) and k(yu) is 
bounded. 

Denote the integral involving kf^\xu)kf^{yu) by Xp.q’ Then xi,i is 
clearly bounded. Next, xi.a splits up into four terms, a typical term 
being 



8.14 


GENERAL TRANSFORMATIONS 


235 


niCntA I I 


smarts Sin 




sina:w coq yu 


Since (smx—xcoQx)lx^ is positive increasing in 0 < a; < 1, the first 
term on the right is 


xru 

(sinl—cosl) J QUixudUy 
where 0 < < 1/y. The second and third are 

Wi * u, 

f ^inxu^inyudu, — f ^mxuGO^yudu, 

1/1/ liv 

where U2 > l/y, ^^3 > 1/y. All these are bounded, and the other 
terms of xi,2 shown to be bounded in the same way. Hence 

Xi^2 bounded. 

A similar argument applies to x 2 a X2,2- Thus a t3^ical term 

X2,2 


smjrusir^i.^ 
XU yu 


ily A 


C C sinv r sinaJt^ , , f sina;i4 . , 

I 4. = —± —_ du + -sin 1/14 dUy 

J J y j XU J XU 


1 1/1/ 


and each of these is bounded. 
A typical term in xuz 1® 


A C + ioo 

^ J cosa:i4 du J (i/i4)“«it^®^(8) ds. 


If has no pole on the imaginary axis, we may take c = 0, and 
invert, and obtain 


00 A 

^ j* eU j u-^ COB XU du. 


The inner integral is 0(A) = 0 (f) for t > A, while for 0 < f < A it 
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differs by 0(t) from 
A 


C cosxu j fsinml .Tcosa:t^l it(it+l) C (^osxu , 

t t 

each term of which is 0{t), Since = 0(|fl”*) for large t, the 

term in question is bounded. 

If there are poles on the imaginary axis, it is sufficient to consider 
one of them, say at 8 = ir with residue C. Let 


Then satisfies the conditions imposed above on and the 
additional term is 



Qo^xudu 


A' 

= J oo%xu du = 0(1) 


1 1 

by the argument used for the above inner integral. Hence xi ,3 is 
bounded. Practically the same argument proves that ^ 2,3 is bounded, 
and the lemma follows. 


8.15. Lemma y. Let 

A 

0(A,a;,y)= f h{xu)^^^^-~ dUy 
J ^ 

i/A 

X c+too 

where == I h(u) du = — j - - da, 

J 2 * 71 ^ J 1 —8 

0 c—ioo 

Then 1^1 < B{x, t) for A > 1, a: > 0, and 0 < $ <y < a:+C; 

and ijf{X, X, y) converges {boundedly) as \co to the limit 

0 (y < *), J (y = *), 1 (y > «). 

Since k{u) = 0(1), kjfu) — 0{u) for small u, the integral over 
(1/A, 1) is bounded. We now write 

ifc(ar) = kP^{x)+Ji^’‘\x), 
where kf‘^^ is the same hs before; and 

J k{xu)~^ du 
1 

=. j + J du + f 

1 11 
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The first term is a multiple of 
A 


f/ , • vaiSinw + Uofl—cosyit) , 

I («! cos XU + ^2 ” — - — ^ — - -- 

^ A A 

= of J J c osa:o-co8(x+ y)o 

1 1 

1 

each term of which converges boundedly. Also k(u) and k^\u) are 
bounded, 


U^\u) 




taking a = -S; and Ui\u)y like uU^\u)y is 0(u~^), The remaining 
terms are therefore bounded. 

This proves the lemma except as regards the value of the limit. 
To calculate this directly requires some further examination of the 
argument, but the result can be obtained from the transform theory. 
We have in fact proved that 

00 

f ki(u)kixu) 

J « 

0 


converges boundedly for a; ^ 8, where 0 < 8 < 1, and uniformly 
except near a: = 1; hence, if its value is <^(a;), 


J <l>(u) do = J du = min(a;, l)-8 

8 0 

and hence <f>{x) =1 (a: < 1), 0 (a: > 1). 

Ifa:= 1, 


and 

and 


I 

0 


ki{u )k{u) 

u 


k±{X) 

X 


since each integral tends to 
this limit must be zero since 


fmiu. 

J « J 

0 0 

a limit as X -> oo, so does k\{X)IX^ 

k\(X)IX^ belongs to i(0,oo). Hence 


2 f 

J tt J «* 
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8.16. The Riemann-Lebesgue theorem is here replaced by the 
following theorem, due to Hobson (1). 

Lemma 8. Let f{t) belong to L{a,b); let (f>{X,t) belong to L{a,b) for 
all values of A, let it be bounded uniformly with respect to A in (a,b); 
and let p 

J* ^(A, i) dt 0 

ot 

as CO, uniformly in a and j8 for a ^ oc < ^ ^ b. Then 

b 

lim r f{t)(l>(X, t) dt = 0. 

X-*-ao J 

a 

Suppose first that f(t) is absolutely continuous in (a, 6). Let 

t 

J <I>(X, u) du = ^i(A, t), 

a 

b b 

Then J /(0^(A, t) dt - /(6)^i(A, 6)- J /'(0^i(A, t) dt. 

a a 

Given e, we have 

^ ^ ^ ^ ^ 6 ), 

and hence 

I f fmx,t) dt < J|/(6)|+ / \m\ di\ (A > Ao). 

The result therefore follows in this case. 

In the general case we can, given e, define an absolutely con¬ 
tinuous function x(l) such that 

b 

/ l/(0-x{0l 

a 

Having fixed t and x(0> we can, by the first part, choose \ so large 
that 2 , 

J xW(A.<)<^< < e. 

a 

If |^(A,0| < M, it follows that 

J f{t)4>{X,t)dt < J xW(A,<)d< + / m)-xm(Kt)dt 

a a a 

< e+Jlfe (A > Ao). 

This proves the lemma. 
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8.17. Proof of Theorem 134. By Lemma a the integral 

00 

I Huy)f(y) dy 

0 

is uniformly convergent for 1/A < « < A, so that we may multiply 
by k(xu) and integrate under the integral sign. Hence 

A 00 00 

J k{xu) du J k{uy)f{y) dy = j f(y)<f>{X, x, y) dy 

1/A 0 0 

8 x—t X x + l A oo 

-/-/ + / + / + /+/ 

0 5 ac—$ X x+C ^ 

It follows &om Lemma j3 that 

3 00 

lAI < -B J \f(y)\ dy < €. \h\ <Bj \f(y)\ dy < € 

0 A 

for S = 8(6), A = A(e), A > 2. 

Next p X 

a 1/A 

= ^(A,a;,^)—0(A,a:,a). 

If (X < P < Xy or X < oL < p, this tends to 0, when A oo, by 
Lemma y. Hence, by Lemma 8, 

lim I 2 == 0, lim /s = 0 

A->00 A-+00 

when 8, and A are fixed. 

We may suppose ^ small enough to ensure that f(y) is of bounded 
variation in (a:—5,a;+0> then 

f(y)—f{x-o) = fM-fiiy), 

where/i and /2 positive and decreasing and tend to 0 when y-^x 
from below. Then 

I 3 = f(x— 0 ){flf{X,x,x)—ip{X,x,x—Q}+ 

X X 

+ j fi(y)<f>i^>x.y)dy — f My)^{X,x,y) dy. 

X-l X-i 

The first term tends to if(x— 0 ). The second is 

J •f>dy fi{x—0{<lt{X,x,r))—ils{X,x,x—C)}, 

x-{ 
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where x—J <7} <x, and, since ^ is bounded, this is less than c (for 
all A in question) if ^ is sufficiently small. A similar argument 
applies to the third term. Hence 


A -*-00 


< 26 


if J is sufficiently small. There is a corresponding result for and 
it follows that 


Urn f k{xu) f k(uy)f(y)dy = 
5 


The w-integrand is, however, bounded as -> 0, so that this may 
be replaced by (8.12.1). This proves the theorem. 

It is easily verified that the Si(8) which gives rise to HankeFs 
theorem satisfies the above conditions if v ^ — J; and so do all 
the other it’s which are products of F-functions if the parameters 
involved are subject to suitable restrictions. 


8.18. HankeFs theorem.f The most important particular case 
of the foregoing theorem is that in which k(x) = ^xJ^{x), This case 
can be obtained much more simply. 

Theorem 136. Iff[x) bdonga to 2i(0,oo), and is of bounded variation 
near the point x, then for v ^ J 


i{/(®+0)+/(«-0)} = J .Uxu)^ixu) du J Jy(uyy{uy)f{y) dy. 

® ® (8.18.1) 
Let S be a small positive number. Then 

A 

J J,{xuy{xu) du j Jy{uy)^{uy)f{y) dy 
0 0 

x-8 A 

= V* J Vy/(y) dy J Jy{xu)Jy(uy)u du 
0 0 

- -kX ^ , 8,8 2 , 

J X y* 


= 0(VA) J +Om J 


t Watson, Chap. 14. 


(8.18.3) 
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for any fixed x and 8. Now 
l/A ,1/A 


LiA ,1/A . 

J dy=olj (Xyyy*\f{y)\ dy\ 

0 ' 0 ' 

= f r+*l/(y)l dyj = 0\x-i j \f{y )\dyj = o(A-*). 

For Ay ^ 1 we have 

_ ^co8Ay+-B8inAi/ . 1 \ 

The 0-term contributes 

o(x-> J 

1 /vA \ / *—8 V 

A-* J l/(y)l%)+0(A-i J \f(y)\dy\ = o{X-i), 

n / ' 1 /.y> f 


and the main term contributes 


x—8 

A-* f (.4 cos Ay+JS sin Ay) dy = o (A-*) 

i/A ^ 

by the Riemann-Lebesgue theorem. The second term in (8.18.3) 
may be dealt with in a similar way. Hence (8.18.2) tends to 0 as 
A-^oo. 

Next, we may invert 

A oo 

J J,(xu)^/{xu) du J J,{uy)^{uy)f{y) dy 

0 ac+S 

by the uniform convergence of the y-integral. The proof that this 
part tends to 0 is then similar, but simpler, since here y is not small. 

We can suppose 8 so small that /(y) is of bounded variation over 
(x—8, a;+8). Then so is y""*'“*/(y). Hence in (x, a;+8) we can write 

y~''~*f{y) = *~*'~‘/(*+o)+xi(y)—X2(y). 

where and X 2 positive, increasing, and less than e. Then 
A flf+8 

J J,{xu)^{xu) du j Jy(uy)^(uy)f{y) dy 

0 X 

A ac+S 

= Va: I d« J Jyiuy)y''*^{x-'’-if{x+ 0 )+xi(y)—X 2 iy)}dy. 

0 X 
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The first term in the bracket contributes 
A 

x-'’f(x+0){x''—ix'') = if(x+0), 
by (7.11.16). The second term contributes 

A a:+S 

Va: I Jy{xu)u du J Jy{uy)y'’+^xAy) 

0 X 

X-hS A 

= J Xi(y)y'''^^ J Jy(xu)Jy{yu)u d/u 

X 0 

jc+S A 

= Va:vi(ar+8) J dy ^ Jy(xu)Jy{yu)u du 
6 0 

A 

= Va:xi(*+8) J j;,(xM)[(a;+8)'’+V,+i{(ir+8)tt}-^''+V,+i(^tt)] du 


where x < $ < a:+8. Now for a: ^ Xq > 0, y ^ Xq, 
A 

J Jy(xu)Jy+i(yu) du 

“ A 

= 0(1) + ^ J cos(a:—J7r)8in(a:—Jw— 

= 0 ( 1 ) 



du 


for all A. The contribution of the xi term is therefore 0(e). Similarly 
so is that of the Xi term. 

The theorem therefore follows on choosing first 8 sufficiently 
small, and then, having fixed 8, A sufficiently large. 


8.19. Formulae derived from Hankel’s theorem. Simple 
pairs of Hankel transforms may be. derived from (7.4.6), (7.11.6), 
(7.11.8)-(7.11.16), and (7.11.17). Another elegant pair is 

2^-ir(p+^)^n^J^xJy(px)JMx), 

{a:*—(p—g)®}*’-*{( 2 )+g)*—a:*}'’-‘a:»-‘' (|p—gl < a: < p+q), 

0 elsewhere. (8.19.1) 

To prove this,t put v = — J, y, — X—\, x = \, y = sin^d in 


t This is Sonine's proof referred to by Watson, § 11.41. 



8.19 


GENERAL TRANSFORMATIONS 


243 


(7.14.9). We obtain 

^ J 8inA+l0J^_,(asin0)e“«°«O(i0. 

® (8.19.2) 

Putting a = gsin<^, h ~ p—qcos<!>, and multiplying by sin^+*^ and 
integrating, we obtain 


J (p^+q^—2pqcos<f>)^^ ^ ^ 


0 0 
A ^ 

~ >J(2 j/ J sin^+*<^«^«j(gsin0sin<^)c"^’<'‘^®®^®®®^cZ^ 


== q-^ J sin^+*0e^^®®®^sin^“10t4(g) dd 
0 

= 2^r{X+^)Mpq)-^Jx(p)Jx(q)- 


(8.19.3) 


The result stated follows on taking p^-\-q^—2pqcos(l> = | as a new 
variable. 

The reciprocal formulaf is 


oo 

I x^-''J^(px)J^(qx)J^{ux) dx 

2*''-V7rr(v+i)(pgM)’’ ' ■ ' ' 

if \p-q\ < u < p+qy and 0 otherwise. 

Still other results can now be deduced from the Parseval formula. J 
For example, (7.11.12) gives the Hankel transforms 

xX+^+^Kx((ix)y 2^+*'a^a;*'+*r(AH-v+l)(a2+a;^)“^"*'”^, (8.19.5) 
and we deduce 


00 

J xX^H'+^^+^Kx{ax)K^(bx) dx 
0 00 

r x^^^^ dx 

^ 2^+M+2>'a^6/*r(A+v+l)r(/x+v+l) j (^2^j.2)A+»+i(ft2_|.a;*)/‘+''+i' 

0 


t See Watson, § 13.46; Nicholson (1). 


J See Titchmarsh (11). 
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We can put a: = 6tand and expand the integral in powers of 
(6*—a^)/6*; if a = 6, the result (with v = ip—iA—i/x—1) is 
00 

J Kx(ax)Ki^{ax)xP-^ dx 

Similarly, from the Hankel transforms (see ( 7 . 11 . 14 )) 

we deduce 


J J®(aa:).K*(aa;)a:®^+^ d* 

0 


2>'-« r(iv+^)r(v+^)r(fv+i) 

<**"+* Vtt r(v-i-i) ’ 


and from ( 8 . 19 . 1 ), with p = q,we deduce 


J J*(px)x^-^'’ dx = 
0 


p2y-2 r{v)r{2v) 

2 ,r{r(v+i)}*r(3v)’ 


( 8 . 19 . 8 ) 


( 8 . 19 . 9 ) 



IX 


SELF-RECIPROCAL FUNCTIONS 


9 1. Formalities, In previous chapters we have noticed a number of 
functions which are their own Fourier cosine or sine transforms, i.e. 
functions f{x) such that oo 



/(») = J f{y)(sosxy dy 

0 

(9.1.1) 

or 

CO 

/(*) = Ji^ J f(y>mxy dy. 

(9.1.2) 


0 


The simplest solutions of (9.1.1) are 

sech{a:-y/(^7r)}. 

Similar solutions of (9.1.2) are 

/»•—t • _ 

’ ’ eXV(27r)_l X^( 27 Ty 

There are also functions which are their own Hankel transforms 
of order r, i.e. solutions of 

00 

/(*) = J f{yU{xy)J,{xy) dy. (9.1.3) 

0 

Solutions of (9.1.1), (9.1.2), (9.1.3) will be called i^, B^, re¬ 
spectively. 

Other functions are ‘skew-reciprocal’, i.e. satisfy (9.1.1), (9.1.2), 
or (9.1.3) with the sign of the right-hand side changed. Such functions 
will be called —22^, — JS,, —B^ respectively. 

The first problem of this chapter is to determine all self-reciprocal 
functions; or (since complete generality is hardly attainable) all such 
functions of certain classes, such as the class We shall take (9.1.1) 
as the t 3 rpical case. 

In a sense, there is an immediate solution. If g{x) belongs to L*, 
then g(x)-{-0J^x) is also a function of L*, and is plainly self-reciprocal. 
Also any self-reciprocal f{x) may be expressed as 

j/(*)+i/(*) = 

The formula g{x)-\-G^{x) therefore gives the complete solution of the 
problem. 
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On the other hand, it is obvious that none of the examples quoted 
above have been obtained in this way, and the solution does not 
enable us to decide (unless by actual verification) whether a given 
f{x) is self-reciprocal. To determine whether f(x) is of the form 
is to solve another integral equation, viz. 

00 

f(x) = ?(*) +yJ 9 {y)coB xydy. (9.1.4) 

0 

We shall consider such equations in § 11.15; but it is easier to attack 
(9.1.1) directly. 

Let 55(5) be the Mellin transform off(x). Then (9.1.1) gives formally 


00 00 


(5(«) = Ji^ J dx J fiy)coaxy dy 

0 0 


00 00 

== Jl^ J f(y) dy J xf-^coBxy dx 

0 0 


00 

= yQ r(a)cos isTT j fiy)y-^ dy, 


0 

i.e. 3f(^) satisfies the functional equation 


5(«) == J r(a)cos |air 5(1—a). 

(9.1.5) 

If now we write 5 ( 5 ) = then 


0(a) = 0(1—a), 

and, by Mellin’s formula, 

c+ioo 

/(*) = ^. f 2i»r(ia)0(a)a:-*da. 

(9.1.6) 

(9.1.7) 


c~ioo 


We may therefore expect (9.1.7), where 0(a) satisfies (9.1.6), i.e. is 
an even function of «—i, to be a general formula for functions of 
The simplest example is 

0(a) = 1, fix) = 2c-‘**. 

We can deal with (9.1.2), or generally (9.1.3), in a similar way. If 
fix) satisfies (9.1.3), then 

00 00 00 

S(«) = J y*f(y) dy J x-*J^ixy) dx = J /(y)y-* dy, 

0 0 “ 0 
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(9.1.8) 


x(«) = -x- - 

s \sl 


If nis) = s^xis*), then fi{a) = 

We may write (9.2.1) as 

00 

X(s*) = J (2u)-*f{{2u)i}e-’“ du, 
0 

and the reciprocal formula is 



c+ioo 

1 

27ri 

J X(«*)e““ 


C —100 


C + 10O 

X 

27ri 

j* n{s)ei=‘'‘ 


Putting g(5) = 2**r(^v+we obtain as a general solution 
of (9.1.3) 

/(*) = ^ i 2*«r(Jv+^s+i)^(5)a;-(i«, (9.1.9) 

c—ico 

where ^( 5 ) again satisfies (9.1.6). 

9.2. Another formal solution of the problem is obtained by 
considering 00 

;^(a) = J /(a:)c-‘«’** dx. (9.2.1) 

Then (9.1.1) gives 

00 00 

x(«) = J J f(y)co3xy dy 

0 0 
00 00 

= J J c~**’®‘cosa:y dx 
0 0 

00 


(9.2.2) 

(9.2.3) 


or f{x) = ^. fi(s)ei=‘'‘s-i ds. (9.2.4) 

2it% j 

c—ioo 

Hence (9.2.4), where fi{8) satisfies (9.2.3), may be expected to be J?,. 
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The simplest example is 

i 

For general v, let 


m(») = 1, /(*) = 


;^(a) = J /(a:)a:’'+*e“**'®’ dx. 

Then (9.1.3) gives 

00 00 

x(#) = J c-****V+* dx j f(y)^J{xy)Jy(xy) dy 
0 0 
00 00 

= J fiy)^y dy J e-*****a;’'+V,(*y) dx 
0 0 
00 

= J /(y)Vy^ae-«'*/*»*dy 

0 

If /a( 8) = /^(^) fi'gfi'iR satisfies (9.2.3), and 

C-4-ioo 


(9.2.6) 


/(*) = r /it(«)cl®'*«“l''~* ds. (9.2.6) 

27rt J 


C~iao 


9.3, Still other formulae of the same kind can be obtained by 
replacing the of the above example by other functions which 
are self-reciprocal, and which also are the kernels of a general 
transformation. We may take, for example, the function 

a:*J_j(ix*). 

Proceeding as before, we obtain 

x(«) = J («x)V_4(iaV)/(x) da: = 

0 

and f{x) can be expressed in terms of x(^) by Hankel’s theorem. 
This transformation has been studied in detail by Mehrotra (8). 



9.4. Functions of L^. We shall now justify the above arguments 
under a variety of conditions. The simplest conditions are provided 
by the X^-theory of Mellin transforms. 

Theorem ISG.f A necessary and sufficient condition that a function 
f(z) of X*(0,oo) should be its own cosine transform is that it should 

t Hardy and Titchmarsh (4). Proof suggested by Miss Busbridge. 
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be of the form (9.1.7), where c = the integral ia a iman-aquare 
integral, 3(^*0 = (94.1) 

belongs to L^(— 00 , 00 ), and (9.1.6) holds, i.e. ^ even function 

oft. 

In view of the Z/* theory of Mellin transforms, all that we have to 
prove is the equivalence of the self-reciprocal property of f{x) to 
(9.1.6). 

Now/(y) and sinxyly belong to Zr*(0,oo), and the Mellin transform 
of the latter is 

r( J-|-i<)cos J7r(i-f iO x^-^H\—it). 

Hence 


791 * 


smxy 


dy 




X 00 

Also J fiy) dy = ^ J dt. 

0 - 00 

If / is self-reciprocal, the right-band sides must be equal; since each 
integrand belongs to L(-<x)jOo), they must be equal almost every¬ 
where (Theorem 32, p. 47). Hence ^(i+^O ©ven. Conversely, if 
is even, the right-hand sides are equal; hence so are the 
left-hand sides, and so / is self-reciprocal. 


9.5. Functions of IP. 


Theorem 137. If a function f{x) of i^'(0,oo), where I < p < 2, ia 
ita own coaine transform^ then it ia of the form (9.1.7), where 

m = 2i«r(i5)0(a) 

ia an analytic function which (i) ia regular in the atrip 


"Zj 

p 


1 

< CT < - 

P 



(9.6.1) 


(ii) tenda to 0 uniformly aa ainaide any interior atrip, and (iii) 
aatiafiea (9.1.6); the integral in (9.1.7) ia a mean-aquare integral along 
any line of the atrip (9.6.1). 

This is a one-sided theorem, with conditions which are necessary 
only and not sufficient. 


R 
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If f(x) belongs to its cosine transform belongs to so that 
f{x) here belongs to both and i>', and therefore to all inter¬ 
mediate classes L^. In particular it belongs to L^, and so satisfies the 
conditions of Theorem 136. 

The function 5 ( 5 ) reduces to the 3r(i+i0 of Theorem 136 when 
s == but 3f(5) is now an analytic function, regular in the strip 

(9.6.1). In fact 




dx 




(1 IJ + \f\P , 

and these integrals converge for the values of a stated. It follows in 
the usual manner that 5(«) is regular in the strip, and bounded in 
any interior strip. 

Again, we can write (5(«) in the form 

S(«) = (/ + / + dx = gi(s)+g2(«)+2f3(s)- 

Let rj > 0, and 


l/p'+ij ^ O’ ^ 1/p— f]- 
5 \ !/«' / S 


(9.5.2) 


Then |5i(s)| (J l/p' | J xp«'-« dxj^"" = 0(8’?) 


as 8 ->• 0, and we can therefore choose 8 so that |5i| < € for all s in 
(9.5.2). Similarly, we can choose A so that IgjI < e. When 8 and A 
are fixed, ^2 uniformly as « ->oo in (9.5.2). Hence 5 0 uni¬ 

formly in (9.5.2). 

It follows from Theorem 136 that 5(s) satisfies (9.1.5) on s = \-\-it, 
and so throughout (9.6.1). 

Thus 2f(«) possesses the properties stated in the theorem, and it 
remains only to prove (9.1.7). This is true for c = i, by Theorem 136, 
so that it is sufficient to prove that the value of the integral is 
independent of c; and this follows by the argument of § 6.4. 


9.6. The previous theorem is a one-sided theorem, and we cannot, 
in view of the asymmetry of the theory of transforms about the 
number 2, expect in this case a theorem as satisfactory as Theorem 
136. There is, however, a very similar class of functions for which 
we can obtain a complete solution. 
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We shall say that f{x) belongs to i*(0,oo), where 1 < < 2, if 

a:“/(a:) belongs to L^{0,oo) for 

1,1 11 

It is plain that/(a:) then belongs to L^(0, 1) for q ^ 2, Suppose now 
thatp < q < 2. Then we can choose a < (Xq so that 2q(x > 2—g; and 
then 

\ 3/2 / °° \(2—<7)/2 

J \f\^ dx ^ I J X^^lfl^ dxj I j a;-'2(za/(2-g) 00^ 

SO tha,tf{x) belongs to L^. If alsof{x) is its own cosine transform, it 
belongs to L^\ so that a self-reciprocal f(x) of L* belongs to all 
i-classes between and Lp\ though not usually to either of these. 

The class of self-reciprocal functions of L* is thus in this respect 
a little wider than the class of those of L^. In other respects it is 
narrower. Suppose, for example, that h(x) is defined by 
1i(x) = 2“^ 1 ^ a; Til-fl, ^ = 2, 3,...), 


and h(x) == 0 elsewhere. Then h(x) belongs to U for every positive 
r, but to no i*, since ^ 2“^^ is convergent, but ^ (n\)^°^2-^^ divergent 
for every positive a. The cosine transform of h{x) is 


nl + l 

Hcix) = Ji^ 2 2'” J dy = 2 



sin a: cosnla; 

X 2^ 2^ 


which is continuous and 0(x~-^) at infinity, so that HJ{x) belongs to 
for r > 1, and to i* for 1 < ^ < 2. Thus h{x)-\-HJ^x) is a self¬ 
reciprocal function which belongs to U for all r > 1, but to no L*. 

Theorem 138. A necessary and sufficient condition that a function 
f{x) of L*(0,oo) should be its oum cosine transform is that it should be 
of the form (9.1.7), where g(5) satisfies the conditions (i), (ii), (iii) of 
Theorem 137, and (iv) belongs to L%—co,co)y qua function of ty for 
all a of (9.5.1). 

(i) The condition is necessary. Since f(x) belongs to for 
p Cr vie have only to show that 3f(«) satisfies condition (iv). 

This results immediately from the theory of transforms, since 


g(5) = J f(x)x^^^x-^^^^ dxy 
0 


and x^-^f(x) belongs to if |cr—< cxq, i.e. if 1/p' < cr < 1/p. 

(ii) The condition is sufficient. Since 5 ( 5 ) belongs to on the 
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line 8 = c+ity the integral (9.1.7) exists as a mean-square integral 
for all c in question, and as before its value is independent of c. It 

therefore defines a function f{x) independent of c. Since 

00 

Ztt J 

— 00 

for |c—< olq, and the right-hand side belongs to for every such 
Cyf{x) belongs to L*. Finally, by Theorem 136,/(x) is self-reciprocal. 

9.7. Analytic functions. We shall say that f(x) belongs to 
A(<Xya)y where 0 < a < tt, a < if (i) it is an analytic function of 
X = regular in the angle defined by r > 0, \0\ < ocy and (ii) it 
is 0{\x\-^-*) for small x, and 0(1^;!® for large Xy for every positive 
€ and uniformly in any angle |0| < a— 7/ < a. 

Theorem 139. A necessary and sufficient condition that a Junction 
f{x) of A{oLya) should be its own cosine transform is that it should be of 
the form (9.1.7), where tf/is) is regular, and satisfies (9.1.6), in the strip 

a < a < 1—a; (9.7.1) 

0(«) = (9.7.2) 

for every positive rj and uniformly in any strip interior to (9.7.1); and 
c is any value of a in (9.7.1). 

(i) The condition is necessary. The integral 

00 

J f(x)x^-'^ dx (9.7.3) 

0 

is absolutely convergent for a < a < 1—a, so that (5(^) is regular 
in (9.7.1). Also,/(x) belongs to and it follows from Theorem 136 
that 2f(«) satisfies (9.1.5) on a = ^, and therefore throughout (9.7.1), 
or, what is the same thing, i//{s) satisfies (9.1.6). 

Also, f{x) satisfies the conditions of Theorem 31, with P = oc and 
b == 1—a. Since 

0(s) = 5(s)2-*vr(i5), \r(is)\^ 

it follows that ipis) satisfies the conditions stated. 

(ii) The condition is also sufficient because Theorems 31 and 136, 
on which we have based the argument, are reversible. 

9.8. More general conditions. The next theorem is of a more 
general kind here f{x) does not necessarily belong to any i- or 
A(ay a)-class 
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Theorem 140. Lei f{x) be integraJble over any finite interval; lei 

Fo{x) = y®/ f{y)coBxydy (9.8.1) 

0 

exist for every x; and let 

—>00 

S(«) == J dx 


(9.8.2) 


->0 


exist for < a, where cx > 0. Then a necessary and sufficient 

condition that FJix) = f{x) almost everywhere is that g(5) should satisfy 
{9.1.6) for |or—< OL. 

Let a»nd. ^ 

9{x)==jM)iP-^d^. 

1 

Then g{x) is bounded. Hence if a <i8 

X X 

j f(x)x’~^ dx = j g'{x)xf-^ dx 


= g{X)X»-P-{s-P) J g(x)xf‘-P-^ dx 


for all X. Similarly, 


/ ^ \ 

= 0(l)+0lla| J x^-P-^dx] = 

1 

jf{x)x-^dx=0(\t\) 


0 ( 1 <|) 


for <T > a. Thus 


J f{x)o(f-^dx = 0(1^1) 


iix 

in any strip interior to |<7—i| < a. 

It follows by dominated convergence that 

i + ioo 


ihri ! 1)(»-2)(«—3)“** 


i-too 


i + ioo 


-►0 

X 


i-ioo 


(«-l)(«-2)(s-3) 


ds 
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and that 


i-fioo 


i —too 


2in J («-l)(a-2)(«-3) ’ 

i + loo 

=r r(«-—3)cosi57r g(l— 

^TTl J 

i—ioo 

-►00 i + too 

= ^ J M)d^ J r(a-3)co8i«,r(a;^)-*«fo 

-►0 I—ioo 

—►00 — 2i + ioo 

= ^ J J r(«)sin^sfl-(a:f)-'’d« 


— 2J—ioo 


- / ner^f^’^ds- 


If g(a) satisfies (9.1.5), it follows that 


0 0 
But, as in the proof of Theorem 118, (9.8.1) gives 


jd„jF.Mdv-M / no'-^-df. 

0 0 0 

We may integrate over (0,(r) by uniform convergence; hence 

i J d^ = f d$ j du j F,(v) dv, 

0 ^000 

and, differentiating three times, it follows that f(x) — F^ix) almost 
ever 5 rwhere. 

Conversely, if f(x) == FJ^x) almost everywhere, the argument shows 
that ^+^00 

J_ f 5(g)—V(2Mr(3)cos^8ff g(l—a) ^_, ^ 

2in J {s —1)(«—2)(«—3) 

i-ioo 

for all values of x. Since the integrand belongs to L, it must be null 
(Theorem 32, second part). Hence %{8) satisfies (9.1.5) on a = J, and 
so throughout its region of regularity. 
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If the conditions are satisfied, f{x) is represented by ( 9 . 1 . 7 ) in the 
{C, 1 ) sense, by Theorem 32. 

9.9. A general theorem. Even if (as in the case f{x) ~ x~^) the 
integral (9.8.2) does not exist for any s, it is possible to obtain a result 
corresponding to (9.1.5), but involving the functions 3^^.(5), 3r_(5). 
We shall deduce our result from the following theorem, which is 
frequently useful. 

Theorem 141. Let (f>(w) be regular in the strip < v < Ug, and 
let <l)(u-\-iv) be I/(—oo,oo) {or L^(-~oo,oo)), and tend to as ±oo, 
Jar V in the above interval. Let ifj{w) have similar properties in 
b^^v ^ 62 , where b^ < Let 

ia + oo 1& + QO 

J <j>{w)e^'^^^ dw J \lf{w)e~-^^ dw == 0 (9.9.1) 

ia—00 ib — oo 

for all X, where a^ <i a <C a^^ b^ a b < b^. Then <f> and ^ are regular 
for bi < v C. a 2 i their sum is 0 in this strip, and they tend to 0, as 
± 00 , uniformly in any interior strip. 

Consider first the L case. Multiply (9.9.1) by where ^ 
a < 7) ca^y and integrate with respect to x over ( 0 , 00 ). We can 
invert the order of integration by absolute convergence, and we obtain 

ia+oo 164-00 

f dw r dv) = 0 (a < r) < O 2 ). (9.9.2) 

J w-C J w—t 

ia—co 16 — 00 

Now move the line of integration of the (^-integral to v = a 2 - We 
obtain 

iai4-oo i6 + oo 

I* - dw f dw = —2'ni(j)(Q {a < T) < 02 ). 

J w—C J w—t 

ia,-oo i6-® (9.9.3) 

The left-hand side is now regular for 6 < tj < Oj. It therefore pro¬ 
vides the analytic continuation of — 27ri^(^) throughout this strip. 

Similarly, multiplying (9.9.1) by where < t) < b, and inte¬ 
grating over (— 00 , 0 ), we obtain ( 9 . 9 . 2 ) with 6 ^ < ij < 6 . Moving 
the line of integration of the ^-integral to = b^, we obtain 

ia-\-CO ibi + oo 

r dw I* dw — 2 ituIi{Q (Pi< rj < b). 

J w—C J w—C 

ia-<n tfc,-® (9.9.4) 

This provides the analytic continuation of 2m^(0 over 6 , < tj < a. 
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If 6 < ry < a, the left-hand sides of (9.9.3) and (9.9.4) are equal, 
by an obvious application of Cauchy’s theorem. Hence 

m = -m 

in the strip. 

Also 

| ia»+oo 

J w-t, 

fa,—00 


00. U 

+ J W(«+taa)l du J l^(«+*«a)l 

u ' -u 

which tends to 0 as ±oo, by choosing first U and then ^. Similarly, 

for the other term on the left of (9.9.3). Hence ^(0 -> 0 uniformly in 
the strip. 

In the case (9.9.2) follows from (9.9.1) by the case of 
Parseval’s formula, and the argumerft then proceeds as before; in 
the last part we put 

<a,+oo I , -17 -U VI 

/ J + 

fa,— 00 ' '-00 —00 

00 00 

U U 

u 

-u 

and again choose first U and then 

9.10. Application. Theorem 142. Let f(x) be integrable over every 
finite interval, and tend to 0 at infinity, and let 

-^00 

/(*) = y@ J f(y)oosxifdy (9.10.1) 

0 

for all but a finite set of values of x. Then almost everywhere 

a+foo /5+ioo 

/(*) = ^ J J 

a—foo —/5—foo 

03 < 0, « > 1). (9.10.2) 
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where the integrals are {C, 1) integrals; e5-(^) ^ regular for a ^ 0, and 
5+(^) <7 > 1; and the functions 


54^)- / M5-(l-«5)r(«)C0S iSTT, 




(9.10.3) 


are regular for 0 < o* < 1, except possibly for simple poles 5 = 0; 
and their sum is 0 in the strip. 

X X 

Let fiix) = I /(m) du, /^(x) = J fi(u) du, 

0 0 

etc. Then, as in the proof of Theorem 113, (9.10.1) gives 

/ 2 (^) = yQ J fiy) — ^ dy. (9.10.4) 

' 0 

00 1 

Let gf_(a) = J f(x)xf-^ dx, = J f(x)3f-^ dx. 

1 0 

These are clearly regular for or < 0 and a > 1 respectively; and (9.10.2) 
holds by the ((7,1) analogue of Theorem 24, for Mellin integrals. Let 

— l + ioo 


9®.(i-.)rwco. J*.,^ d, + 


- 2 ^ J 

— | —ioo 
| + <00 


f — ioo 
I+ 100 


i-ioo 

= <l>i(a:)+02(:r)+a)3(a;)+®4(^). 

We may insert the above integrals for > invert, by 

absolute convergence. We obtain 

00 -l+ioo 

O.fa:) = ^. f f(y) dv t da 


1 —I—ioo 

X 

= J fiy)(^—y) dy (* > 1 ), 0 (x < 1 ), 


(a-l)(s-2) 
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0 I-100 

1 

— / yf{y) dy (* > i), 

0 

X 1 

— J yf(y) Ay —X J f(y) dy (a: < 1). 

0 X 

X 1 

Hence <l>i(x)+03(a;) = | f{y)(x—y) dy —x J f(y) dy 

0 0 

for all x > 0. Also 

1 -i-^ioo 

3>2(x) = ^ J /(y) Ay J r(s-2)co8 \s7T(xy)-’> ds 


— J —ioo 


= m M 


cosxy—\ — \x^^ 


dy. 


<b,{,x) 


l + too 


J&l 


ff) ^ —2)cos JsTT {xy)-‘ ds 

.cos; 

f{y)—: 


1 f- 100 

cosxy—1 


y‘ 


dy. 


Altogether „ 

= / 2 (x)— /(-) r f{y) dy -\-ax-\-bx\ 


where a and b are constants. Hence, by (9.10.4), 

— i+ioo 

J (5-W-7Q5,(i-.)r(.)co,i»+a+26lrJ}.-^^..+ 

— J —100 

|-ioo 

= 0 


for every positive x. The result therefore follows from Theorem 
141, with an obvious change of variable. 

A similar result holds if/(a:) does not tend to 0, but (9.10.1) holds 
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everywhere. The proof is similar, but with an extra factor sS in 
the denominator. 

9.11. The Second Solution. A similar set of theorems might be 
constructed for the second solution obtained in § 9.2. It will perhaps 
be sufficient to prove one of them, and we take the case of analytic 
functions. We shall say that f{x) belongs to A*(c<i,a), where 
0 < CO ^ Jtt, 0 < a < |, if (i) it is an analytic function ofx = rc*^ 
regular in the angle A* defined by r > 0, |0| < to, and (ii) it is 
0{\x\-^-^~^) for small x, and 0(|a:|“ for large Xj for every positive 
S and uniformly in any angle \d\ < to —r/ < co. 

Theorem 143. A necessary and sufficient condition that a function 
f{x) of A*{w, a) should be its own cosine transform is that it should be of 
the form (9.2.4), where c is any positive number, the integral is the limit 
of an integral over (c—iT, c-\-iT), and pis) has the properties 

(i) p(s) = /x(pe’‘^) is an analytic function of s, regular in the angle 
B{(jj,a) defined by p > 0, \(f>\ < l7r+2co; 

(ii) p{s) is 0(\s\-^^~^) for small s, and 0(|5|*“+^)/or large s,for every 
positive 8 and uniformly in any angle |<^| < j7r+2co—^ < ^7r+2to; 

(iii) p(s) satisfies (9.2.3) in J5(co,a). 

The conditions of regularity and order follow from Theorem 31. 

It is then only a question of proving that (9.2.3) is necessary and 
sufficient for f{x) to be self-reciprocal. 

Integrating (9.2.4), we get 

C+IQO 

c—ioo 

c+ioo 

— -i-. I p(s)s~‘^e^^*^ ds, 

27^^ J 

c —tx) 

the other term being zero, by an obvious application of Cauchy’s 
theorem. Again, 

c+ ioo 

^ r ds, 

y J 

C— too 

and hence 

OO CflX) oo 

J f(y)^~— ^ J J dy 

0 C— too 0 
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c + ioo 


= . f ds 

4 tlT% J 
c-ioo 

c-f ioo 

c—ioo 

the inversion being justified by absolute convergence. It follows 
that 

00 c+ioo 


c—ico 


and hence that the condition (9.2.3) is both necessary and sufficient. 


9.12. Examples. 

(1) If 0(«) = 1 in (9.1.7), then 

f(x) = 2c''l*‘, f{x) = 

in the cosine and general cases respectively. The conditions of 
Theorem 139 (and a fortiori those of the less special theorems) are 
satisfied. 

If = P(i—s), where P(u) is an even polynomial, or an even 
integral function of order less than 1, we find that 

/(X) = 2 2 t:}plp(2n+i) 

n»*0 

is its own cosine transform. If P(u) is a polynomial,/(a;) = e-^^‘Q(x^), 
where Q(u) is a polynomial. 

(2) Sonine’s polynomials T^(x) are defined by 

Tn(x) = V__ 

' ^.dr!(n-r)!r(»+v-r+l)' 

If /(X) = x^Ti(x)e-i^, 

then 

® n °° 

Hb\ = f f(x)e~‘^ dx = -^- r dx 

^ r! (n-r)! r(«+v-r+1) J 

0 0 


If 


V (-ir 

^r!(n—r)! 


(8+J)r-«-v-l 


= 1 


g(x) = 
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00 

fi{8) = «*•'+* J gr(a;)a:'’+ic~**’* dx 
0 


Hence 




and g(x) is ±-Bv according as n is even or odd.f 

The parabolic cylinder functions DJx) may be defined for integral 
«by 2» 

= ( 2 »)! 

On+I 

and 

Thus is ±jB^ according as n is even or odd, and An+i(^^2) 

is ±iZ, according as n is even or odd. This is equivalent to the self¬ 
reciprocal property of Hermite polynomials (§ 3.8). In fact it is easily 
verified that 

^ 2 n(^) = (2n)! Vtt == (2n+1)! ^nxT^^ix^). 

In the case v — ^ ParsevaFs formula gives 

00 c+ioo 

I* {/(»;)}*«-“ dx = i j <l>{w)(l>{8—w) dw 

0 c—100 

C + lOO 

= __i _ f (i-M>)"(i -a+w)" 

27ri(n!)2 J 

c —100 

Denoting this by a>(5), and putting w — ii;'+^5, we obtain 

c' + <00 

c'—ioo 

Changing 8 into !/«, and then putting w' — it follows that 

Ct}{l/8) = 8^aj(8), 

00 

If now fl^(8) = « I a;-*Z)|„+i(x) dx, 


we have 


, , {(2w+l)!}*ir , , 


t A. Milne (1), B. M. Wilson (1). 




262 


SELF-RECIPROCAL FUNCTIONS 


Chap. IX 


and hence fi^{8) satisfies (9.2.3). Hencet 
is Bi. 

For negative (not necessarily integral) n we have 

00 

0 

It follows that 


J af-h^^*D„{x) dx = 


r{8) r{^i n-^is] 
2*w+4s+ir(—w) 


It is then easily verified from the formulae of § 9.1 thatj 
are J8^. 

(3) If f{x) = Hechx ^J(^7T)y we find that 

g(s) = 2pV r(«)i(s), 


where 




(9.12.1) 


and (5(«) satisfies (9.1.6) by the functional equation foriy(5) (§2.11). 
This is another example of Theorem 139. 

If f(x) = --~— __ 

we find that g(«) == (2Tr)-^^r(s)^{8). Taking = J in the formulae 
at the end of § 9.1, we obtain 

0(s) = 

where f(«) is Riemann’s ^-function. This is an example of the 
analogue of Theorem 139 for sine transforms. 

Other self-reciprocal functions are associated in a similar way 
with the functional equations of other Dirichlet’s L-functions. For 
example the functions 

cosh(^a:V7r) 1 

cosh(a:V tt) ’ 1+2 cosh{a:-^(|7r)} 

t Mitra (1), Watson (4). J Varma(l). 
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are iZ^; they are associated with 

^ 2^“^)''{(4r+l)*'*’(4r+3r}’ 

4(«) = 2 {(3r+l)*“(^+2y) 

respectively. And 

sinh( Ja; Vtt) sinh{a:-y''( Jtt)} 

cosh(a:v'7r) ’ 2cosh{a;>^(|7r)}—1 

are iZ^; they are associated with 

= 2 ^”^^i(6r+i)«~(6r+5)«) 

respectively. 

(4) It is easily verified from (7.1.8), (7.1.9) that 

f(x) = cos(Ja:2 —Jtt) 

is its own cosine transform. This does not belong to any L-class, 
but is an example of Theorem 140. The integral (9.8.2) exists for 
0 < o- < 2, and g(6') == 2^-^"ir(i5)cos i7r(5—J) satisfies (9.1.5). 

(5) The function/(a^) =:= x-^ is its own cosine transform, and is an 
example of Theorem 142. Here 

3 -w = -rlT 

and 

5+(«)-y(^)g-(i-«)r(«)cos JSTT = iWL2/^)rpi£?J^ 

which has a simple pole at 5 — 0, and is regular for cr > 0. 

A more general example of the same kind is 

f(x) = 2i«r(ia)a:-“+2i^l«r(J—Ja)n:«-i (0 < a < 1). 

(6) It follows from (7.5.6) and (7.5.7) that 

cos iaj^-f-sin^x^ 
cosh{a;-y/(|7T)) 

is iZ^, and from (7.5.10) that 

sin 

sinh{x^(lir)} 
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is Rg, These are examples of Theorems 139 and 143, but and 
do not seem to be particularly simple. 

(7) Taking f(x) = 

we and m = r O+i+Wi'v+i-W 

so that ^(a) = 0(1—5). By Theorem 140 f{x) is its own Hankel 
transform of order v. In this case, however, f(x) behaves like 
for small x, and x-l for large a?, and does not belong to or to any 
LP for which p < 2. 

In the case v = — ^ the resulting formula is 

00 

J 'vV*^-j(iy*)co8a:y dy = 

0 

Differentiating twice with respect to x, we obtain formally 



(-) 




This is true if the integral is taken in the (C, 1) sense, but it does not 
come under any of our general theorems. A discussion of functions 
self-reciprocal in this sense is given by Mehrotra (8). 

(8) Let f{x) = (x > b > 0), 

Then « ® (0 < x < 6). 

g(«) = J 

h 

00 


by (7.11.6); and, .K^(x) being an even function of /*, (9.1.8) follows. 

Here /(x) is 0{(x—fr)*”-*} near x — b, and ©(x-*”-*) at infinity; 
it belongs to i® if v > 0, and to IP and L* v > \\—2jp\. 
If—l<v<0itisa case of Theorem 140. 

(0) The function 

/(x) = x'’+»(x®+o*)-»''-i.K|„+j{o7(x®+o*)} (a > 0) 
is Ry (see Watson § 13.47 (2)). By Watson § 13.47 (6) we find 

^(s) = 2-*Q*"'*iirj(,_„(a*). 
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9.13. Lattice-point formulae. There are some interesting 
examples of self-reciprocal functions in the analytic theory of num- 
bers.f Let T(n) denote the number of representations of n as a sum 
of two squares, and let 

P(aj) = 21' r{n)’—TTX, (9.13.1) 

the dash implying the insertion of a factor \ in the last term of the 
sum when x is an integer. Then 

belongs to ic 2 - 

It is clear from the definition that f{x) = 0{x^) as x -> 0. That 
P{x) == 0(xl) as x->co is comparatively trivial, and in fact it is 
knownJ that P(x) = 0{x^). Hence f{x) = 0(x”*) as x->oo. Hence 
f{x) is L*, and is and L* if p > J. 

We have 


-1 

0 0 

the integral being convergent, and 55(^) analytic, for < a < J. 
The last integral is 


dx = 


j {P(^)- 


■ l}***-* dx, 



f ( r{n)—7rx|a;**-i dx == — + f ( 2 >■(«)—wx|x**~* dx, 


and this provides the analytic continuation of g(5) to a < — there 
being a simple pole at 5 = —If o- < — J 


and 


j^(-nx)xi‘-ldx=^^^^y 

00 ^ V-t 1 

f 2 T{;n)x^^-^ dx ^ 2 f 

^ l<7i5:4a; i/==l ^ 

1 ^ is i 




where 


z(.) - 2 


r(n) 


n=*l 


n" 


K(s)L{s), 


t See Hardy (17), Hardy and Titchmarsh (1), 212-3. 
J Landau, Vorleaungen uber Zahlentheorie, 2, 204-8. 
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L{s) being (9.12.1). Hence 

2f(a) = 

Now Z{1 -a) = Z{a) 

by the functional equations for ^{s) and L(s) (pp. 65-6), or inde- 
pendently.f Hence J5(«) satisfies (9.1.8) with v = 2, and so/(a;) is iJg. 

It follows from the analogue for Jg'fransforms of Theorem 136 
(p. 248) that (9.1.3), with v = 2, holds in the mean-square sense. 
In fact it holds in the ordinary sense, i.e. 

0 

for every positive f. To prove this we require the analogue for 
.72-transforms of Theorem 58 (p. 83). It is easy to obtain this 
analogue by adapting the argument of § 8.18. There we justified the 
inversion of 

A 00 

J Jy{xu)^{xu) du j Jy{uy)^{uy)f(y) dy 
0 0 


by the uniform convergence of the inner integral. If f{x) is the 
inversion is justified by the mean convergence of the inner integral, 
and the result is a case of Parseval’s formula for Hankel transforms. 
Having obtained the inversion, the rest of the proof is the same as 
that given in § 8.18. 

Putting y — ^ == yj{27rx), (9.13.3) gives 


P(x)- 


2ttx 

Now 

27rV{(V+l)x} 




^ 2n<Hnhl)x} 


j j 

2iT‘d(nx) 

- 2 2,rV{(n+iM / ~ 

2W{(iV + l)x} 


t See e.g. Mordell (2), Potter (1). 
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“ Z ^ ^ 2n^{nx) ^ 27rJUN+l)x) 


n*=0 


2n4(N+l)x} 


■^-[-2n4(N+l)x}JJi27r4{N+l)x}]+2j J,{t)dt +o(l)) 
for N -> CO, X fixed. The terms involving Ji[2tt^{(N +l)x}] are 


+ = O(.V-l), 


and, since j J^{t) dt — 1, we obtain finallyf 
6 ^ 

P(x) ^ ^Jx^ Jj^{27T^{nx)}. 

n=l 

It has been proved by WalfiszJ and Oppenheim|| that, if r^{n) is 
the number of representations of n as a sum of ^ squares, and 


(9.13.4) 






qri P 

. - X^P, 

r(i+i2>) ’ 


then I\{x) = xiP ^ 

1 

the series being summable by Cesiro’s means of sufficiently high 
order. It follows that 

x-l-ip 



belongs to i?n.jp. If we take p = 3, and use Walfisz’s result 
P^{x) = 0(a:^*+^), we find that f{x) falls under the obvious extension 
of Theorem 136. This is not true for any larger p. 

If we take p ~ 1, we find that 

where \u\ is the integral part of u, belongs to 7?j, as may be verified 
directly. 


9.14. Formulae connecting different classes of self-reci¬ 
procal functions .ft The simplest such formula is given by 
Rule 1. Iff(x) is its own cosine {sine) transform, then 

CO 

g{x)^ jf{t)e-^dt (9.14.1) 

U 

is its own sine (cosine) transform, 

t See Hardy and Landau (1), Hardy (15). J Walfisz (1), (2). H Oppenlieini (1) 
tt Phillips (1), Hardy and Titchmarsh (6), Mehrotra (1), (6). 
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Supposing, for example, that f{x) is its own cosine transform, we 

00 00 00 

J g{t)amxtdt = Ji^ j |* 

' 0 0 0 

00 00 

= Ji^ J f(y) dy J e-*vsmxt dt 


Now 


M. 




a:2+2/- 


dy. 


is the cosine transform of c“®^, and f{y) is its own 


f x^-{-y^ 

cosine transform. Hence Parseval’s theorem for cosine transforms 
gives 00 00 

y© J J 

0 0 

and the rule follows. The example with f{t) = sech{t^{^7T)}, g{x) 
has been observed by various authors. Rule 1 is a particular case of 

Rule 2. If f(x) belongs to J!„, and 


c+ ioo 


k(x) 


J 2'T(i+iM+i«)r(i+iv+ia)x(«)a:-**». 


c-ioo 


where 

then 


x(«) = x(l—«)» 

00 

g{x) = J f{y)Hxy) dy 


(9.14.2) 

(9.14.3) 

(9.14.4) 


bdonga to B,. 

A general formula for f{x) of is 


c+too 

/(») = ^ J 2**r(J+|/i+i«)^(«)a:-*d«, (9.14.6) 

c —<00 

where 0(«) = ^(1—a). By (2.1.22), 

C + <oo 

J 2*-*T(i+i/t-is)^(l-s)2»r(Hi^*+i«)x 

X r(l + |i;+i«)x(«)a:-«(fo 
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f I Ito 

C—ICC 

where i/ii(s) = 2ir(i+ifi-ls)r(i+ifi+is)</>(l-s)x(s). 

Since 5 ), 

g(x) is of the same form as (9.14.5), with [jl replaced by v. This 
proves the rule. 

Since the rule is symmetrical in fi and v, a kernel which transforms 
into Rj, also effects the converse transformation. 

Taking fi == J,i/“ —I, or vice versa, we obtain 

c+ ioo 

c—tu) 

where xi^) satisfies (9.14 3), as the general kernel which transforms R^ 
into R^ (or vice versa). Rule 1 is the case x(«) = 1/2 Vtt. Taking 

^ 2f(Hia)r(T^js)’ r(i«)r(i-j«)’ 
we obtain 


k{x) = Ja(x), xJo(x), x-h^^K^{\x) 
as other kernels with the same property. 

Taking x(^) = 2 *^+**'-* in the general rule, we obtain 
k{x) = 

and, in particular, Kq(x) transforms R^ into itself. 

Taking x(«) = 

we obtain 1c(x) = 

«.d taking xW = rrj+jii+jVinr+iV-,.)- 

we obtain A;(x) = 

Naturally any of these rules, once they have been obtained, can 
be verified in the same way as Rule 1 . 


9.15. Other rules for such transformations may be obtained by 
combining those already known. For example, if we iterate Rule 1 , 
we obtain 0000 « 


g{^) 


= J dy J S{t)e-yi dt = j dt (9.15.1) 
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as a function which is (iZ,) if f{x) is iZ^ (Eg). This transformation 
is not of the above form; but it is of the form 


00 


(9.16.2) 


with k{u) = 1/(1+^). This suggests a general rule for transformations 
of this type. 

Rule 3. If f(x) belongs to iZ^, and 

c + ioo 


where x(^) = (9.15.2) belongs to iZ^. 

If f(x) is given by (9.14.5), (2.1.17) gives 


(9.15.3) 


C + lOO 

= “. J 2i>r(i+lv+ls)>Pi(3)x-*da, 


where ^^(s) = r(J+i/x+|«)r(f+|ja—«). 

This verifies the rule as before. 

In the particular case /x = v, (9.15.3) reduces simply to 


C-t-100 


where Xi(^) = equivalent to 


Hence 


ibM = xk{x). 


(9.15.4) 


Rule 4, If f(x) belongs to iZ^, and k{x) satisfies (9.15.4), then g{x), 
defined by (9.15.2), belongs to iZ^. 

It is easy to verify this directly in the usual way. 

Particular cases are ^ 

‘W = 

or, more generally, k{x) = 

Taking f{x) = which belongs to i?„, and oc — 2, = 1—v, 
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we obtain „ 

0 

oo 

= J ea-ic-*** dt 

X 

(putting = t^) as a function of R^. In particularf 

00 

e‘** J e-i‘’dt 

is K 1 

The formula ^(a:) = »:*+’' J y''+ih(y)e-i^'>>’ dy 

0 

for functions of where h{y) = Hljy), is derivable from the above 
rule by taking f{x) — and making obvious transforma¬ 

tions. 

Taking jm = —i, v ~ we obtain 


Rule 5. Iff(x) belongs to and 

C-rioo 

H^) — f —- - a;~* ds, 

2i J sin J«7T 

C—lco 

where x(«) = 

00 

srw = ~j/te)4(|)% 

0 

belongs to Bg. 

For example, if x{^) == then k{x) = 1/(1+^^), and 
,(*) = » 

0 

If x(«) = V7r/r(H wr(l-Js), then 

jfc(a:) = (1-a:*)-* (0 < a: < 1), 0 (a; > 1), 


and 


X 

?{*) = J 


/(y) d y 

^{x^-y^)' 


There are, of course, similar rules for transformations from R^ 


to R^ 


t Hardy (1). 
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9.16. The main interest of the above rales is in their formal 
appearance. A considerable variety of theorems about them could 
be constracted.f We shall give here only one, applying to Rule 2. 
The reader should have Uttle difficulty in dealing with the other 
rules in the same way. 

Theorem 144. Letf{x)andk{x)beL^{0,oo),andletf{x)beBn. Let 

00 

g{x) = I !(y)k{xy) dy (9.16.1) 

0 

be also L*(0,oo). Then, in order that g{x) shovM be it is necessary 
and sufficient that R(«), the Mellin transform of k{x), should be of the 

form _ 2T(i+i^+Js)r(i+i''+is)xW, (9.16.2) 

where x(a) = x(l~^)> ^ right-hand aide is L^{^—ico,\-\-ico). 

By Theorem 72, with g{x) replaced by k{xy). 

00 1 +ioo 

J f{y)K^) = ^ j 

0 ioo 

The Mellin transform of g(x) is therefore 

®(«) = g(l-s)R(«). 

By the analogue for of Theorem 136 

m = 2iT(i+iM+i«)^(a), 

where ^(«) = ^(1— «). If g(x) is B,, we have also 
®(«) = 2*T(Hiv+is)a,(«), 
where to(«) = a)(l—«). Hence 

f 2J-*»r(n-i^-i«)^(i-s)’ 

which is of the form (9.16.2), with 

x(s) = V2r(i+j/x+|«)r(|+i/x—is)^(«)/0(i—«) 
satisfying x(«) = x(l~*)* Hence the form (9.16.2) is necessary; and 
the reversed argument shows that it is sufficient. 

9.17. A series formula for self-reciprocal functions may be 
derived from the function 



t See e.g. Mehrotra (I). 
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which belongs to Let k(x) be a kernel which transforms to R^. 
Then, by Rule 3, 

c + t'oo 

= J 2*r(i«)r(i+jv+i«)xWx-*a'.: 

c—ioo 

c-f*ioo 

and xk\x) = —f 2*r(l+i^)r(J+i^+i^)x(^)^~* 

TTl J 


c~ix> 


is a kernel which transforms i?j to R^,, Hence 

GO 

9 (^) = J f{y)xyk'{xy) dy 


nV(27r) 


"2,* / lvfe-”+‘)‘' 

^ (n-l)V(27r) 


{xy)dy 


00 °° 

= yk{nxy/(27r)}~ . J f k(u) du 

„4l V(2’r)xJ 


should be a function of Ry. 

The rule may be verified as follows. Let 

c + iw 


Then 


Hence 


*(®) = J—- f ^ (c > 0)- 

2 in J 

C — ioo 

+ 00 

I k{nx^{ 2 n)} = 5 ^-. I V W( 2 ^)}-**' («' > 1 ) 

c' + ioo 

= ^ J m{^^)-H(s)x-ds 

c'—ioo 
c + ioo 

“Si J 

c—ioo 
c+ioo 

= J m(2rr)-fC(^)x-ds. 
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If k(x) transforms Rg to then by Rule 3 

m = 2«r(is)r(i+iv+is)x(«), 

where x(«) = Hence 

©(«) = R(«)(2^)-»*$(a) 

= 2**r(i+iv+is)xx(«), 

where Xi(«) = ’r-»«r(|s)^{«)x(«). 

Hence Xi(«) = 

by the functional equation for ^( 5 ). 

Hence g{x) belongs to jR^, by (9.1.9). 

As examples, let k(x) = c”®, v — i. Then 


e*v(2^)_l a.^(2Tr) 

is Rgy as in §9.12 (3). 

Taking k(x) = Jo(^)> another function isf 


Taking k{x) = we obtain^ 

n -1 ^ 

as a function of R^. 


t See § 2.10 (vi). 


1 

2 ‘ 


J Watson (1). 



X 

DIFFERENTIAL AND DIFFERENCE EQUATIONS 

10.1. Introduction. In this chapter we use Fourier’s integral 
formula and its related formulae to obtain the solutions of certain 
differential equations. The general method is to transform a 
differential (or other functional) equation, involving an unknown 
function, into a relation involving the Fourier transform, or some 
similar transform, of the original function. The new relation may 
be simpler, and so lead to the solution. 

That certain differential equations can be solved by means of 
definite integrals was shown by Laplace and Cauchy. The main 
object of this chapter is to present some cases of this familiar method 
as exercises in the use of Fourier’s integral formula. 

The chapter is merely a collection of examples illustrating the 
possibilities of the method. Most of them are familiar, and the solu¬ 
tions are to be found in standard works. The methods usually 
employed, however, are more or less tentative, and often make no 
explicit use of Fourier’s theorem. Here we aim at solving the 
equations subject to simple conditions which justify a 'priori the 
process used. 

10.2. Ordinary differential equations. We shall first give a 
method of solving ordinary linear differential equations, due to 
Bromwich.! The method, in its rigorous form, depends on Theorems 
33 and 34. 

One of Bromwich’s examples is 



where x(0) = Xq, a;'(0) = x^, y(0) = y'(0) = y^ are given con¬ 

stants. 

It can be seen a priori that x{t) and y(t) are integral functions of 
exponential type. For example, by further differentiation and 
elimination we obtain 

x"'{i)~\-c^x''(t) = 0. 

•f Bromwich (1). 
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Hence a^"+*>(0+Cia^’‘+*)(<)+C2a^"‘''^H0+C3a^"’(0 = 0* 

If for m = l,2,...,n+2, it follows that 

provided that X(0 > 1, K(t) > |CiH-—4-|c8|. Hence x{t) is ex¬ 
pansible by Taylor’s theorem, and 


W„| _ I 2 ^ < 2 

n-0 ’ n“0 

so that x(t) is an integral function of exponential type, 
for y(t). 

Hence, by Theorem 33, 


Similarly 


^ ^ ( 10 . 2 . 2 ) 

where ^(m;) and are regular for |w| > i?, say, and zero at infinity; 

and C is a simple closed curve surrounding |w| = i{. 

The differential equations then give 


J {^(t»)(w®—4w)— ij(u;)(m>— l)}c”'*d?» = 0, ' 
c 

j {^(to){M;-f-6 )-l-ij(w)(M;®—= 0. 

i{w){w*—4:w)—7){w){w—l) — p{w), \ 
${w){w-\-6)+7f{w){w^—w) — q(w). I 


(10.2.3) 


(10.2.4) 


Then p{w) and q{w) are regular for \w\ > R, except for poles of the 
first order at infinity. Hence, by Theorem 34, they are linear 
functions of w, say 


Also, from (10.2.2), 

*0 = ^ J Aw, 

c 

and hence, by Laurent’s theorem, 

{W = S+ 

for large |i»|. Similarly, 


q(w) — oi+^w. 

(10.2.5) 

^ J f (w)w dw, 

a 



(10.2.6) 

i5+°(i.y- 

(10.2.7) 



10.2, 10.3 


DIFFERENCE EQUATIONS 


277 


Substituting (10.2.5), (10.2.6), (10.2.7) in (10.2.4), and equating 
coefficients, we find 

p(w) = (w-^)xQ+x^-yQ, q(\v) == x^+(w-l)y^+y^. 

Solving (10.2.4) for f and rj, we obtain 

= / X ^ -(w+^)p(w)+(w^-^w)q (w) 

^ (^-|-1)(u;--.2)(w;~3)’ ' (w^-l)(w-2)(w-3) ’ 

The values of x{t) and y(t) now follow from (10.2.2) by the calculus 
of residues. For example, the term in x{t) corresponding to the pole 
at w; = ~ 1 is 


-p(-l)+g(--l) I ^ 6 a:o-a:t- yo+yi . 
12 12 ' ■ 


Naturally the method is quite general. Another simple example is 
d^x , - dz , , . 

-7—+2»—-4-ra*a: = 0, 

dt^ 


d^ 

dt^ 


Av 


dx 




di 


dV 


where x{0) = 0, a;'(0) = A, y(0) = 0, ^/'(O) == 0. This is given by 
Jeffreys, Operational Methods, § 3.31, as an example of the operational 
equivalent of the above method. 


10.3. If we are given a linear equation whose coefficients are 
polynomials of degree m, and treat it by the above method, we have 
to integrate by parts m times, and the transform of the original function 
satisfies a differential equation of the mth order. Consider, for 
example, Bessel’s equation, 


dH , 1 , 

dx"^ x dx 



= 0 , 


where v 


0. Putting z = x^y, w^e obtain 


d^^y 

dx^ 


2v+1 dy 
X dx 


4 - 2 / = 0 . 


Let us seek a solution which is an integral function of exponential 
t^^pe. Let it be 



dw. 
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^ J rj'{w)^ dw, 

C 

^ = J—, r r](w)we^ dw, 
dx 27^^J ^ 


. r {2wir](w)-{-w'^r{{w)}e^^ dw, 

TTl j 


'^dx^ — 

c 

Hence J {(l-\-w^)r)\w)—{2v--l)wYj(w)}e^^dw = 0. 
c 

The factor in brackets has at most a pole of the first order at infinity; 
hence, by Theorem 34, 

{l-{-w'^)rj'{w) — {2v—l)wr){w) = a, 

7){w) = a(l+M;*)-i J +6(1 

Since r){w) is regular at infinity, 6 = 0, and 


00 

rjiw) = J 




where we take the branches of and (^2+1)''+^ which are 

real on the real axis, and suppose the plane cut along the imaginary 
axis from ~i to i. Then 

..._® r /I I r 


y=^J dw J 


(^2+i)v+r 


This can be reduced to a more familiar form. Let be a point on 
the imaginary axis between 0 and i, w' the same point after a circuit 
has befen made round i. Then 
•q(w)—q(w*) 


= a{l-\-w^Y~^ J 

w 

— 00 

f 
J 


d C 




= _g-27ri(v+t) 


W 

W 

r«v+t) r 

J (C'+i)r*’ 


dj 

(c*+ir*’ 


where the suffix denotes the branch obtained by cuts from —too to 
—i and i to too. Hence „ 

f dt _ ^L^/1 I 


'q{w)—ri{w*) = J 


(s^+ir^ 


aK(l-\-w^Y~^i 
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where K depends on v only. Hence 

1 1 

y = Ki j (1—dv = K 2 j (1—t^^)*'“*cosa;vdi;. 

-1 0 


10.4, If we put z = = U in Bessers equation, we obtain 

(10.4.1) 


‘S+o- 


-v)|+!, = 0. 


The solution corresponding to 2 = J^ix) is not an integral function 
for general v. Let us look instead for solutions y(t) such that 
y[t) — 0(eP^) as ^ 00 for some positive c, and y(0) = 0. 

Such a solution is representable by a Fourier integral, by Theorem 
24. Let/(<) = y{t) for t > 0, and f(t) = 0 for < < 0. Then F_(w) — 0, 
and F^(w) is oo 

YM = j y{t)e‘-‘ dt (10.4.2) 

0 

for V > c. Since y{t) is continuous and of bounded variation in any 
finite interval. Theorem 24 gives 


ia4 A 

^ J Y{w)e-''^ dw, 

ia — X 

for ^ > 0, a > c. 

Integrating (10.4.2) by parts, we have 


(10.4.3) 


J(2tt)Y{w) ~ f y (t)e^^dty (10.4.4) 

%w J 
0 

the integrated term vanishing. Similarly, 


c» 

^(2Tr)Y'{w) = J ity(t)e^^^ dt 

0 

—►GO 

= -^ J {y{t)+ty'{t)y'»‘ dt. (10.4.6) 
0 

Integrating by parts again, 

V(27r)r(M;) - f {2y'[t)+ty"{l)}e-'--‘dt 

%W J 
0 


= A f W+Wit)-yit)}e<"-‘dl (10.4.6) 

%W J 
0 
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by (10.4.1). The last integral is convergent since (10,4.4) is; the 
integrated term i 

%W 


must therefore tend to a limit as f ->• oo, and the limit can only be 0. 
From (10.4.2), (10.4.4), and (10.4.6) it follows that 


Hence 


ivrj 


W %W‘ 

Y(w) = 

ia + co 

‘'"'“vlo J 

ia—oo 


Y{w). 


^-iui+ljiw 


dw. 


This is in fact a multiple of t^''J^{2y/t), by (7.13.9). 

10.5. A similar method may be used to solve differential equations 
with a given function on the right-hand side. To take a simple case, 
consider 


d^y 


+k^==m (t>0), 


where all the functions concerned are of the form O(e^) as t->ao. 
Ifv>c, 


^{2tt)Y(w) — J y{t)e^^^dt 


_ 2 /( 0 ) 2 /'( 0 ) 1 


iw 






00 

J yW'^dt. 


integrating by parts twice. Hence 

00 00 

«!>(«’) = J = ■:^) J {y'(0+*'2/(0}e''^d< 


i.e. 


r(u») = 


<i>(t») 


1 iwy(0)—y'(Q) 


A®—w® — 


w‘ 


Hence for a sufficiently large, in particular a >c, 

ia+X 

ylt) - _i_ lim r i»^(0)-y-(0) l ^ 


itt—A 
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In the first part we can insert the Fourier integral for 0(w;), and 
invert, by absolute convergence. We obtain 

00 ia + 00 t 

I r r piw(x-i) I r 

— J <f>(x) dx I J 

0 ia~oo 0 

evaluating the inner integral by the calculus of residues. The remain¬ 
ing terms are . 

2 /( 0 )cosi-< +/(0)— 

Hence / 

y(t) = y( 0 )coskt+y'( 0 )^^^+^ j ^(x)mnk(l—x) dx, 

0 

the usual solution. 


10.6. Partial differential equations. Obtain the solution v{Xyt) of 

(-°0 <•^<= 0 . < > 0 ) ( 10 - 6 . 1 ) 


such that v(.T, 0) — J{x) (—oo < .r < (X)). 

This is the classical problem of the flow of heat in an infinite rod 
with a given initial temperature distribution, v being the temperature, 
t the time, and x the distance along the rod.*|* 

Formally we proceed as follows. Let 


Then 


^ 

dt ~ ^(27 t) 


00 

>'(^,0 = ^^) J v{x,t)e'^i dx. 

— ao 

00 

f 

J St 


i^Ux^— f — e'-^ 

V { 2 ^) J 


dx 


V(2: 


OO 

— r ve^^i dx = 

J 


integrating by parts twice, and assuming that the terms at the 
limits vanish. Hence 

F(f <) - A(^)e-(\ 

where A(i) depends on | only. Putting t — 0, 


CO 

— 00 


t Riemann-Weber, 2, §36; Carslaw, J/ea/, § 16. 


T 
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F being the transform of /. Hence 

Vm = F(Oe-i\ 

and the solution is „ 

— 00 

or, in terms off{x), „ „ 

v(x, t) — i J* j* /(M)e’f “ i 

I —00 —00 


= ± J f{u)du J 

— 00 —oo 

= 2;P) / 


( 10 . 6 . 2 ) 


That in fact v{x, t) -> f{x) as ^ 0 follows from the theory of 

Weierstrass’s singular integral. The method would be justified e.g. 
if all the functions concerned belong to L(—oo,cx>). But the follow¬ 
ing procedure is much more general. 

Suppose that \v(x^t)\ < for some c and all t, with similar con¬ 
ditions on any of the partial derivatives which occur. We shall say that 
such a function is of exponential type. 

Let v(x,t) ->/(x), as f~> 0 , for almost all values of x. Then 
\f{x)\ < almost everywhere. 

Let 00 f) 

V+(C, t) = J v(x, dx, F_(^, t) = J v(x, dx, 

0 —00 
where ^ = ^+irj. Then V+ exists and is regular for 77 > c, F_ for 
ri < —c. 

Now if t; > c, 

0 0 

® 0 

= J ve^^^dx 

= <)+W. t)-^y(27r)V4C, 0. 
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This is an ordinary differential equation, of which (e.g. as in § 10.5) 
the solution is 

t 

0 

Making < -> 0, ^ 

AiC) = limF+(C.<) = f /(x)c‘*Jd* = FJC) 
t-.0 V(2^) J 

0 

by dominated convergence, since v(z,t) ->f{x) for almost all x, and 

\v{Xyt)e^^^ < 

Hence V^U) == 

where x(?» is an integral function of ^ which -> 0 as ^ ± oo. 

In the corresponding argument with F_ the integrated terras 
appear with the opposite sign, and we obtain 

V4U) - i^-(Oe-«Hx(?.0. 

Hence, by Theorem 24, 

ia + A 

v{x,t) = ^)^m J {FA0e-^'‘-x(U)}e~^^d^ + 

irt “ A 

ift+A 

J {F_a)e-^‘‘+x(U)}e-^^^dC. 

tb—X 

The contribution of x is plainly 0. The contribution of F+ is 

ia 4 -oo 00 00 ia+oo 

^ J J du=^j 

ia — oo 0 0 ia—oo 

(inverting by absolute convergence) 

00 

0 

Similarly for jP_, and we obtain (10.6.2) as before. 

We do not know whether, for a unique solution, it is necessary to 
assume that v{Xft) is of exponential type. But some condition 
bearing on v{Xy t) and not merely onf{x) is necessary. It is an easily 
verified rule that, if v{x, t) is a solution of (10.6.1), then so is 


f(u) du J e-C*^-iCu-w) 
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Hence, v{x, t) x being a solution, so is 

as is easily verified; and this function tends to 0, as / 0, for every 

X, without vanishing identically. It is of course unbounded near 
a; == 0 as ^ 0 (e.g. for x = Vi), so that it does not satisfy the con¬ 

ditions of the above analysis. 


10.7. Obtain the solution v{x,t) of 

such that v(a;,0) = 0 (a; > 0), v{0,t) = f(t) (t > 0). 

This is the problemf of the conduction of heat in a semi-infinite 
rod, initially at zero temperature, the end being suddenly raised to, 
and maintained at, a given temperature/(<). 

For a formal solution let 


VM^t) 


Then 


v(x, ^)sin ^x dx. 




// 2 \ Cdh) 


V wj J dx^ 


sin ^x dx 


cos lx dx 


— J\v cos +1 J V sin |x dx 




Hence 


V0 

I 

Vg = A($)e-('*+Ji^(e-(^ J ef’“/(«) du. 


Since v(x, 0) = 0, T^(^, 0) = 0, and hence = 0. Hence 

00 t 

v(x,t) — ~ j sin ef‘'‘f(u) du 

0 0 

t Riemonn-Weber, 2, § 40; Carslaw, Heat, § 23. 
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I 00 

= ~ J f(u) du J 

0 0 
t 

= oT f 

2\7t j 


That this tends to f{x) in general follows from Theorem 13. 

For a rigorous proof suppose again that v{x, t) is of exponential 
type. Let 

V{i, t) = ^j* v(x, t)e‘^ dx {r]> c). 


Then 


V(2,)^_ 

' 8t J et J dx^ 


integrating by parts twice. Hence 

{V * 

ViU) = J {imu)-v,{0,u)}ei''^du. 

0 

As before, A^C,) ~ 0; if f(u) and tyj.(0,u) are bounded in a finite 
interval, the other term is 




f -> ioo. Hence, by theory, 

ia-\-fx> t 

v{x,t)==^~ J " J{i^/(M)-v^(0,M)}ei’“dM 

la — 00 0 

for a; > 0, while the right-hand side is 0 for x < 0. The repeated 
integral is absolutely convergent, and we may invert, and then 
replace a by 0. The term in f(u) contributes 

t 00 

1 d 


2n dx 


J f{u)du J (1— 


di 


1 £ 
2\'7r dx 




du 


^(t-u) 


r 


du 
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The contribution of the other term is an even function of x. Changing 
the sign of x and subtracting, we obtain the same result as before. 

10.8. Obtain the solution of 

dv dH 9 
— = —- — a-y, 
dt dx^ 

where v{x,0) = 0 (a; > 0), v{0,t) = f(t) (t > 0). 

Proceeding as before, we obtain 




Hence 


mi)~eVs-oc%. 


t 


A(^) = 0 as before, and 


r CO 

>;(Xjt) == ~ j* f{u)du J df 

0 0 
t 


The rigorous solution may be obtained as before. 


10.9. Solved 


dt dx^ 


-o?v (0 < a; < Z), 


where = Vq (a: ~ 0, Z > 0), v = 0 (Z = 0, 0 < a: < Z), and 

1 = 0 (» = 0. 

Here we take t as the variable of the Fourier integral, and suppose 
that lv{x, t) I < iTe®!*! for all x. Let 

00 

V(x, 0 = J v{x, dt (y) > c). 

0 

t Soo Jeffreys, Operational Methodsj p. 70. 
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Then 


^ _ 

£)a:2 ^ V(2 


2,,) J ax‘ 

0 

= , ^ r a?v\e'^ dt 

V(27r)J \dr j 


=vii)'"'''''" ■ vw /*" + vlo / 

U U 

= (cc^-iOV. 

Hence V — A{Qcosh{^{a!‘—il)x}-\-B{^)8mhy(ix^—iQx}. 
When X = 0, ^ 

• F( 0 ,n == f e‘^dt - - 

xJ{ 27 t) j 


Hence 


^(0 - 


8V 


iy{2n)' 


When X — I, — — 0. Hence 
dx 


Hence 


^(^)sinh{V(a2-i0/}+fi(0cosh{V(a2-i0^) = 0. 


co^h y(a^—11^)1} J 


_ Vq cosh[yJ((x^—iQ{x-~l)} 

iy(27r) {cosh-^(a‘‘^—i^/} 

Hence for ^ > 0 


ia [ '» 


27 ri J cosh{>^(a‘^—e^)/} ^ 

la —Qo 

Here arg>^(a^—varies from Jtt to — Jtt, and the integral is 
absolutely convergent if 0 < a; < /. 


10.10. Obtain the solution of'\ 

dv d ‘^0 I do . 
tr- ‘ r cr 


0 , r > a) 


such that r(r, 0) = 0 (r > a), v{a,t) f(t). 


t See Nicholson (2), Goldstein (2). 
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Suppose that t;(r, t) = If 

00 

y{r, 1 ) = J v(r, t)eii‘ dt (77 > c), 

0 

then 00 

0 

00 

= J dt 

0 

The solution of this may be written 
F(r,0 = 

where 

= J,{z)+iY,(z), H^^\z) = Jo(^)-iy„(z). 

Let f = $+ik, V(iO = r = f+i^'. Then 

V" = -A:, 

i.e. varies along a branch of this rectangular hyperbola, say the 
upper branch. On it 

Since F(r, $) = 0(e") in the upper half-plane, we must have B(Q — 0. 
Also, as r -> a, „ 

F(r,O->^~(2^)J/(0e‘^'d<=/’(O. 


Hence 
and the solution is 


Ad) - 


ik—00 


where Jrr < arg^(i^) < |7r. 

For suitable functions /(/) we can make A -> 0, and obtain the 
solution in the form of integrals along the real axis. 
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10.11. Obtain the solution of 
dh) , dH 


such that 


^ 2+^2 = 0 (x>Q,o<y<b) 


sutn uiu, v=f(x) {y = 0,0<x< 00 ), 

V = 0 (y b, 0 < X < co), 

V — 0 {x — Oy 0 < y < b). 

This is the problem of the steady distribution of heat in a semi¬ 
infinite strip with the edges kept at given temperatures, f 
Formally, let 




r(a:, y)sin ^x dx. 




2\CdH. , , 

- —-sinwrtj; 

tt] dx^ 


Hence 


^ 0 

= ev,. 


Making y->0, ^(^) = 


/(x)sin ^x dx. 


so that is the sine transform of/{x), A{^) = Fg(^). 
Putting y — b, 

^(f)coshf64--B(^^)sinh^6 = 0, 

B(^) = -coih ibFM). 

Hence ^ _ jPf’(^)(cosh^ 2 ^—sinh^y coth^t) 

p,d\sinh^(fc-y) 
sinh^fe ■’ 


t Carslaw, Heat, § 45. 
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v{x,y)= / - 


Binh ${b—y). 


sinh 


sin fa; df. 


In terms of / this gives 


v{x, y) = ^j /(«) J ^ 

0 0 

~ 26^ 6 j ^^**^(cob{ 6—y)v/6+co8h(x—tt)ff/6 




COS (b—y)rrlb-\~ cosh (x-\-u)'jTlbj 

That this tends to l{f{x+0)+f{x—-0)} wherever it exists, follows 
from Theorem 18; for 

8inhg(6-y) ^ f„ jt^ sinhly 

sinh f 6 sinhffe’ 

and the contribution of the last term is clearly 0. 

Suppose now that v{x, y) = 0{€P^) as x-^co, uniformly with respect 
to y, where n/b < c < 27r/6. oo 

Let V(i, y) = J v{x, yY^ dx, 

0 

where c c, t] a 27r/6. Then 


= - J 

0 

= — r ve'^ dx 

L®* Jo 5 

= ^(2/)+V(27r)$*F, 

where g{y) = Hence „ 

F{C,y) = i4(OcoshC2/+JS(^)8inh?3/+-^^^^ J 8inh^(2/—tt)sr(M) dw. 

0 

Making i/ -> 0, we obtain, by dominated convergence, 

oo 

Mi)== f(=^)e-‘^dx^ F{Q, 
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and making y->b, 

0 = .4(0cosh $6+B(5)sinh ^6 -f 


V(2' 




sinh 5(6—w) g(u) du. 


Hence 


F(C,2/) = F(Q 


sinh 5(6—sinh 5 ( 2 /—6) 


sinh 56 >/(^^)^ 


sinh 5^ 


V(27r)5sinh 56 


V 

J sinh 5 wSf(i^) dw — 

0 
b 

J sinh l(b—u)g(u)du. 


Hence if c < a < 27r/6, 


za -h 00 


V(2^) J sinhCfc " 

ia — 00 

J/ ia f 00 

+l Lwdu f "■As'rgtoiilf.-.i.ij 

^27rJ ' J 48inh^6 


ia~<x> 
h 


ia+oo 


Ij g(u)du J “ 


sinh l^y sinh ?(6 -m) 


y ta—oo 

= v(z,y) (a: > 0), 0 (a: < 0). 

Replacing a: by —a: and subtracting, we find that, for a; > 0, v{Xy y) 
is equal to the above expression with replaced by — 2i sin ^x. In 
this form, if we replace a by 0 in the last two terms, we obtain 0; 
but if a > 7r/6, the pole at 5 = i'n'jb gives a residue term of the form 


. Try . , ttx 
A sin-^sinh 


( 10 . 11 . 1 ) 


6-6- 

In the first term we may insert the Fourier integral for F(5) and 
invert, by absolute convergence. The result (again allowing for the 
pole at 5 = iTrjb) is oo 

/ fMxM 


where 

xW = jj-mf 


1 


6—1/ , i,x—u 

cos TT+COSh —— TT 


6—1/ , I 

cos —7^ 7r+cosh- J - 7T I 

6 6 / 

— T ^ 

b b 6 


We obtain the same solution as before, plus a term of the form 
(10.11.1), which is a solution of the corresponding problem with/ -- 0, 
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The solution in this case is therefore not unique, unless we make 
some hypothesis which excludes such a term. 

10 . 12 . Obtain the solution of 

such that y{Xy 0) == f(x), y^{x, 0) = g(x). 

This is the problem of the motion of an infinite string with a given 
initial displacement and velocity, y being the displacement at distance 
X along the string at time t. 

For a formal solution, let 


Then 


— 00 


00 

J 


dx^ 


= 

integrating by parts twice. Hence 

Y = .4(^)cos|<+fi(|)sin|/, 
and clearly = F(^), ^B(^) = (?(^). Hence 


oo ou 


— 00 

The first term is 

00 


p J J /(«)e*f" du = l[f(x—t)-\-f{x+t)}, 


4it 

— 00 

and the second is 


00 00 
^ J J g{u)e^(«du 

— 00 — 00 

oo 00 x + t 

= A I,(,) J ^ = 5 J J,„, i.. 
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I 

Hence y{x,t) = \{f{x-Yt)+f{x—t)}+\ J g{u)du, 

X — t 


the classical solution. 

For a rigorous solution let y(x,t) ~ and similarly for the 

partial derivatives. Let 

00 0 

Y+{t, 0 = J y{x, dx, _ r_(t, t) = J y{x, dx, 

0 —oo 

where F+ exists for r] > c,Y_ for rj < —c. Now 

J -1 

0 0 

= J dx 

= -c^(0+W)~rV(2^)>'+^ 

where ^{t) — y^(0, t), ^1/(1) — y(0, t). Hence 

t 

F+ = ^(S)co8C<+S(Osin5<—J sin^(«-tt){^(tt)— 


and the initial conditions give A{1^) — F^{1), ^B{^) = O+(0. Then 

Y^U) = iV(C)co8?<+S-^G'H(?)sin$<+x(C.O, 

where x is integral function which tends to 0 for ^ 
i -> ± 00 . Similarly, 

Y_(U) = FM)<^oaCt+t-^0_a)sinCt-x{U). 

Now ib+\ 

*'<*•'> = v@i)ls J ^+7(401^ J 

ia—A ift—A 

where a > c, b < —c. The contribution of x{C> 0 to this is 0. The 
contribution of F is 
ia+A 

^ bjn f + 

t6+A 
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The contribution of 0^ is 

00 ta+00 

0 ia—<x) 

(inverting by the bounded convergence of the f-integral). The 
{-integral is tt if x—t < u < x-\-t^ and otherwise 0. Similarly for 
and we obtain the same result as before. 


10.13 Obtain the solution o/f 


dt^ 



(0 < X < I, t > 0) 


such that y(0, t) — 0, y(l, t) = 0, y(x, 0) = /(a;), and yi(x, 0) = 0. 

This is the problem of the vibration of an elastic string with fixed 
ends, y being the displacement of the string at distance x along the 
string at time t. 

Sup^pose that y{x^ t) and its derivatives are O(c^'0 some c. Let 


Q = J y{x,t)e^^dt 
0 

for 7) > c. Then 

/S''" ■“ 

0 u 

° 0 

= = iCf{x)-^y{2n)Y. 

u 

X 

Y = ^(Oco8 5a:+-B(OsioS*+-77K-\ f /(«)sin C(a:—«) dw. 

J 


Hence 


The initial conditions give Y (0, ^) = 0, F(/, {) — 0. Hence .4 (^) = 0, 
and I 

j ant(l—u)f{u) du = 0 . 


t Riemann-Weber, 2, § S.*}. 
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Hence 




V(27r) Sin Cl J •'' ' 


t sin Cx 
yj(2n) sin Cl 


Hence 


ia+oo 


J f{u)8in^(l—u) du. 
£ 

itt —00 0 

ui + oo ^ Z 

+ 5 ^. f dC { f{u)s\iiC{l—u) du. (10.13.1) 

2T^^ j sm it J 

ia — oci X 

If we replace t by t-\-2l and subtract, we introduce a factor 
2isin5Zc-‘^^ and the resulting integrals tend to 0 when a-> — oo, if 
t > 0, Hence the solution has the period 21, and wc may suppose 
0 < t < 21. We then write 

1 u 

. = — 2iVf'+ . - , 

sm it sm it 

and the contribution of the last term is seen to be 0 on making 
a -> 00 . The contribution of the first term may then be deduced from 
Fourier’s theorem. For example, the first term in (10.13.1) gives 

ia+Qo X 

± J (c‘£( 2 '-x-j)_eiJ(*-«)} dC J /(tt)(e‘£“-e-‘£“) du. 

ia—oo 0 

The first terms in each bracket give 

— i/(2/—a;—0 

if 2/-—2a; < t < 21—x, and otherwise 0. The complete solution may 
be written 


where f(x) is defined outside (0,Z) by saying that it is odd and has 
the period 21. 

If f\x) exists everywhere and is continuous, the whole process is 
plainly valid. In other cases the differential equation is not satisfied 
everywhere, and the given conditions are not strictly consistent. 
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Suppose, for example, that f{x) = x (0 < a; < J{x) == l--x 
ill ^ 1). Then f(x) = 1 or —1, and/'"(a;) = 0 where it exists. 

To cover a case of this kind we could restate the problem by assum¬ 
ing that, instead of the differential equation, y satisfies 



for every t, for all but a finite number of values of x, and that dyjdx 
is bounded in x for each t. Then 


0 

0 ' ' 

'-Xt -*0 0 X, 

*s 

^assuming that ydx-^0aBt->^ 

Xi 

Xi Xt 

d^Y itf(x) 

Hence ^ exists, and is equal to The analysis then 

proceeds as before. 

Another equationf which may be solved in a similar way is 
8t^ 8x^ ^ 

where fir is a constant, y{x, 0) = g{lx—\x% y(0,t) — 0, y<(a:, 0) = 0. 


10 . 14 . The problem J of the waves on a plane sheet of water, caused 
by a disturbance of strength/(<) at a fixed point (the origin), depends 
on the solution of 





(r > 0, <> 0), 


t Jeffi'eys, Operational Methods, p. 59. 


X Lamb, Hydrodynamics, p. 297. 
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where 

lim(-27Tr^] = 

= /(<) 

(t > 0). 


r-^o \ dr/ 

00 

Let 


0 

Then 


1 


\dr^ ^ r dr) V(2^). 

j dt^ 


If the surface of the water is initially flat and at rest, <t>{r, 0) = 0 and 
the usual partial integration shows that the right- 
hand side is Hence| 

<D(r,0 

Since O must be bounded for 1(0 > 0, JS(0 = 0. Also 

OO 00 

0 0 

= lim(-2TTr~] = = 27tA{0. 

r—►© \ j r~*Q ^ \ ® / 

Hence i /_« 

<t>ir,o=^±Fawi^fl, 

m4-oo 

= (2^)! f 

ia -~ oo 

00 ia4-oo 

= ^^^jf{u)du J 

0 ia — co 

The inner integral is 0 if < < u+rjc, and otherwise it is 

2»r 

Hence ^ _ y,jf, cosh-'ctir 

4,irt)==l f f(^)d'U ^.1 r /(«_rcoshA\dA. 

0 0 
10.15. Obtain the solution ofX 

pL =u (a; > 0, y > 0) 

dxdy 

such that u(Xy 0) = a, u(0, y) = a, 

t See Watson, § 3.6. t Bateman, Partial Differentml Equations, p. 125. 


II 
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Let 


for If > c. Then 


00 

U(^,y) = J uix,y)e‘^ dx 


dll 


dx 


= K f 

liiir)] dy 
0 

l(27r) Idy it itl{.^TT) J dxdy 


U 

it' 

since (with sufficient continuity) Uy{0, y) — 0. Hence 

U(t,y) = 

Making y ->0, 


A(t) 


7(2^)/ 


ae‘i^ dx^ — 


ik f 00 


Hence 


by (7.13.9). 


«(x, y) 


f 

2m J 


ik — -o 


aiyiC-ij-X 

t-^--.dt 


aIo[2^(xy)} 


10.16. Differential-difference equations.! We shall illustrate 
the general method of solution by considering the simple special case 

f'{^) = ^{f{x+h)-f(x-h)}. (10.16.1) 

We shall first assume that f(x) = for some positive c. It 

follows by repeated appeal to the equation that f{x) has derivatives 
of all orders, each of which is and iff(x) satisfies the equation, 

so does f*(x) = f(x)—f(0)—xf'{0)y and/*(0) =/*'(0) = 0. Hence we 
may suppose without loss of generality that/(0) = /'(O) = 0. 

Define i+(w), F_(w) as usual, for t; > c, t; < —c respectively. Then 

00 

J A*)'*-'*' “ 

0 

t Hilb (2), Titchmarsh (16), Kitagawa (1), Dickson (1). 
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as \w\ ->oo; and similarly for F_(w). Hence (1.3.4) and the formula 
obtained from it by differentiating under the integral sign are both 
valid; and (10.16.1) gives 

ia+Qo 



where +... indicates the corresponding term with b and F_ instead 
of a and F^. Hence, by Theorem 141, 

( sin hw \n / \ /V /sin hw \, / x 

h -- w\F4w) -x(w), 

where xi'^) regular for b ^ v ^ a, and x('^) -> 0 as w ^ ± 00 . Hence 

ia + cc 16 + 00 

^J(27r) J smhw—hw v(^^) J ^iTihw—hw 

la — oo lb ~ao 

This is the sum of the residues at poles in the strip b <v < a. There 
is a triple pole at the origin, giving a quadratic in x. The other zeros 
of the denominator give exponential terms. Hence 

fix) - A + Bx+Cx^+ 2 C\eri^^\ (10.16.2) 

where A, B, C, are constants, and runs through zeros of sin hw—hw 
other than 0 such that |I(i/v)l ^ c- 

If we do not assume that f(x) = 0(e^'^'), we can proceed as follows. 

1 f 

Let J /(a;)e*"’* dx. 

a 

Then 

f /(x+A)e»«’* dx= f dx 

a a-i A 

and similarly with —h. Also 

i? 

J f'(x)e^^^ dx = f(P)e^^P—f(a)e^^°^—iWyJ(27T)F^ p(w). 

a 

On multiplying (10.16.1) by and integrating over (a,^), we thus 
obtain 

yJ(27T)ih'-^smhw—hw)Ff^^(w) = <l>o^(ii;)—0^(i/;), 
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where 




and similarly for ^p(w). Now 

ia + oo 

= J F^p{w)e-^^dw ((x<x<P) 

ia—oo 

for any real a. Choose a so that no zero of &mkw--hw has the 
imaginary part a, e.g. take a positive and sufficiently small. Then 

io-^-ao 

/(.)=» f ‘ f 

ZTTi J mihw—hw ZTTt J sin hw—nw 

ia — oo ia~oo 

It is easily verified that for a fixed and I(tt;) = v > 0, 

(t>p(w) = 0(e^^‘ ft). 

Also we can choose a sequence of contours, e.g. the squares with 
vertices at 2n7rA“^(±l±i), on which lain > C\w\. The usual 

process of contour integration then gives 


la+oo 

27ri J ain kw—hw coa hWy —1 

ia—oo 


(x < p—h), 


where runs through the zeros of sinhw—kw in the upper half-plane. 

The coefficients in this series are independent of j8, since 




Similarly the term involving gives a series depending on the zeros 
of smhw—hw in the lower half-plane, convergent for x > a+A, 
together with a quadratic in x arising from the triple zero at = 0. 
The result is that (10.16.2) again holds, w^, now running through all 
zeros of sin hw—hw except w 0, and the series converging uniformly 
in any finite interval. 


10.17. The equation! 

/<”>(x)+ 2 = g{x) 

i /**0 


t For another method see Schmidt (1). 



10.17 


DIFFERENCE EQUATIONS 


301 


can be treated in a similar way. Consider the case in which each 
function is 0(e^'^'). By putting 


/*(x) =.f(x)-f{0)- 


v.71-1 




(n-1)!^ 

we can reduce it to a similar problem in which 

m =/'(0) = ... = 0; 

and repeated partial integration then shows that belongs to 

L^ia—CO, ia+oo) if a > c, and similarly for F_(w). It follows as in 
the previous section that 

ia+oo 

J {F^(w)K{w)—0^{w)}e-^dw-\-,.. = 0, 

ia—CO 

n-1 

where K{w) = 

v-O 

and the integrals are mean-square integrals. Hence, by Theorem 141, 
F^(w)K(w)—04w) = xM* FJw)K(w) — OJw) = —x(^) 
where x{^) is regular for 6 < v < a. Hence 


ia+oo 

/(x)= 1 f 

J K(w) 


ia—00 


+ 

lb-\ 30 


V{2' 




ib —CO 


K(w) 


where a and b can be chosen so that all the zeros of K(w) in 


-C < V < c, 


but no others, lie in 6 < v < a. The terms involving x(^) can be 
calculated by the theorem of residues. The result is 


f(x) = 


1 f 

V(27r) J K(w) 

ia-00 




w-\ 

I 


0_(w) 


^{27t) j K(w) 


^-ixw _|_ 


i 6 —00 


where runs through the zeros of K{w) in the strip —c ^ ^ c, 

and is a constant for simple zeros, a linear function of x for double 
zeros, and so on. 

We have used L* theory in the proof, but there is no diflSculty in 
avoiding it, e.g. by first integrating twice, so that all the integrals 
dealt with are absolutely convergent. 

The problem can also be solved by the method of the last section 
in the case in which the functions are not 
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10.18. Difference equations. A pure difference equation can be 
solved in the same way. Take, for example, 


f{x+l)—f(x) = g{x) 

with the usual assumptions about / and g. This is equivalent to 


ia-l-oo 


i6 + oo 


Hence 


F+{w){e-^'”—l)—Q+(w) = x(«^). 
F_(w)(er^'“—\)—0_{w) = —x(“’)> 
where x(m’) is regular for b < v < a. Hence 


ia + oo 


/(X)- ' f 

' ^(2n) J 

i6+o( 

V{2w) J 


^-iw_ 1 


The terms involving xi'^) inerely represent a function of period 1, 
which is obviously part of the solution. Hence the solution is 

la + oo 


/(*)=/*(*) +J ^^^\e-<^dw + 


ifc+ 00 


+ 


V(2' 


«/ 




ib — oo 


where/♦(a:) is any function of period 1. 

The formulae are valid in the sense if gr(a;)e"^*^i belongs to for 
some c. Under more special circumstances we can reduce it to 
other forms. If we expand 1) in powers of we obtain 

formally ^ f*{ 3 ;)—g{x)—g(x+l)—..., 

which is obviously a solution if the series converges. 
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11.1. Introduction. Thk most familiar form of integral equation is 

h 

fix) = !7(x)+A J hix,y)fiy) dy, 

a 

where g(x) and k{x, y) are given functions, and J(x) is to bo deter¬ 
mined. 

The equation can be solved by means of Fourier integrals in certain 
special cases; these are, roughly, the cases in which k(Xj y) is of such a 
form that the integral is a ‘resultant’ of one kind or another. 

Wc shall usually suppress the factor A, which is of no importance 
in most of our results. 

First take k{x,y) == k(x—y), and the limits —oo, oo, so that the 
eejuation is 

fix) = gix)+ J kix—y)fiy) dy (—00 < a: < co). (11.1.1) 

— oo 

A formal solution may be obtained as follows. With our standard 
notation for transforms, we have 

00 oo 

J |!7(-«)+ J k{x-y)fiy) dx 

— 00 - 00 

00 C30 


Hence 


— 00 — 00 


Fiu) 


l-\/(2rr)A(M)‘ 


and the solution may be written 


try 



Oju) 

l-^i2n)Kiu) 


du. 


( 11 . 1 . 2 ) 

(11.1.3) 


(11.1.4) 
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Also, (11.1.4) gives 


= f G(«)-- 

J ^ h-^(2n)K(u) 


If 


M{u) 


_ K(u) 


\-^(2n)K(u)’ 
and m(x) is the transfonu of M{u), this gives 


/(*) = (/(*)+ J g(t)m(x—t) dt 


( 11 . 1 . 6 ) 


as another formal solution. 

The equation 

fix) = g(x)+j (11.1.6) 

0 

may be reduced to the form (11.1.1), or solved similarly by Mellin 
integrals. The formal process is 

00 ■‘00 

5(«) = ®(s)+ J da; J f(y)k^ ^ 

0 0 


= ©(«)+ J fiy) ^ J *^j**"^ dx 
0 0 


= ©(«)+ J fiy)y^~^ dy J kiu)u*-^ du 

0 0 


= ©(«)+3(a)a(s), 


and the solution is 


C + tOO 


m 


i_ r — 

2ni J 1- 


©(«) 


C —<00 


m 


x-^ ds. 


(11.1.7) 


This can also be reduced to a form corresponding to (11.1.5). 

The simplest conditions under which the process is valid are 
given by 

Theorem 145. Let g{x) belong to L^(—co,co), and k(x) to Z(—oo,oo), 
and let the upper bound of K{u) be less than l/-^(27r). Then (11.1.4) gives 
a solutUm of the eqimtion of the class and any other solution of is 
equal to it almost everywhere. 
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Clearly 0{u)l{l—yl(27T)K(u)} belongs to so that (11.1.4) exists 
in the sense, and defines a function/(x) of L*; as in § 3.13 

00 

h(x) = J k{x—y)f(y) dy 


exists for almost all x, and belongs to L^; and, by Theorem 65, if 
F, H, K are the transforms of/, h, k. 


Hence the transform of g(x)-\-h{x) is 


0{u) + 


^(27t)0(u)K(u) 

i~^(27r)K(u) 


0(u) 

\-^(2tt)KIu) 


= F{u), 


Hence ==/(^) 

almost everywhere, i.e. the equation is satisfied. 

Conversely, if / and g are i*, A; is L, and (11.1.1) holds, then by 
Theorem 65 (11.1.2) holds, and hence (11.1.4). This proves the 
theorem. 

If also k is so are K and M, and (11.1.5) is equivalent to (11.1.4). 


11.2. The homogeneous equation. We have shown that, so 
far as the class goes, the solution is unique. But under special 
circumstances there may be other solutions not of L^, If there were 
two solutions of (11.1.1), their difference would satisfy the homo¬ 
geneous equation 

00 

/(x) = I k{x—y)f{y)dy (—co < x < oo). (11.2.1) 

— 00 

This equation is satisfied formally by putting f{x) = if a is such 
that 00 

j k{t)e-«*dt=l. (11.2.2) 

— 00 

We shall next show that, under fairly simple conditions, the only 
solutions of the homogeneous equation are of this type. 

Theorem 146. Let 0 < c < c', and let eF'^^'k{x) belong to L and 
c“®i®/(x) to L^— 00 , 00 ). Then, iff(x) satisfies (11.2.1), it is of the form 

m = 2 i c;,.p (11.2.3) 

V JJ —1 

where w^ runs through all the zeros of 1 —^(27t)K{w) such that \l(w^) | < c, 
the Gy p are constantSy and q is the order of multiplicity of the zero 
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It is at once verified that (11.2.3) is a solution of (11.2.1). 

To prove the theorem we observe that, with the usual notation, 
K{w) is analytic for —-c' < i; < c', F^{w) is analytic for v > c, and 
F_(w) analytic for v < —c. For c < a < c' 

fa-f 00 

f dw = f{x) (x > 0), 0 (a: < 0) 

V(2ir) J 

ia-oo 

in the mean-square sense; and by Theorem 65 

00 iaH-00 

J k{x—y)f(y) dy = j F^{w)K(tv)e-^^"’ dw, 

U ia — ao 

also in the mean-square sense. Similarly for F^{iv), with a replaced 
by 6, where —c' < 6 < —c. Hence (11.2.1) gives 

in+ 00 

f ^+(w){l —^J{2v)K{w)}e-^"'’ dw + 

io — oo 

ib + <x> 

+ J F_{w){l—^{2n)K(w)}e~^'^'^*'(lw ~ 0 

ib — 00 

in the mean-square sense. 

It therefore follows from Theorem 141 that F^{w){l—^(27r)K{w)) 
and F^{w){l—yJ(27r)K(w)} can both be continued throughout the strip 
6 < v < a, and F^{w) = —F_{w) in this strip. Hence F^(w) and 
F^(w) are regular in the strip except possibly for poles at the zeros 
of l—^{27r)K(w). 

We can now write 

ia+oo ib + oo 

ia — oo ib—oo 

and, since F^{w) -> 0 as « -> ±oo, we can evaluate the right-hand 
side by the calculus of residues in the usual way. This proves the 
theorem. 

In particular, the result is true if A:(x) = 0(e”®'i*i) and/(a:) = 0(e®i*i), 
where 0 < c < c'. In this case it can be obtained without recourse 
to L® theory. For, if c < a < ij. 
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00 ia + r 

0 ia-r 

00 

= yl{ 27 r)i j f(x)e^^ dx 
0 

by dominated convergence; and similarly 


lim f = l 

r-^oo J 


00 00 la+T 

ff(x)dx f l:(y)di/lim f dw 

J J T->oo J w—4 


= » J /(x) dx j dy 

0 —x 

00 00 

= f J J f(x)k(t—x) dx. 


Hence 


0 0 


F^{w){l^,J{2n)K{w)} 

w—c 


V( 27 r)i I c*{'d<j/(<)- J/(a:)ifc(<-a:) da:j. 


Similarly 


QO 0 


J dw ^ -V(2’r)iJ e‘«‘d< J f{x)k(t-x) dx. 

ib~ CO 0 — 00 

Hence the sum of the terms on the lett is zero, the result of Theorem 
141 again holds, and the theorem follows as before.! 

11.3. Examples, (i) Let 

g(x) = k{x) = Ac* (* < 0), 0 (a: > 0). 

Then 


ri-x f e*+‘*“da: = -^ 

' 7 ( 2 ^^) J V( 2 ^, 


A 1 


) 1+itt" 


t A solution under different conditions is given by Bochner (2). 
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The solution is therefore 


1 C 

TT J (l~m)(l-A+i 


— 00 

Suppose, for example, that 0 < A < 1. Then 

This is plainly a solution, and so the only solution. There are 
similar solutions for other values of A. 

The equation is « 

/(x) = e-i*'4-Ac® J e-'>f{y) dy, (11.3.1) 

X 

and is reducible to differential equations. Let 

GO 

4,(x) = I e-'>S{y) dy, <f>'(x) = —e-®/(a:). 


Then, for a: > 0, 
so that 
For a: < 0, 


so that 


—<l>'{x) = e-*®+A^(a:), 

—= 1+A^(a:), 

= -l + C'e-^. 


Since <l>(x) is continuous at a; = 0, C' = C-f --i—+ y* Hence 

Z —A A 

/(x) =-^c-*4-CAc<^-^>* (x > 0) 

i2~”A 




The complete solution therefore contains a term with an arbitrary 
constant; and in fact 

is a solution of the homogeneous equation 


fix) = A J e®-«'/(y) dy, 


(11.3.2) 


corresponding to the zero w = t(l—A) of the function 
. t/n . A 


l-^i27r)Kiw) = 1 - 





1.3 INTEGRAL EQUATIONS 

(ii) Lett *(*) = (A < J). Then 




and, if g(x) is the i* solution is 


GO 

/(*) = 17(x)+^-^2A) J 

— GO 

l-V(2»)JC(»)=*±^T», 


BO that 

is a solution of the homogeneous equation if A > 0. 

(iii) Consider the homogeneous equation in which k{x) = e”*-*’. 

(iv) Let A = i, k{x) = - g{x) = Then 

K(u) — G(w) = isgni^TTC"*'"*, 


K(u) — G(w) = isgni^TTC"*'"*, 

and the solution is 

GO 

-/ . If iTTSgnMC-'"! j 

— OO 

= v'(2’^) I i "" V(2’r)|^coth7ra;-^j. 

0 

This just fails to come under the above conditions, and in fact f{x) is 
not L^, 

(v) LetJ k(u) — A/(l+w) in (11.1.6). Then S<{8) = Att cosec 57r, and 
the solution is 

f(x) = —, f -— - x-^ cb, 

27 n J I—ATT cosec stt 


c-f ioo 

f{x) = g{x) + J-. f (5(s)x-<’d8. 

j\ / '^27n J sinsTT—A tt 


t Picard (1). 


t A. C. Dixon (1). 
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C-l-iao 

1 r sin OLTT 
IttI J sin^TT—sir 


w'^du 


tan OLTT 1 ^ 1 +“ 

TT 1—u^ 


and, by Parseval’s formula, the solution may be written 


/(«) = g(a;)+a;-^ J 
0 

(vi) The homogeneous equation 






(11.3.3) 


is reduced by the substitutions 

x = ^, y = €n, c»f/(ef) = 


ao 

^(f) = A J 


2 cosh ^(^— 17 ) 


The only solutions of this of the form 0 < c < i, are 

exponentials. We have 

and 1 -J(27t)K(w) =- 1 -. 

^ cosh 77 ^ 

This has an infinity of zeros, some of which may lie in —i < v < -ky 
and give solutions. For example, if A = I/tt, there is a double zero 


at = 0 , and 


= A+Bi 
^ A+Blo gx 
^ Vx 


is the solution, i.e. f{x) = 
is the solution of (11.3.3). 

That there are in fact no other solutions of any kind is proved by 
Hardy and Titchmarsh (3). 

(vii) The homogeneous equation 

X 

*“/(a=) = J {^-y)’^-my) dy (0 < « < 1 ) ( 11 . 3 . 4 ) 

0 

is reduced by the substitution 

» = cf, y = ev, 


c“^/(e«) = m 
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A r 

to the form dr), 

A (a) J 

— 00 

Here ^ (ef_ 1 )«-i ^ o), 0 (^ < 0), 

1 (a) 

1 I-/ \ ^ r(l—a) t /I w 

and AW»^—(»>-(!-.)). 

11.4. Various forms. Various other forms of equation are 
reducible to that just considered. 

For example, consider! ^ 

/(x) = g(x)-\- J dy. (11.4.1) 

0 

Putting X = e-f, y = c-’?, and writing 

S(e-i) = <1,(0, 9(e-i) - m, He^) = «(l), 

00 

we obtain <f,(0 = m+ J xii-vHiv) <h- (11-4.2) 

i 

This is of the standard form if /c(|) — 0 for ^ > 0. 

Another related form is 




If /i(^) == J /(O ^^Ad k is an integral, 


X X 

J felony) dy = J ‘^2/- 


and if /:(!) ^ 7 ^ 0 the equation is 




(11.4.3) 


This is of the same form as (11.4.1). 


11.5. The equation with finite limits. Another equation of 
some interest is obtained by putting /(x) = 0, g(x) = 0, l;(x) = 0, 
for X < 0, in (11.1.1). We obtain the equation 

/(x) = sr(x)+ J k(x—y)f(y) dy (x > 0), (ll..'3.1) 

0 

t Browne (1). 
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considered by Doetschf and Fock.J Theorem 145 of course still 
applies; but now there is a more general solution of the same type. 

Theorem 147. Let g{x)e~^^ belong to X2(0,oo), and k(x)e'^^ to 
i(0,oo), for some positive c. Then there is just one solution f{x) of 
(11.5.1) stLch that belongs to L^OyOo) for some positive c'; it is 

given by i^+x 


ia-X 


-^(27t)K{w) 


if a is sufficiently large. 

The equation (11.5.1) is unchanged if we replace f{x),g{x), and k(x) 
and k(x)e~-^ respectively, and we may argue in 
terms of these functions; or, what comes to the same thing, we may 
apply the argument of § 11.1 to K{u-\-ia), etc., instead of to K(u). 
We have 

< ^,L) J ^ < v(Lj 

0 

if a is sufficiently large. The solution then proceeds as before. 

The solution (11.5.2) may also be written 

ia+A 

K(w) 


f(x) = g(x)+ l.i.m. J 


0{w) 


ia—\ 


l-^{2-n)K{w) 


e-ixu>dw. (11.5.3) 


M(w) = 


(11.5.4) 


Suppose that k{x)e-^^ is also L^. Then K(w) is L^, and hence so is 

i-'4(2tT)K\wy 

ia+A 

and «i(a;) =- l.i.m. f M(w)e-^dw. 

V(2»^) , J. 

ia—A 

Making a ->oo, it is seen that m{x) = 0 for a: < 0. The solution 
can therefore be put in the form 


f{x) = g(*)+ j g{y)mix—y') dy. 
0 

The relation (11.5.4) is equivalent to 

sr 

m(x) = k{x)+ j k{t)m{x—t) dt; 


( 11 . 6 . 6 ) 


( 11 . 6 . 6 ) 


t Doetach (1). (2). 


J Fock(l). 
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in fact it is at once verified that (11.5.5) is a solution of (11.5.1) if 
(11.5.6) holds and the inversions are justified. 

(11.5.4) also gives 

M(\v) — 2 (27r)*"•"4^(*^0}’^ 

n = l 

and this is equivalent to 

m(x) = 2 

n —1 

X 

where fc^^^(a;) = k(x)y U^\x) = J k(t)y^--^^\x--t) di, 

0 

This is the well-known Volterra form of the solution.f 

It has been proved^ by Wiener that, if k(x) is L(0,cx)), a necessary 
and sufficient condition that (11.5.6) should have a solution h{x) of 
i(0,oo) is that \-—^(27r)K(u) ^ 0 for u real. This is bound up with 
Wiener’s Tauberian theory, which we do not discuss here. 

Examples, (i) Let k(x) = Ac* (x > 0), 0 (x < 0). Then 

«i(x) = 

Hence the solution of 

X 

f(x) = </(*)+A J e*-«'/( 3 /) dy 
0 

X 

is f(x) = g(x)+X J 

0 

X 

If <f>{x) = J e^^fiy) dy, the equation reduces to the differential 
0 

equation f (a;)-A^(x) = c-*flr(x). 

This gives for /(x) the above solution, together with but 

^ = 0, since all the other terms vanish for x < 0. 

(ii) Let|| Jk(x) be a finite sum of exponentials, 

ifc(x) = PeP®+Qe«*+- (« > 0)- 

Then K(w) = —~ 

^(27r)\p+tw g+tw j 

t See Goursat's Coura d'analyae, t. 3, § 548-9. 

t Paley and Wiener, Fourier Transforms, § 18. || E. T. Whittaker (1). 


X 
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Hence M{w) is a rational function, and may be written 

where ia, are the zeros oil—^(27T)K(w), The calculus of residues 
then give. (p-n)(g-»). 

since ^{27r)K(ioL) = 1. 

A similar expression may be obtained for the solution if k{x) is a 
polynomial. 

(iii) Lett Then 

0,„) = KiM = ^ ^ 

0 

and the solution is 

ia+oo o + ioo 

\ r p^ixw \ r pX8 

f(x) = — -V—?- dw = — -- da (a > 0) 

’ 27r J ^{l-w^)-X 2iTi J 


ia—00 

o+ioo 


a—ioo 


= A f *±?2=fe»* + 

2iri J l-A<+»’ 


a-ico 


a+ico 


+ 


f — 

27ri J 1- 


a+ioo 


a—ioo 


- £,^8 _j_ 

^27rt 


^ r 

27rt J 1 — 


A*+s2 






+A co8{^(l—A®)*}- 


A* 


by (7.13.2), (7.13.3), and (7.13.8). 


V(l-A®) 


8in{V(l—A*)a:}, 


11.6. Another type. Another integral equation which can be 
solved formally by means of Fourier integrals is 


w 

g{x)= j k(x-y)f{y)dy. 

— 00 

This gives formally 

00 00 

<3'(“) = J c*'“da: J k(x—y)f(y)dy 


( 11 . 6 . 1 ) 


t Fock (1). 
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00 00 

= J J 

- 00 -00 

00 00 

— 00 — oo 


=- ^{2n)F(u)K{u). 


Hence the solution is 


f{^) = 



G(«) 

K{u) 


g-ixu 


( 11 . 6 . 2 ) 

(11.6.3) 


For this to be an actual solution K{u) has to satisfy special condi¬ 
tions. 


Theorem 148. Let g{x) belong to L\—co,co), and k{x) to L{—co,ao). 
Then, in order that there should be a solution f(x) of L%~ao,oo), it is 
necessary and sufficient that G(u)jK{u) should belong to L®(—oo,oo). 

Suppose that g,A;,and/belong to the given L-classes, and (11.6.1) 
holds. Then (11.6.2) holds, by Theorem 65, p. 90, and F is i*. 
Hence QjK is LK 

Conversely, if GjK is L^, then /, defined by (11.6.3), is Z-®, and, 
by Theorem 66, the transform of the right-hand side of (11.6.1) is 


^l(2n)K(u) 


1 G{u) 
^(2it) K{u) 


= G{u). 


Hence (11.6.1) holds. 

A similar equation soluble in terms of Mellin transforms is 


g{x) = J k{xy)f{y)dy. (11.6.4) 

0 

This gives formally 

00 CO 

(5(s) = J x>-^ dx J k{xy)f{y) dy 
0 0 

00 oo 

= J f(y) dy J Hxy)x‘-^ dx 
0 0 
00 00 

= I dy J k(u)u‘-^ du 
0 0 
= af(i-«)ft(«). 
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Hence 

and the solution is 


m 


©(!-«) 

it(l-s)’ 


c+ioo 


c-ioo 

11.7. Laplace’s integral equation. This is 

00 


A formal solution 


0 

l + too 


J 


i-too 


r(i-s) 


(11.6.5) 


(11.7.1) 


(11.7.2) 


is given by (11.6.6). The equation can, however, be solved directly 
by Fourier’s integral formula. This gives 

00 

ff(ix) = J /(y)e-**» dy, 

0 

00 

and hence f(x) ^ J g(iy)e}^^ dy {x > 0), (11.7.3) 


the right-hand side being zero for a; < 0. 

If g{x) is given originally for real x, the solution (11.7.3) involves 
an appeal to analytic continuation. The solution (11.7.2), with the 
usual definition of ®, only involves explicitly g(x) for real x; but 
it contains the factor l/r(l— a), which is exponentially large at 
infinity, and it seems difficult to justify it except by an argument 
involving analytic continuation. In fact the equation (11.7.1) can 
only be satisfied if g(x) has the values assumed on the real axis by an 
analytic function g{z) regular for a; > 0, so that some reference to 
the analytic character of g(x) is almost inevitable. 

We shall prove that a necessary and sufficient condition that (11.7.2) 
should exist in the mean-square sense, and define a solution of (11.7.1) 
belonging to L*(0,oo), is that g(x) should have the values assumed on 
the real axis by an analytic function g{z), regular for |argz| < and 
such that 00 

J \g(re^^)\^dr < K (11.7.4) 

0 

for —In < 0 < ^n. 

Suppose first that f{x) satisfies the equation and belongs to L%0,oo), 
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Plainly g{z) is regular for R{z) > 0, i.e. |arg 2 | < \n. Now by 
Theorem 99, p. 131, we can write 

/(“) =/(+)(“)+/(-)(«), 

where/(+)(w) is regular for argw; > 0, /(_>(«’) for &Tgw < 0. Then if 

00 00 

g(re<®) = I e-""“/(+)(tt) dti + J du. 

0 0 

In the first integral we can turn the line of integration through an 
angle Jtt— 0, and in the second through — 0. We obtain 

00 oo 

g{re^^) = j dp -f J dp, 

. 0 0 

and since /(+> and /(_) belong to along every line arg w — const, 
(11.7.4) follows. 

Conversely, suppose that < 7 ( 2 ) satisfies the above condition. Wo 
have 00 

©( 1 — 5 ) = J g(x)x-^ dx, 

0 

If ^ > 0 , we rotate the line of integration through — Jtt, giving, 

au 

(5(l—s) —i J dy 

0 

00 

— j g{ — iif)y~^~^^ dy. 

0 

For <T = I this is multiplied by a function of L^(0,<X)); a similar 
argument with ^ < 0 and a rotation through ^tt shows that ®(1— 5 ) 
is multiplied by a function of 00 , 00 ). Also 
|l/r(l-5)| - 0(ei^i''). 

Hence the integral in (11.7.2) exists in the mean-square sense. That 
thef{x) so defined satisfies the equation follows from Theorem 72. 

Alternative forms of solution have been given by Widder ( 1 ), 
Palcy and Wiener, § 13. 

11.8. Stieltjes’s integral equation. If we iterate the previous 
equation, i.e. put 

00 QO 

9{^) = J dy, h(x) -= | !/(y)c-**' dy, 

0 0 
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we obtain formally 


h(x) = J dy J f{u)e-^^ du 
0 0 

00 00 

= J f{u) du J dy 
0 0 

= f M<«», 

J x+u 


( 11 . 8 . 1 ) 


another integral equation of a similar type. This equation has been 
considered in connexion with Stieltjes’s moment problem.f 

Putting X = ^,y = ev, elfA(ef) = ^(f), e*f/(ef) = the equation 
becomes oo 

— 00 

This is of the form (11.6.1), with 

]c(^) = Jsech^f, K(u) = -^(^7r)sech 7m, 
and the formal solution is 

00 

^(1) = —f 'F(M)cosh7rMe~*f“ dtt 

W( 2 «-) J 

— 00 

oo 


i »»■)+—iw)}, 


or 


277 


/(*) = —{h{xe^”)—hixe-^”)}. 


(11.8.3) 

(11.8.4) 


An appeal to analytic continuation is again obviously involved. 
We shall show that a necessary and sufficient condition that (11.8.3) 
should define a solution of (11.8.2) belonging to L\—qo,qo) is that 
ilt{z) should be an analytic function, regular for —7r<y<7T, and that 

00 

J \^x+iy)\^ dy < K 
— 00 

for —n < y < IT. 


t See Hardy (7), Paley and Wiener, § 14. 
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As in § 5.4, the condition implies that there are limit-functions 
tlf{x+i7r) and tltix—in) belonging to L^—cOyCo), 

If <l> is and i/j is defined by (11.8.2), then ift(z) is plainly analytic 
for —77 <y < n; and by Theorem 64, 


00 

^(z) = f e-'”‘dw, 

J cosh TTU 


where O is the transform of 0. Hence 


00 00 

J \<Ji(x+iy)\^ dy = rr^ j 


COSh^TJ^ 


f »)]! 

^ J coshVi^ 

— 00 

Hence the condition is necessary. 

Conversely, if ^ is of the given form, then 


(lu. 


00 


belong to L\Oyao) and L\—a:^yQi) respectively. Hence Y(w)cosh 7 rt^ 
belongs to Z^(—oo,oo), and (11.8.3) defines a function 0 of L^. That 
it is a solution of ( 11 . 8 . 2 ) follows from Theorem 64. 

In terms of the original functions, a necessary and sufficient condi¬ 
tion for ( 11 . 8 . 1 ) to have a solution of is that g(z) = g{re^^) should 
be analytic for —tt < 0 < tt, and that 


I \9ire^^)\^dr 
0 

should be bounded for — tt < 0 < tt. 

That (11.8.4) is a solution of the original problem is easily verified, 
for the right-hand side of (11.8.1) is then 

1 f du — i f du. 

277 J X+U 277 J X+U 

0 0 

Rotating the line of integration of the second integral through 277, 
and allowing for the residue a>t u = xe^^, we see that this is equal 
to h(x). 
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11.9. Stieltjes’s moment problem.f A note on Stieltjes’s 
moment problem itself may be inserted here. The problem is to 
determine f{x) such that 

OO 

J «»/(*) (fx = c„ (« = 0,1,...), 

u 

where Cg, Cj,... are given. 

Suppose that is L{0,co) for some positive k. Let 

n»0 ' ' 5 n-0 ' ' 

00 00 

= J f{x)coB8'^x dx — 2 j d^. 

0 0 

The inversion is justified by the convergence of 
°° 00 ® 

J l/(»)l 2 7 ^^ dx = j /(a;)cosh|s|Va: dx, 

provided that l^l < k. The final integral, however, converges if 
s = — ib < < < i. Hence ^(s) is an analytic function, regular 

in this strip, and <^(8) -> 0 as a -> ±oo in the strip. Also 

A 

J ll—^j</>(s)coasids 
0 

for almost all Hence f(x) is unique apart from sets of zero measure. 
To show that this is actually a solution, we have, if a > 0, 


ia-oo 


Hence 


OD OO 

J *“/(*) dx = 2 j d^ 


<a+oo 


( I |f|/(p)J£ I 


ia—00 


t See Hardy (7). 
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10+00 


(-l)»+i2ra! r ds 

iri J 

io—oo 




io+oo 

(-l)"+i 2 ra! /• 4,{8) 

iTt J 

io—oo 


ds. 


The inversion is justified by absolute convergence if n > 0 , and by 
the bounded convergence of the ^-integral if n = 0 ; in the latter case 

to f-A 

the final integral is lim f . The result is, of course, a case of Par- 

A -.00 ia—X 

seval’s formula. 

Now 


f' ^(o’+to) J _f <f>(—a'+ia) _ f <f>{a'—ia) j_, 

J (a+to)*»+i J (-a'+ta)*"+i J ’ 

— 00 — 00 — 00 

since <f> is even. Hence 

io+oo . io+oo —io+oo. 

m J «>•+■ 2«l J J 2»l 

ia—00 'io—00 —io—00 

by the theorem of residues. The desired result therefore follows. 
The method, of course, does not show whether a particular set of 
correspond to a function/(x) of the class considered. For example, 
if == 1 for every w, then <^( 5 ) = cos 5 , which is not the transform of 
a function integrable in the ordinary sense. It is here that Stieltjes 
integrals become relevant. 

If c„ = l/(n+l), then 

^( 5 ) == 25‘'2(5sin5+cos5—1), 
and 00 

0 

= ^ ( 0 <^< 1 ), 0 (^> 1 ). 

Since 

r . ^ T • (w+l)a 

J a;^c’‘®^®®"®sm(x/*sina) dx = ^— 

if /A > 0 and 0 < a < the function 

f{x) = e"’^'"®®®'*^sin(x/^sin/ATr) 



322 


INTEGRAL EQUATIONS 


Chap. XI 


satisfies J x^f{x) dx = 0 (n = 0,1,...) 

0 

for every value of (jl less than J. The solution is therefore not unique 
if we merely assume that/(a:) = where 


11.10. Finite limits. The equation 

g(x) = J k(x-y)f{y) dy (x > 0) (11.10.1) 

0 

is, formally, the particular case of (11.6.1) in which f(x) and k{x), 
and so also g{x), vanish for a; < 0. The formal process of § 11.6 gives 

as before 0{w) = ^{2n)F{w)K{w), (11.10.2) 

and the formal solution is 

ia+Qo 

ia-oo 

As before, for this to be a solution, special conditions on K(w) or 
special relations between 0(w) and K(w) are required. 

Theorem 149. Let g{x)e^^ belong to L^(0,co), and k{x)e-^^ to 
j&(0,oo). Then, in order that there should be a solution f(x) such that 
f{x)e'^^ belongs to L*(0,oo), it is necessary and sufficient that 


r G{u-{-iv) 
J K(u+iv) 


^du < M, 


where M is a constant independent of v, for all v ^ c. 


We can replace/(x), g{x), and k(x) in (11.10.1) by e-^^f{x), e-^^g{x) 
and e^^^k{x) respectively, and the result follows from Theorems 148 
and 95. 


That the solution of (11.10.1), if it exists, is unique, can be proved 
more generally. 

Theorem 150. Lei f(x)e'^^ and k{x)e’^^ belong to L(0, oo) for some 
positive c, and let 

X 

J k(x—y)f(y) dy =0 (x > 0). 

0 

Then at least one of k and f is nvlh 
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For (11.10.2) holds, the inversion in the proof being justified by 
absolute convergence; and now 0(w) = 0 . Hence either F{w) or K{w) 
is 0 for all w, and the corresponding fork is null, by Theorem 14. 

We shall next show that the same result holds without any restric¬ 
tion on the behaviour of the functions at infinity.! We use the 
following lemmas. 

Lemma a. Let <f>(w) be regular in the upper half-plane, 

^(w) = \<f,{u)\ <1 u+iv), 

and let <f>{iv) be real. If € > 0 , the connected region in which 

\<f>(w)\ > 1 + e, 

if it exists, contains arbitrarily large purely imaginary values of w. 

Let Wi be a point (if there is one) at which \(f>(Wi)\ > l+€, let Z> be 
the connected region containing in which \<l>(w)\ ^ I-\-€, and let 
Di and Dg be the parts of D in the first and second quadrants. If the 
lemma is false, Dj and Dg meet at most along a finite stretch of the 
imaginary axis. Let \(f>(w)\ < m on this stretch. Since <f>{w) = 1+e 
on the boundary of D, \(f)(w)\ ^ M == max(l+€, m) on the boundary 
of Di, and so, by the Phragmen-LindelOf theorem, throughout D^, 
and similarly throughout i^g. 

But actually m < 1+e, so that M = 1+e. For the function 
ils{w) — (w-{-iy^<f>(w), where r) > 0, satisfies \il/(w)\ < 1+e on the 
boundary of D, and ifj(w) -> 0 as |ti;| -> oo in D. Hence \ilj(w)\ ^ 1+e 
throughout D. Hence 

\<I>(W)\ < (l+€)\w + i\v 

throughout D, and, making r/ -> 0 , \ff>(w)\ ^ 1+e. Since the reversed 
inequality also holds, <f>{w) = C, where = 1+^. This is incon¬ 
sistent with \<l>(u)\ < 1, so that D must contain arbitrarily large 
purely imaginary values. Also since ^(iv) is real, the region 

|^(l+u;)| ^1+e 

is symmetrical about the imaginary axis, and it is easily seen that 
two regions with the properties of the above D would have to overlap. 
Hence there is only one such connected region. 


f Titchmarsh (8), Crum (2). 
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Lemma j3. Let F(w) arid K{w\ both have the properties of the above 
4>(w), and let \F(w)K(w)\ < where y > 0, /or aM v > 0. Then 
there exist a and p such that cx+iS = y, and | F(w) | ^ 6““^, 
for allv>0. 

Consider the regions D and D' in which 

> 1+e, \K(w)eP''"\ ^ 1+e, 

where a.' and j3' are any fixed real numbers whose sum is y, and e > 0. 
We shall show that either D or Z)' is empty. 

By applying Lemma a to jP(w)c“'“’ and K{w)e^'", we see that D and 
D', if they exist, both contain arbitrarily large purely imaginary 
values of w. Let iv^ be a point of D, iv^ a point of D’ with > «j, 
and ivj a point of D with > v^. Since D is a connected region, and 
is symmetrical about the imaginary axis, there must be a closed curve 
joining ivi and ivg, l}dng entirely in D, surrounding ivg. On this 
|Z'(M>)e“'”’l ^ l+€, and so 

lz:(«7)e<y-“'W“’l < i/(i+6). 

This inequality therefore holds throughout the area enclosed by the 
cm-ve, and in particular at ivg* involves a contradiction, so that 
either D or Z)' is empty. 

Suppose that, for some and w^, 

1Z’(m>i) 1 > and |Zr(t<J 2 )| > 

Then, for some positive e. 

Since we have shown that this cannot be so, it follows that either 
\F(w)\ < e~“'® for all v > 0, or \K(w)\ < e-P'^ for all v >0. Let « be 
the upper bound of values of «' for which the first inequality holds. 
If it held for all a', F{w) would be identically zero; if it held for no a', 
the second inequality would hold for all /3', and K(w) would be 
identically zero. Otherwise 0 <« <oo, |Z’(m>)| < for all w 

and arbitrarily small e, and so \F(w)\ < e-“®. If a' = a+e, the 
second of the above alternatives holds, so that 

liL(w)l < e-<i'-“-‘)® = e-<P-*)® 

for all w, and so |£('w)| ^ e-P” for all w. This proves the lemma. 
Thbokbm 151. Let f and k belong to L(0,y), and let 

X 

g{x) = //(y)*(®-y) dy = o 
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for almost all x in (0,y), Thenf(x) = Ofor almost all x in (0,a), and 
k(x) = 0 /or almost all x in ( 0 ,j 8 ), where cx+P = y. 

We may suppose that 

y y 

^ J |/(*)1 d * < I . 

0 0 

and that/(a;) and k(x) are null for a; <0 and x > y- Then g(x) is null 
for x < y and x > 2 y, and 

2y 2y x 

j |gr(a;)| da: < J da; J \f(y)k(x-y)\ dy 

y 0 0 

2y 2y 

= / \f{y)\ dy J \k(x-y)\ dx 

0 y 

2y 2y 

< J l/(y)l dy J !*(<)! dt < 2,7. 

0 0 

As before, the transforms F(w) of f(x), etc., are related by 
0{w) = ^{27t)F(w)K(w)\ 

hence 

1 y e-y^ 

\F(w)K(w)\ = ^ J g{x)e^^ dx < — J |gr(a;)l dx < 
y y 

Hence, by Lemma jS, either F{w) = 0 or K{w) = 0 , or there exist a 
and j3 such that a+j3 = y, and |J?’(to)| < \K{w)\ < for 

V > 0 . Now 

r 1 r p-liuf _1 

I f(x)dx == -~lim j F(w) -;- dw 

0 -A 

by Theorem 22, and the ordinary method of integrating round a 
contour in the upper half-plane shows that this is 0 if ^ < a. Hence 
f(x) is null in ( 0 , a), and similarly k(x) is null in {0,j3). 

Theorem 152. Iff and k are integrable over any finite interval, k is 
not null, and 

X 

J f(y)k(x—y) dy = 0 (0 < x < oo), 

0 

then f is null in (0,oo). 

By the previous theorem / is null in ( 0 , a), where == y, y is 
arbitrarily large, jS bounded. 
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11.11. Another example of an equation with finite limits isf 

1 

f(z) = ^k{t)f{x-t)dt, (11.11.1) 

where k{t) belongs to L^(0,1), and f{t) to over any finite interval. 
Here the integral represents a continuous function, so that f{x) is, in 
fact, continuous. 

Let/(x) = e^^g(x). Then 

1 

g{x) — J k(t)e-^^g(x—t) dt. 

0 

1 

Taking c so large that | \k{t)\e-^^dt < 1, it follows that 
0 

\g(x)\ < max \g{$)l 

and hence that g(x) is bounded as a; -> oo. Hence f(x) = 0{e^^). If we 
assume also that f{x) = 0(e^'*>) as —oo, the theory of § 11.2 

applies, (11.11.1) being the particular case of (11.2.1) in which 
k(t) = 0 for ^ < 0 and for ^ > 1. 

We can, however, prove without this assumption 

Theorem 163. The solution of (11.11.1) is 


fix) (11.11.2) 

where runs through the zeros of 

1 

0{w) = 1— / 

0 


wUh I(Wy) ^ c, and C, is a constant at simple zeros, linear at double 
zeros, etc. 


Let 


J dx (11.11.3) 

a 


(cf. § 10.16). Then FJw) ia regular for v > c, with the above c. The 
formal 8.rgument is then as follows. If a > c, 


io+oo 

W). / 


tf(x) (X > <x), 
\0 (x < a). 


(11.11.4) 


t Schurer (1), Titchmarsh (16). 
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Hence, if a; > a+1, 

1 ia-foo 1 

J k{t)f{x—t) dt = ^ J dw J dt, 

0 ia—ao 0 

and (ll.Il.l) yves 

ia + oo 

J FJw)0(w)e^^^^ dw =0 (x > a+1). 

ia—co 

Multiplying by where ^ r) > a, and integrating over 

(a+l,oo), we obtain 

ia + oo 

r gi(^-wXot+l) 

I FJw)0{w) —-- dw = 0. 

J 4—w 

ia—co 

The result may be justified by mean-square theory, as in 
Theorem 141. 

Moving the integral to the parallel line through ia\ where a' > r], 
we obtain 


ia'+ CO 

J F„(w)0(wf-j—- dw = -2mF^a)G(0. 

ia' — CO 

The left-hand side is an analytic function of J, regular for rj <a\ 
It therefore provides the analytic continuation of the right-hand 
side throughout rj < a\ It follows that F^{^) is regular for 17 < a', 
except possibly for poles at the zeros of 6 r(^). Also 

m)Oa) = 

as ^ 00 uniformly for 77 < a < a'. If the zeros of G{Q are separated 

by suitable contours on which |G(C)I > const., (11.11.2) follows on 
applying the usual contour integration to (11.11.4). The result cer¬ 
tainly holds if k(t) is absolutely continuous near ^ = 1 , and k(l) ^ 0; 
for then we can integrate by parts and obtain 


G{w) == 1 


jfc(l)e^ , le^\ 
iw \|w^l/ 


from which the result easily follows. 
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Finally, the are independent of ol\ for example, at a simple zero 

ia'+oo 

1 r gi(«; -u>Xot+l) 


of 0{w), 


ia'—00 
la'+oo 


Sa 2‘ttO'{w,) 


r Q(M;)e 

J n— 


jgit»v(a+l) 


w 

ia'+ QO 


+ 




Each of these integrals is zero by Cauchy’s theorem, the integrands 
being regular in the half-plane below the path of integration. 

Similar methods can be applied to the solution of many other 
problems.f 


11.12. Examples. The following example of (11.10.1)is considered 
by Bateman (6). A tradesman buys and sells various articles. It 
is assumed (i) that buying and selling are continuous processes, and 
that goods bought begin to be sold at once; (ii) that when the trades¬ 
man buys a new supply of any article, he buys just as much as he 
can sell in time T, the same for all such purchases; (iii) that the new 
supply sells uniformly during the time T, 

The tradesman starts with a new supply of unit value, and it is 
required to find the law according to which purchases must be made 
if the value of the stock is to remain constant. 

The amount of the original stock remaining after time t is k(t), 

k(t) = l-tjT (t < T), 0 (t> T). 

Suppose that articles of value /(t) 8t are purchased in the interval of 
time between t and t+8t. This stock is reduced by sales in such a 
way that the value of the remainder at time / > r is 

k(t—T)f(r) 8t. 

The value at time t of the unsold stock due to purchases is therefore 

t 

j k(t—r)f{T) dr. 

0 


t Busbridge (6), Cooper (2). 
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Hence / satisfies the integral equation 


Here 


and 


t 

l - k ( t ) = I k { t - T ) f ( T ) dr. 
0 


l_c<u.: 


Tw* 




0 

■K{w) = - 


1 1 — 


4j{2‘7T)iw 

We can take I(w) > 0, and the solution is 

ia i-oo 

1 r 1 _ piwT 

fU) --I - dw (a >► 0). 

ia—oo 

This can be expanded in various forms. If we move the line of 
integration to a parallel line through w == — i6, where 6 > 0, we 
obtain — iftf® 


2 1 r 

/(<)=j 


-ib-'Xi 




dwy 


and the last integral is exponentially small as ^ ->cx). Further terms 
in the approximation arise from the zeros of the denominator.! 


11.13. As another example we shall sum the seriesj 
f(x) = inJJx)JJ(). 

n^l 

We have \JJix)\ ^ 1 for all n and x, and hence 


(11.13.1) 


I4(*)l = 




for n ^ 1 and x ^ 0. Also, for a fixed f, as n co 

^«(^) = 0{(i|)»/n!}. 

Hence we nxay multiply (11.13.1) by JJ,(<—a:)/* and integrate term- 

t Soe also Goldstein (1). X Watson, § 16.32. 
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by-term over (0, t). We obtain 


* 00 * 

J dx = ^ J dx 

t\ tt — \. II 




n«l 


by (7.14.6) and the ‘addition formula’ for Bessel coefficients.f 
This is an integral equation for f{x)lx of the form (11.10.1); by the 
above inequalities,/(a:)/® is bounded, so that it is given by (11.10.3). 
Here „ 

“ V(t) J “ VP»(i - '° ' ‘)) ' 

0 

where w > 0, and the branch which is real and positive on the real 
axis is taken. Similarly, 

00 

0{w) = J {J,(x-^)-Mx)Jome^^'"dx 

0 

00 

0 

on integrating by parts. Hence 

ia+A 00 

X 47rA->ao J tw J 

ia—X 0 

where a > 0.. Now 
ia 4 -A 


-ium f e~^dwf(Ji(t-i)-Ji(t)Jo(^)}e^'>^df 
47rA->ao J J 


ia—X 


and the remainder is 

ia+oo 

irr J iw 


ia—00 


dwj {Ji(f-^)-Wo(f)}e"“’d< 
0 

00 ia+oo 


ia—00 


The inner integral is 0 if < > ® (by making a -> oo). For < < ® its 

t See Watson, § 2.4. 
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derivative with respect to t is 27rJ^{t—x)l(t—x), by (7.13.8). Hence, 
on integrating the repeated integral by parts, we obtain 

X 

W-f)- 

0 

X 

= lj dt -Wx)MO, 

by (7.14.6). Hence 

^ = = IJ dt, 

0 0 
again by (7.14.6). 

11.14. Abel’s integral equation. This is 

X 

g{x) = I (a:—y)-“/(y) dy (0 < a < 1), 

0 

and is of the form (11.10.1), with k{x) == a:““. Here 


K(w) 


CO 


-o^e‘^>>dx = a). 


where (—w)““^ is real on the positive imaginary axis. The formal 
solution is therefore 

ia4* 00 

fix) — -. -^- f — ^^—e-^^dw. 

> ^{2n)r{l-<x) J 

ia—oo 

If this is an solution, its integral is 

ia+oo 

... 1 f G(w) , 

* 7(2Tr)r(l—a) J (—iw ^ 

ia—oo 

ia-hoo 00 

1 r p-ixw _1 /* 

= - -, %—^dw g(t)e^' 

27rr(l-a) J (-iw)“ J 

ia—oo 

00 ia-hoo 

= - “FT--r f 9(0 dt r 

27rr(l-a) J J 




pilvii — x ) _ piwi 




dw. 


The inner integral is 0 if f > x (by making a -> +oo). For 0 < < < x 
the contribution of e*"’' is still 0, while the other part is (by deforming 
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the line of integration into the negative imaginary axis) 

00 

J i) dv = 2 sin 7 rcx r(l—a)(a;— 


0 X 


Hence 

-. . sin TTa f 

J 

(a:— 0“"^flf(0 dt. 

and 

0 

. sinTToc d 

J*. 

X 

J {x—t)‘^~^g(t) dt, 


0 

the usual form of solution.-j* 


11.15. An equation of Fox. Another equation of ‘resultant’ 
type is 

f{x) = g(x)-{- j k{x+y)f(y) dy. ( 11 . 15 . 1 ) 

— 00 

This is equivalent to the equation considered by Fox (2). The solu¬ 
tion is a little more elaborate. We have as before 


00 00 

i?’(«) = J J k{x+y)f{y)dy 

— 00 — cX) 

00 00 

= G(tt)+^^2^- J f(y)dy J k(x+y)e^’“dx 


-00 f 


— 00 —00 

= 0{u)+^(2n)F{-u)K{u). 

Changing the sign of u, 

F{-u) = G{-u)+^{27r)F(u)K{-u), 
and, eliminating F{—u), 

puA _ 0{u)-^,H2n)0{-u)K(u) 

' ^ l-2nK{u)k{,-u) ‘ 

Hcncc m- ^ ?0{u)+^(2n)0i-u)K(u) 

Hence J{x) - ^ J i_2„K(u)k(-u) ® 

— 00 

The form actually considered by Fox is 

oo 

f(x) = j(x)-f- J k(ux)f{u) du, ( 11 . 15 . 3 ) 

0 

t See Boeanquet (1) for a direct study of the solution. 


( 11 . 16 . 2 ) 
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which is connected with (11.15.1) by obvious transformations. The 
corresponding analysis for this equation goes in terms of Mellin 
transforms, and the solution is 


c-f-ioo 



c—ioo 


®( 5 )+ 5 \( 5 )®( 1 ^«) 

l-S<{s)S<{l-3) 


x~^ da. 


(11.15.4) 


Theorem 154. Let g(x) belong to and k{x) to L, and let the upper 
bound of K(u)K{—u) be less than l/27r. Then the equation (11.15.1) has 
just one solution of L^, given by (11.15.2). 

As in § 11.1, f(x) belongs to and satisfies the equation. Also the 
difference between two solutions of satisfies 


/(;c) == J k(x+y)f(y) dy, (11.16.6) 

— 00 

and so its transform satisfies 

F(u) = yl(2n)F{-u)K(u). (11.16.6) 

Hence F(—u) — .J{2n)F{u)K{—u), 

and so F{u)F{—u){l— 27 rK{u)K{—u)} — 0. 

Hence F{u) or F{~u) is 0 for almost all u. But, by (11.16.6), if 
F{ — u) = 0, then F{u) = 0. Hence F{u) = 0 for almost all u, and 
hence /(x) = 0 for almost aU x. 

There are obvious extensions, e.g. we could simply say that 
\\—2irK{v)K{—u)\ ^ 4 > 0. 


Examples, (i) In (11.16.3) let 

k{x) = X Jl^cosx. 

Then 51(«) = Ar(«)cos Jaw, 

and B(«)B(l-«) = A*. 

Hence, if A* # 1, the solution is 

c-f-i® 

2wt( ~ l-A») J 

c—i® 

0 

This may be verified by Fourier’s cosine formula. 
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(ii) In (11.15.3) let k{x) = 7r“^e~^ and 

gw_>2i<l±f) (0<*<1), !2i<i±£)_r (,>,). 

X XX 

Then «(«) = w-JHa), ®(s) = -l], 

1—^ysin^TT / 

and the solution is 

c+i® 

C —1® 

= (0<*<1), (a:>l). 

X XX 


11.16. *Duar integral equations. In some problems the un¬ 
known function satisfies one integral equation over part of the range 
(0,oo), and a different equation over the rest of the range. 

For example,! let v(p, z) be the potential of a flat circular electrified 
disk of conducting material, its centre being at the origin, and its 
axis along the axis of 2. The potential satisfies the differential 


equation ^2^ j ^2^ 

p dp~^dz^ 


(11.16.1) 


Let V(u,z) = J pv(p,z)Jq(pu) dp (z > 0). (11.16.2) 

0 

S “ J * - - J ((>p+iy.((>“) 

0 0 

00 00 

and J P^Mp^) dp — j ^{Jo{pu)+puJo{f)u)} dp. 


Hence 


^ = J dp = -u j v{Jo(pu)+puJo{pu)} dp 


Hence 


= tt* J vpJ^ipu) dp — uH\ 

u 


t Riemann-Weber, 1, § 134. 
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and plainly B{u) = 0. Hence, by Hankel’s theorem, 

GO 

v(p,z) ~ j uA{u)e'-^^jQ{pu) du, 

0 

Taking the radius of the disk to be unity, the boundary conditions 
are 

V = const, (a: = 0, 0 < p < 1); :r = ^ (2 = 0, p > 1). 

dz 

Hence, writing uA(u) = J(u),f{u) must satisfy 

00 

J /(«W(p«) du = g{p) (0 < p < 1), (11.16.3) 

0 

00 

J f{u)uJf^{(m) du = Q (p > 1), (11.16.4) 

0 

where, in the above case, g{p) is a constant. 

To solve these equations formallyf, apply Parseval’s formula for 
Mellin transforms to the left-hand sides. We obtain 


k+ico 




k-^ioo 

fc+ioo 


- f 

27 rt J 


k—ioo 

where 0 < i < 1. Putting 


(11.16.5) 

g(«) = ^ ( 11 - 16 - 6 ) 


the equations become 




(11.16.7) 


k+ioo 

Af—too 

(0 < P < 1), 

(11.16.8) 

fc + too 

k-lOD 

(p > 1). 

(11.16.9) 


In this form the P-function factor in (11.16.8) has no poles or zeros 
for a > 0, and that in (11.16.9) has no poles or zeros for a < 1. 

t See also Busbridge (2), Copson (2). 
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Multiplying (11.16.8) by where a—w > 0, and integrating 
over (0,1), we obtain 

k+ico 1 

fc-ioo 0 

Moving the line of integration too = k' <u, 

fc'+ioo 

^ f ds — ®n tr) - 


The left-hand side is regular for u > k\ and so for u > 0. Hence so 
is the right-hand side. Hence so also is 

Hence (assuming suitable conditions at infinity) 


K f 100 

L / {*<•'- 


m+y) 




0 (u < k). 


*-<” (11.16.10) 

Similarly, multiplying (11.16.9) by where a—u < 0, and 
integrating over (l,oo), we obtain 

_L f ds = 0 (tt > k'). 

2ni J r(i-Ja)s-te ^ * 

k’ — ioD 

We conclude as before that {r(l—l«)/r(J— i«)}x(«), and so x(«). is 
regular for a < 1. Hence 


1-100 

f ^lda = 0 («>*'). 

2in J s—w 


Moving the line of integration from k' to k > u, 


« + 100 

1 j* da = x(*®) (11.16.11) 

2771 J 8—W 


From (11.16.10), (11.16.11) 


w«,) = _L f W-M^^da (u<k), 

' 2ni J r(i«) «-«» 


(11.16.12) 
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and this, with (11.16.7) and Mellin’s inversion formvda for/(x), gives 
the solution. 

If 9{p) = Vo = const., then 


(5(1—«) = »„ Jp-* ds = 


M = f r(Hi<) d8 t>o 

^ 27rt J (1—«)r(J«)«—Vw(l—w) 

fc—ioo 


(from the pole at « = 1). Hence 


2*r(|s) _ t>o2»-T(is) 

^ Vtr(i-s) r(j-is) - V,rr(i-is)’ 


and, by (7.9.6), 


f(u) = _? 

TT U 


(11.16.13) 


Hence 


00 

V = —- I e~^^jQ{pu) - du 

TT j u 


TT \V{(p- l) 2 +z*}+^((p+ 1 )«+Z*}i’ 

the solution obtained by Weber. 

The pair of equationsf 


J y“f(y)J,ixy) dy — g{x) (O <x < i), (11.16.14) 

u 

00 

/ f(y)Jy{xy) dy = o (* > 1) (11.16.16) 


can be solved in a similar way. They are equivalent to 


j_ r m+jv+ja) 

27ri J r(J+Jv—^a+4^) 

fc —<00 


da = g{x) {0 < x < 1), 


(11.16.16) 


J_ f —v(s)*»-»ds = 0 (x > 1), 

2 ,rt J r(i+iv+i«-i«)^' ^ \ ^ h 


where . 


^ v(s). 


(11.16.17) 


t See King (1). 
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Multiplying (11,16.16) by a;®-"’, where a—u > 0, and integrating 
over (0,1), we obtain 


A;-+-<oo X 

-L- r —-= r g(x)x°^~'^ dx = ®(a— 

27ri J J 

fc—100 0 

Moving the line of integration to a = k' < u, we obtain 

fc'+ioo 

J_ f y(^) ^ 

27ri^ J r(i+iv—ia+i«) 


A:'—I'oo 


r’(i+i>'—ia+iw) 


x(w;)+®(a-“t(?+1). 


Hence the right-hand side is regular for u > 0, and we deduce as 
before that 

k-\-ioo 

k—ico 

From (11.16,17) we deduce (11.16.11) aa before. Hence 


A:+<oo 


xM 


= JL f r(Riv-l«+i ^) ( 5 («+l-a) 
27ri J r’(J+J*'"}~i*) *—w’ 


da 


k—ioo 
Ac-f ioo 


A> T X X 

= — f da r 9(A)A“-» dA r du 

k—ioo 0 0 

1 1 k-\-ioo 

k—ioo 
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Af + ioo 


J 


k—ioo 




x(5)iC”* ds 


X X 

0 0 

k-hioo 

k^ioo 

1 1 

= J J Sr(/>/x)p''-^Hl-p*)*“-^ dp- 


For this form of the solution to hold we must suppose that cx > 0 ; 
the previous equations correspond to v = 0 , cx = — 1 . 

As an example, let (x = 1 , v = 0 , g{x) = 1 ; the solution is 


. 2 / 8 ina: 


cosa:\ 

'^1' 


11.17. The method of Hopf and Wiener .f A method of Hopf 
and Wiener for solving the homogeneous equation 

00 

f(x) = J k(x—y)f{y) dy {0 <x<co) ( 11 . 17 . 1 ) 
0 

will now be given. It depends on the following lemma. 

Lemma. Let <f>{w) be an analytic function, regular in the strip 
— 1 < v < 1, and let 
00 

J |^(M+tv)|* du < K = K(<x) 

— 00 

in any interior strip —1 < —o£ < t; < a < 1 («o that, in particular, 
by the lemma of § 5.4, ff>{u+iv) -> 0 cw -> ± oo uniformly in any 
interior strip). 

In any interior strip — 1 < —j3 < t; < j3 < 1 , \—<f>{w) has only 
a finite number of zeros. If they are w^,..., w^, we can write 

^-<f>{w) = ^^hw-Wi)...(w-u\), ( 11 . 17 . 2 ) 

t Wiener and Hopf (1); Hopf, BadicUive Equilibrium, Chap. IV ; Paley and Wiener, 
Fourier Transforms, Chap. IV, 
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where 4>i(w) is regular and free from zeros in v ^ p, w regular 
and free from zeros in t; > — j3, and, in their respective half-planes of 
regularity, 


where k is a positive integer depending on </>. 

/w—iY 


(11.17.3) 


Let tli{w) = {l—<l>{w)} 


\w+i) 


where is that single-valued branch in the strip — j3 < v < j5 

which behaves like for large w, and where k is an integer still to 
be determined. Then ipiw) 1 as tt ±00* Hence we can choose 
k so that the variation of log along the whole strip is 0. Having 
fixed k, let log tl/{w) denote the branch which tends to 0 as u-> ±oo. 

^{w) = 


\log\l/{w)\ belongs to uniformly in the strip. Hence 


—iy+oo 


iy + oo 


2711 J Z-—W 277 % J z—w 


-ty- 


iy- 


== XiM—XiM (—y <v<y), 
where 0 < /3 < y < 1, but y—j3 is so small that no zeros of ifi(w) 
lie in ]8 < V < y. Now Xi(^) is regular for v > —y, and regular and 
bounded for v ^ —j3; and similarly xz for v ^ Since 




eXiCw) {w—i)-in-k 


{w-wi)...{w-wj, 


the result now follows. 

Suppose now that/(a:) is a function which satisfies (11.17.1) for 
all real x, and is 0(e®*) as a: -> oo, where 0 < c < 1; and let 
k(x) = or more generally let e^^^k{x) belong to L\—co,co) 

for all A < 1. Then as a: -> —oo 


f(x) = oj J 

for any A < 1, where h{y) is L®(—oo, oo); and by choosing A > c, and 
applying Schwarz’s inequality, we have 

fix) = 0{e>-) 

for any A < 1. Thus jP+{w) is regular for v > e, F_{w) is regular for 
v < 1, and K(w) is regular for — 1 < v < 1. 
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QO 00 

J k{x—y)f{y) rfy = J k(x—y)fi{y) dy 

0 — GO 

(where/i(y) = f(y) (y > 0), 0 (y < 0)) 

ia-hco 

= J /’+(«'■) dw (c < a < 1), 

ia—ao 

by Theorem 64. The equation (11.17.1) therefore gives 

ia-hoo ta+oo 

J F^(w){\—yJ{2Tr)K(w)}e~‘^^‘^dw + J dw — 0. 

ia — oo ia—CO 

Here each integrand is regular throughout the strip c < v < 1, and 
so in this strip we must have 

F4^){l-^|(27r)K(w)}+F_(w) = 0 , 


which implies that in fact each term is regular for v < 1. If 
are the zeros of 1— aJ{2tt)K{w) in —jS ^ i; ^ P, by the 

lemma jl / i 

F4w)'^^-\{w—Wi)...{w—Wn)+F_(w) = 0 , 


where and have the properties stated in the lemma. We can 


write this 






FJw) 

Uw)' 


and here the left-hand side is regular for v — p, the right-hand side 
for V ^ p. Hence each side is an integral function, and by (11.17.3) 
this must be a polynomial of degree not exceeding Hence 


FAw) = 


(w —M>i)... {te—te„) ’ 


where P(w) is a polynomial. Hence 


ia+CO 


f(x) — ^ r 'f>2MFiw) _ 


ia—oo 


satisfies the original equation (and vanishes for a; < 0). 
As a simple example, let 

k(x) = Ae~'*i (0 < A < J), 


K{w)^ 


A{2it) 
1—A{27t)K{w) 


ao 

I 


g-lx|+<wo ^ — 


2A 


2A 


1+to® 


V(2w) l+MJ*’ 

m;«-(2A-1) 
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The roots are w = 


\--yj{2n)K{w) = 


_ (w-—w^{w--w^ 


(w—i){w+i) 


<l>iM =- ^2M = ^+i, 

w—t 

ia 4-00 


f(x) = ^ r —y.'tj— e-^dw 

^ V(2w) J w*—2A+1 

iO —00 

_ ga;V(l-2A^ 1 1 2A ) a:V(i_2A)l 

“ 1 V(1-2A) “ 2V(1-2A) j- 


11.18. An equation of A. C. Dixon. A similar problem is pre¬ 
sented by the equationf i 

/(x) = gf(a;)-f A j* dt. 

0 

This is satisfied formally by 

/(*) = ff(»)+A I g{t)x{x,t) dt 
0 

if x(x, t) satisfies the integral equation 

^«,,)_^+Aj«rfy. (11.18.3) 


(11.18.1) 

(11.18.2) 


Putting X = e“f, y = e~^, t = e~^, this is 


e-iSx(e-(,e-P) = 


e-*f 


4-A 


W 

J 




dij, 


' "J 2coshi(f—.?) 

0 

or, writing e-*fx(e'^. e~^) = ^(^). 

0 

Suppose that <^(|) = 0{e^^) as ^ oo, where 0 < c < ^. Then, as 
in § 11.17, == 0(6lf) as f-> —oo. Let c < a < ^. Then <!>+(w) 

is regular for v > c, ^_{w) is regular for v < ^, and so (11.18.4) is 
equivalent to 

ta4- 00 ia-\- oo 

J dw+ J dw 


ia— 00 


ia — 00 

t A. C. Dixon (2). 
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cosh 7TW 


dw+TrX 


ia+ 00 

f - 

J cog 


cosh TTW 


where — i < 6 < J. We can take b == a. It follows that 

-(11.18.6) 

^ \ COShTTtl?/ N \21 cosh TTW 

and —<I>_(w;) are regular and equal in the strip —a < v < a. Hence 
(11.18.5) is regular for v < |. Hence ^^(w) is regular for v 
except possibly for simple poles at the zeros of coshTru;— ttA. Suppose 
for example that ttA = sin otTr, where 0 < a < |. Then the zeros 
are at (-f-ot)i,..., . 

Hence Y(w) = -- 

is regular for v <i\. 

To cancel the poles of sechTru? in (11.18.5) we must also have 


Hence 


^{w) = 


at «> = — —(n+l)i . Hence 

say. The most obvious function with these properties is 


• oo 

—tw) Zrf 


r(^—iw) 


ti)! 

n! w+{n+l)i* 


and it is easily verified that this does in fact give a solution. 
The difference between two solutions of (11.18.4) satisfies 


00 


iosh^(^—■>?) 


(11.18.6) 


which is of the form (11.17.1). Here 


l-^{2n)K{w) = 1- 


coshTW 


_ 2 jTr(|—iM;)r(i 4 -iM’)_ 

“ r(J— Jot+itM>)r(i—Jot— JiM>)~r(f+Ja+Ji«;)r(|4-Ja—iiw) 

= p^Al-icc+iiw)(i-ioc-iiw), 
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where 




_ 2'nV(\-\-iw) _ 

r(i-iQi+i*w)r(f+ia+iw) ’ 


«^2(w) = 


r(f—-^ot—^w)r(f-i-^ot— \iw) 
r(\—iw) 


have the properties stated in § 11.17. 


11.19. A problem of radiative equilibrium.! Consider a 
medium stratified in planes perpendicular to the axis of x, extending 
indefinitely on the positive side of its boundary a; = 0. 

Let I (a function of x and 0) be the intensity of radiation of all wave¬ 
lengths, at any point, in a direction making an angle 0 with the nega¬ 
tive direction of the axis of x. Let p be the density at any point, and 
k the coefficient of mass-absorption, supposed independent of the 
wave-length. Let B (a function of a:) be the intensity of black-body 
radiation corresponding to the temperature of the matter at x. 

The rate of absorption of energy per unit volume from the radia¬ 
tion in a solid angle <o is 

kp \ \ I doi, 

while the rate of emission is 

kp JJ B dta = kpBat. 

Consider a narrow circular cylinder, area of cross-section a, the 
centres of whose ends are at x and x', and whose axis makes an angle 
0 with the negative x-axis. The energy radiated from the x'-end 
through a distant area in the line of the axis of the cylinder, at which 
all points of the cylinder subtend approximately the same small solid 
angle «*, is l{x\0)a<o; this is made up of l(x,0)ato from the x-end, 
together <rith 

from the interior of the cylinder, v being its element of volume. 

In the limit as a ->■ 0, oi 0 we obtain 

ar 

l{x',0) == l{x,0)— j kp{B—I)aec0di, 

X 

and, making x' x, 

^ = kpaec0[I—B). (11.19.1) 

OX 

For radiative equilibrium, the rate of absorption of energy per 
t E. A. Milne (1), Hopf (3); Hopf, Radiative Equilibrium, 
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unit volume from all directions is equal to the rate of emission in all 
directions; this gives 

2ir IT 

^irkpB — kp j d<f> j I sin 6 dO 
u u 

w 

== 27Tkp j I Quid ddy 
0 
TT 

i.e. 2B={lBinede. (1119.2) 

0 

X 

Putting T = j kp dXy 

0 

o J 

(11.19.1) becomes — = sec0{/—B). (11.19.3) 

CT 

Hence I = J ^(Osec 0d«| . 

The boundary condition is that the incident radiation is zero, i.e. 
that 7 = 0 for a; = 0, Jtt < 0 ^ tt. Hence 


I = J jB(<)8ec0e-'“<=« dt < 6 ^ w). 

® (11.19.4) 

For 0 < 0 < ^77 we choose K so that I is not exponentially large as 
T -> 00 , i.e. we obtain 

00 

I = J B(<)8ec0e-<“®® dt (0 < 0 < ^tt). 

T 

Inserting these results in (11.19.2), we obtain 

In 00 

B{t) = i j dd J B{t)secde-^^^ dt — 

0 T 


—J J e^^^^Qinddd 

iir 


r 

j B{t)Becd 
0 


g-<seofl 


00 \n 

= i J B{Jt) dt J d-'-^^ta.ndde — 

T 0 


T W 

—J J B{t) dt J d0 

0 itr 


Z 
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where 


w 

J B(t)k{r — t) dt, 

0 

i^r 

m = j J« 


C-!fsec9tan0rf0 


We can now appeal to the theory of § 11.17. We have, if v < 1, 

00 00 00 00 

-00 |JJ| 0 X 

00 

1 f • j 1 arctant/; 

= -r r^-r- I sma:^;— ax == -7 --, 

^{27t)w J X V(2^) ^ 

, arctant^; 


so that I^J(2it)K{w) = 

V) 

This has a double zero at the origin, and no other zeros in the strip 
— 1 < 1 ; < 1. Hence, with the notation of § 11.17, we put 


... /, arctant^\i^?2+l 

m = ( 1 — 

no additional factor being needed. Hence 

<y+oo 

, . 1 f , f/, arctan 2 \ 22 +l) dz i ^ \ 

= ^ J '°*((‘- 

iy—00 

Also P{w) = oc+^w, where a and /3 are constants, and the solution is 

ta+oo 

ia—oo 

11 . 20 . The limiting form of Milne’s equation .f Writing 

X 

j B{r)dr — fix), (11.19.5) may also be written 


00 00 

J ~dy 

0 \x—t\ 

00 X + 1/ 


0 max(0,x—y) 

t E. A. Milne (1), Hardy and Titchmarsh (1), (2). See also Hopf (2). 
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X ® 

= i f —{fi^+y)-fi^-y)) % +i f y/(*+j') ^y- 

0 ^ * ( 11 . 20 . 1 ) 

For large values of x this approximates to the form 

00 

/'(») = ij y{/(a:+2/)—/(a;-y)} dy. (11.20.2) 

0 

Theorem 165. If f{x) = where 0 < c < 1, and both sides 

of (11.20.2) are finite and equal for every x, thenf(x) is a quadratic. 

The formal argument is similar to that of § 11.2. We have 

Ul-l-oo l6+00 

ia-oo ift-oo (11.20.3) 

where l>o>r, —1<6< —c. Hence 


ia + 00 


2i C 

/(a:+y)—/(a;—y) = —J F^{w)Bmywe-^=‘'" dw 

ia—oa 

00 

/ dy 

0 

ia -I- 00 00 

~ 7 (^’) J J “••• 


2i 

’7(2^) 


ta—oo 
ia + 00 


J J’+(w)arctanwc“**“’dw —..., 

(11.20.4) 

the dots indicating in each case the corresponding term involving 
FJw). Also 

' ia+oo 

f'(x) - -— f F+{w)w e~^'^ dw —.... (11.20.6) 


Hence (11.20.2) gives 


ia + oo 

f jP+(«;)(m;— arctanw)e-*®“dw +... = 0. 

ia—CO 

Hence, by Theorem 141, p. 255, F+{w) and F_{w) are regular for 
6 < « < o, except possibly for a triple pole at the origin corre- 
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sponding to the triple zero of arctanw;; and FJ^w) = —F_(w). 
Evaluating (11.20.3) by the calculus of residues, it follows that f{x) 
is a quadratic. 

To justify the process we shall first prove that belongs to 

00 , 00 ) i/c' > c. For (11.20.2) gives 

j y 

0 

y l 00 

u 1 


say. If \f(x)\ < 


i w 

0 1 
X + 1 

We may write <f){x) = f —~ 

J t—x 


where the integral is a principal value dA, t — x. We now appeal to 
the theory of conjugate functions. Let 

= 1 

f-2 

f + l <» ff2 

Then J |^j(a:)|* cZa; < J dx — J dt 

f —1 —00 { — 2 

by (5.3.3). Also, for ^—1 <x < H-l> 
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Altogether it follows that 

I \<f>(x)\^ dx < A J \f(x)\^dx < 




(-2 


Hence 


J \f{x)\^dx 


f-i 




J !/'(*) \^dx<K 




and the result stated follows. 

It now follows that the integrals (11.20.5) exist in the mean-square 
sense, wF^(w) being L^(ia—co,ia-\~oo) if a > c. Also the inversion 
of (11.20.4) is justified by absolute convergence; for sinyi^; is 0(e^^) 
for all y, and 0(\yw\) for small \yw\, and so is 


0{\yw\^e^y) 

for all y and w\ and 

la 4- 00 00 

J \F+{w)w^ dw\ J dy 

ia—00 0 

is convergent. This completes the proof. 

It has been proved by a more complicated method! that the result 
holds under less restrictive assumptions. 


11.21, Bateman’s equation.! Suppose that a function/(x) is 
represented by Fourier’s single-integral formula (1.1.7), not merely 
in the limit, but for some value of A, A = a say, exactly. Then 

(„.2U) 

TT J x—y 

— 00 

for a given a and all x. 

This is an integral equation of the form (11.2.1), but the conditions 
if § 11.2 are not satisfied, and the solution takes quite a different 
form. 

Suppose that/(x) belongs to Zf2(—oo,oo). Let 

g{x) = ^inaxjxy G(x) == (1^1 < ^ (1^1 > ®)- 


t Hardy and Titchmarsh (9). 

t Bateman (1), Hardy (2), Hartly and Titchmarsh (1), (2). 
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Then (2.1.8) gives 



00 

jm 

— 00 

—a 

(11.21.2) 

Hence 


(11.21.3) 


—a 


i.e. f{x) is a finite trigonometrical integral. Conversely, if f{x) is of 
the form (11.21.3), where F is (11.21.1) follows from (11.21.2). 
Hence 

Theorem 156. A necessary and sufficient condition that a function 
f{x) of should be a solution of (11.21.1) is that it should be of the form 
(11.21.3), where F is L^{—a,a). 

There are, however, simple solutions of (11.21.1) not belonging 
to for example, cos 6a; and sin 6a; are solutions if —a <b < a, 
though not if |6| > |a|. The next theorem includes these solu¬ 
tions. 

Theorem 157. Let f(x)l(\+\x\) belong to i2(-~oo,oo), and let 

J sm X j sin X 

—►—00 

exist. Then, if f{x) satisfies (11.21.1), it is of the form 

a 

fi^) = /(0)+;c J 

—a 

where x(«) beUmga to L\—a,a). 

It is easily verified that 

J X { x—y y ) 


Hence 


^ - ►00 


^sina(a;—y) 

sin ay] 


y )' 


^f(y) dy 
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a -♦TO 


if we can invert the order of integration. This is obviously per¬ 
missible for the part with \y\ < 1, and for the part involving 
and |y| > 1. Also f(y)ly is 2/*(— cxd, — 1) and i®(l,oo), and the 
integrals _i «, 

r e'»“ dy, r e‘*'" dy 

j y J y 

-00 1 

exist in the mean-square sense. The inversion for these is a case of 
Parseval’s formula in theory. The j/-integral represents a function 
of L%—a,a), and this is the result stated. 

Theorem 158. Let 

a 

f{x) = f(0)+x J x(“)e“‘-'“ d'U, 

—a 


where x(«)/(a®—■a*) is L(—a, a). Then 

A 


f(x) = i lim j* y) dy. 

‘Jrx-*'X, J y 


We may suppose /(O) = 0. Then 
A A 


|* f(x--y) dy ~ ^ {^—y) dy J du 

—A —A -a 

a X a X 

xM^~^^^du J — J j ainaye^^^^dy. 


a 

The first term tends to ttx J du — 73/(.r), by the bounded 

—a 

convergence of the inner integral. The second term is 
a X 

—2i J du J sinaj/sinj/i^ dy 

—a 0 


= _j f du, 

J \ a—u a+u I 

—a 

which tends to 0 as A ->■ oo with the given conditions. Hence the 
result. 
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The function f{x) = am bx (|6| < o) is a case of both these 
theorems;/(a:) = sin ox is not a solution of the equation. 

Also, if 0 < m < n, x-”'J„{x) is a solution of the equation with 
0 = 1 . For 


=_ . . f (1— 

a-m 2'‘V7rr(n+^) J ' ^ 

-1 

1 

in-m C f \n-m 

= TO+T,/(i 

-1 

11.22. Kapteyn^s equation.f A Neumann series (for an odd 
function) is an expansion of the form 

/(*)=i«2n«4.«(aj). (11.22.1) 

n«0 

If f(x) is given, the coefEcients a^n+i may be obtained formally as 
follows. We have (e.g. from (7.10.1)) 

fj U)J m-- ® 


( 11 . 22 . 2 ) 


Hence, multiplying by «/2m+i(0A integrating over (0,oo), we 
obtain „ 

« 2 m+i = ( 4 m+ 2 ) J dt. ( 11 . 22 . 3 ) 

0 

The series formed with these coefficients is 
00 ^ 
y ( 4 n+ 2 )J 2 „+x(*) r dt 

n-0 J 

00 ^ 

(provided that we may integrate term-by-term) 


X 

= ijMx-v)dvjf{t)f^fy^ 


t+V j 


dt 


0 0 

t See Watson, § 1G.4, Hardy and Titchmarsh (1). Also Sears and Titchmarsh (1). 
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OO 00 

f dtt + f f(u—v)'^^^ du 

J u J u 

— V V 

00 V 

== f{/(tt+i’)+/(M—dtt+2 r/(w—li) dtt, 

J u J u 

0 0 

and the last term gives 

XV XX 

r Jf){x—v) dv f du = r /(«) du r Jq{z—v)’ ^^^^ - ^ dv 

J J V—U J J v—u 

0 0 0 U 

X X 

= J du — J(x)— J f(u)jQ(x—u) du 

0 0 

on integrating by parts. The sum of the series is therefore f{x) if 

X X 00 

J f'{u)Mx-u) du= I j Jo(x-u) du J {f(^+u)+M-u)}’^^^p d^. 

0 0 0 

and, by Theorem 150, this implies that 

00 

/'(«) = i J di. (11.22.4) 

0 

This is Kapteyn’s integral equation. 

11.23. Before proceeding to rigorous analysis, we shall prove the 
following lemma. 

Lemma. For x > 0, < > 0, 

|;(4w+2)1J2„+i(x)/2,i+i( 0I == 0{min(x®,x«)min(<3, <-*)}. 

n = 0 

We have ^ ^ (11.23.1) 

= 0(1) (all n and x), (11.23.2) 

and (11-23.3) 

so that in particular 


J„(x) = 0(2-") (» ^ ex). 


(11.23.4) 
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2n+l>3 


= 0(xH-i)+0(t-i)+0(e-^‘) = O(zH-i). 


For 1 < a: < f < 2ex it is 

ex GO # t 

y 0(n)+ y Ol^j = O(x^) = 0(xtH). 

+ 1^3 ' 


2n + l«3 

For a; < 1 < ^ it is 




2n+l-»3 


For a; < 1, / < 1 it is 


o(^+0(^.-«) - o(^. 


2 ® W?")””)" 


Theorem 159. Letf{x) be an odd function of x, and let /(a;)/(l+ |a;|)i 
belong to L(—cx),oo). Then a necessary and sufficient condition that 
f(x) should be expressible by the Neumann series (11.22.1), with the 
coefficients (11.22.3), is that f(x) should satisfy (11.22.4). 

Suppose first that f(x) is expressible by the above series. 

It follows from the lemma that, for a fixed x, 

2(4w+2)|J2„+i(a:)J2„+i(01 = 0{min(l, <-»)}, 

0 

and the inversion of the above summation and integration is justified 
by absolute convergence. 

It is also clear from (11.23.3) that, if f(x) is expressible by (11.22.1), 
it is (like the sum of a power series) differentiable any number of 
times within the range of convergence of the series (here 0 to oo). 
The final integration by parts is therefore justified. Hence Kapteyn’s 
equation holds. 

Conversely, if (11.22.4) holds, then f{u) is continuous, by the 
uniform convergence of the integral. The argument can therefore be 
reversed. 
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11.24. Solution of Kapteyn’s equation. Since, in § 11.22, /(x) 
is odd, (11.22.4) may be written 

00 

/'(«) = i j di, (11.24.1) 

U 

00 

or f /(aJ—sgnydy, (11.24.2) 

J y 

— GO 

and in this form f(x) is not necessarily odd. 

Theorem 160. Let f{x) belong to L\ —oo, oo). Then a necessary and 
sufficient condition that (11.24.2) should hold for all values of c is that 


A 

f{x) == J du, 


-i 


where <f>{u) belongs to 1). 

The Fourier transform of g{x) = a:~Vi(a;)sgna: is 


00 

0{x) — ^ J J “^^-sinxy dy 


i /(- X (|x| < 1), 




sgnx 


n) |x|+V(x*-l) 


(kl > 1). 


Hence, if J* is the transform of/, 

— 00 —00 

1 cn 

‘Jiiil 


+ i 


tF(t)e-i^ dt+i [t 


F{t)e 






dt\ 


— J of the integral of this with respect to x is 


1 


F(t)e-^ dt 

|f|+V(<*-i)'< 


I_f F(t)e~^ dt A _^ r - ^(0^ ^ 

] ^V(2w) J <+V-i) < ’ 

and, by the theory of § 3, the necessary and sufficient condition 
that this should equal f{x)y or differ from it by a constant, is that 
F{t) = 0 for 1^1 > 1. This proves the theorem. 
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Thbobem 161. If 

1 

/{a:)=/(0)+* 


-1 


where belongs to ii(— 1, 1), then f{x) is a solution of 

(11.24.1). 

The term /(O) is a solution, so may be omitted. We then have 

00 

0 

00 1 

= U^(x+S)d( j du - 




= — la: 


-1 

ix J J + 

-1 0 

1 00 
+ J x(“)®“**“ J Ji{$)coa^u 
-1 0 
1 1 

= —ix j x(m)m dtt + J x(«)e~*^“dM = /'(*) 
-1 -1 

(Watson, § 13.42) if the inversions are justified. 

The repeated integral with the factor x outside is absolutely 
convergent; the inversion of the other is justified by dominated 
convergence provided that 

I f K 

J Ji(^)cos^tt ^ 


V(i-«*) 


for aU T. 


Here the leading term in the asymptotic expansion gives terms lik e 

T T 

r COS^COS^U _ f cos^(l-tt) ^ 1 ) , 

1 1 
and the result follows. 
f{x) = sin a; is an example of this theorem. 
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Theorem 162. Let /(«)/(!+ |a:|) bdmg to L^-oo,oo), and 
/(*)/(!+|aj|)* to L(—co,oo). Then, iff{x) satisfies Kapteyn’s equation. 

1 

f{^) = X j du, 

-1 

where xW belongs to 

The formal argument here is that, if f{x) satisfies Kapteyn’s 
equation, it is expansible in the form (11.22.1); and then 

’'-•L » ’ 1 

~ 2 ®2n+l*^2n+l(f) =/(^)- 

n*=0 

Thus/(a;) satisfies Bateman’s equation (with a = 1), and so is equal 
to a Fourier integral with limits (—1,1). Owing to convergence 
difficulties we have to apply the argument indirectly. We have 
instead 




I—a; 


n-l _*L 


i—X 3? 


2- 

n«l 


2ii+l 


e ~ e ■ ■ 


This inversion is justified by absolute convergence, since the lemma 
of § 11.23 shows that 


00 w 

2 (4w + 2) J ^^~J2n+li^) J 

n™! ft —00 


sin(^—a;) 


*4m+i(^) 


dx 


is convergent. 

It now follows from Theorem 156 that 

= J dit, 

-1 

where ^(«) belongs to Z*(—l, 1). Hence 

Mu) = — ( c<*« dx (—!<«< 1), 
2ir J or 
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and, since {/(x)—Ji(a;)}/a: belongs to L^(—oo,<x>), <f>{u) is the integral 
of the integral of a function of L*. Integrating by parts twice, we 
obtain 

= x(oe**+6c"**)+(ce**+<ie“**)+ f 

X J 

-1 

where x is L*(—1,1); since the left-hand side is L^{—oo, oo), a, b, c, 
and d must vanish. This proves the theorem. 


11.25. A differential equation of fractional order. The 

integral equationf * 

/(*) = ^ J dy (11.25.1) 

X 

may be regarded as a differential equation of order a. Suppose, for 
example, that«is a positive integer p, that/(x) tends to 0, as x -> oo, 
with sufficient rapidity, and that 


/i(*) = J f{y) dy, Mx) = J fiiy) dy,.... 

X X 


Then, if we integrate repeatedly by parts, and write z for /^(x), 
(11.25.1) becomes j„, 

= (-1)PA«. 
dxv ' ’ 


The only solutions of this are finite combinations of exponentials. 
The general equation (11.25.1) is of the form (11.2.1), with 

*(*) = Y7~T 0 (x < 0). 

r(«) 

The theory of §11.2 is not applicable, since k{x) does not satisfy 
(11.2.3). But the equation still has exponential solutions. The 
conditions that /(x) = e-^ should be a solution are that R(a) > 0 
and A = o“, where o“ means and log a has its principal value. 

If A > 0, a may have any of the values 

AV“c*"‘/“ (r=0, ±1,...) 

for which |2r7r/a| < If a < 4, and in particular if a < 1, the 
only admissible value of a is A*/“. We shall prove that in this case, 
at any rate, the solution is unique. 


t Hardy and Titchmarsh (7). 



11.25 


INTEGRAL EQUATIONS 


359 


Theorem 163. Let f(x) be integrable over any finite interval 

0 < < :r < a*.,, /c/ A > 0, 0 < a < 1, and let 

— 

J {y-x)’^-^S(y) dy ( 11 . 25 . 2 ) 

—►u: 

/or every i^ositive x. Then 

f(x) = Ce-^', 

where a — and C is a constant. 

If 5(‘5) is the Mellin transform of/(x), we have formally 




0 


00 

J (y-x)'^-^f{y) dy 

X 


00 y 

= J S(y) dy J dx 


Xr{s) 


5(«+«). 


r(s+a)' 

We shall prove that this is in fact true, and base our solution on it ; 
but we cannot justify the inversions as they stand, and we have to 
proceed indirectly. We require the following lemma. 

r 

Let^ J S(y){y-xY-^ dy 

->x 

for every positive x. Then, ^/ j3 > 0, 

r c 

p-Jj 3 ) J dx = p^^j J /(2/)(y-|)“+^“^ dy, 


*( 


ie. 

To prove this, wo have to justify the inversion 


(11.25.3) 


r c r V 

J (*—1)^-^ dx J /(y)(y—a:)“-‘ dy = J f(y) dy j (a:— dx. 


Clearly 


'' r ^ + 5 ^8 


^^8 


and it is sufficient to prove that 

8 V 

^ = I f(y)dy ^ {x—^f-'iy-x)'^-^ dx 0 


t See Bosanqiiet (1) for a proof undor much moi-o general conditions. 
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c f+8 

and ^ — i /(y) f ®)“~^ d* -> 0 

ds ( 

as 8 -> 0. Now f+8 

and the result for this follows from the second mean-value theorem 
and the existence of J f{y)(y—i)°‘~^ dy. 


Also 


*( 


e f+8 

J S(3/)iy-^r-^dy J dx. 


f+8 f 

and the inner integral is steadily increasing with y, and its value 
when y = c is 0(8^). Hence the result for this part also follows from 
the second mean-value theorem. 

Proof of Theorem 163. Let c > 1, 0 < a: ^ |c, and write 

C ->QO 

= j J f{y){y-xY-^ dy 

-*x c 

say. Then e 

fi{x) = J {f*(y)+9{y)}iy-x)°‘~^ dy 

= A/?a(a:)-f AyJ(a:) 
by (11.26.3). Hence 

f{x) = )^{x)+X^{x)+X^fl,{x). 


Repeating the argument, we obtain 

fix) = Xgix)+X^g*ix)+...+X-gl.^^,(x)+X^fM, (11.25.4) 

C 

where f*^(x) == J /(y)(y—a:)”*-^ dy. 

X 

By taking n large enough, in particular na > 1, we obtain 

c 

l/(*)l < J \fm dy, (11.25.5) 

X 

where <f>ix) is bounded as x 0. Hence fix) is bounded as a; -> 0; 
otherwise there would be a sequence of values of x such that 
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^f(y) \f{x)\->co, which is inconsistent with 

(11.25.5). It then follows that/*„(a;) is continuous for 0 < a; < c, and 
hence so is/(a:). Denote its limit as a: -> 0 by /(O). 

We can also differentiate (11.25.4), and it follows that f'(x) is 
bounded near the origin. The argument could be carried on in¬ 
definitely, but all we require is that 

f{x)-f{0) = 0(x) 

as a; 0. i 

Now 5(«) = J (/(x)—/(0)}x»-^ da; + J f(z)z‘-^ dz 
0 1 

primarily for 0 < <t < a, and then, as an analytic continuation of 
g(s), for — 1 < <7 < a. Since 

00 

J/(0)a:»-ida;=(a < 0), 

1 

—>-00 

we have ^(s) = J {f{x)—f(0)}3f~^dx ( —1 < a < 0). 

0 

Inserting values of f{x) and/(0) given by (11.25.2), we obtain formally 


g(«) = J dz J {(y-a;)“-i—y“-'}/(y) dy + 

0 X 

—►00 X 

+ J dz J y“-V(y) dy 
0 0 

-►00 y 

= p|^j J f{y) dy J a;*-i{(y—a:)“-i-y“-i} 


r^) J j ^-^dz 


A 

r( 




+ 


+ 


«r{(x) 


—►00 


xm 

'r(s+ 




We shall show that this process is valid if — a < a < 0. 

A a 



362 


INTEGRAL EQUATIONS 


Chap. XI 


For the first term, the integral over y ^ N can plainly be inverted, 
and it is sufficient to prove that 

N -♦“00 

jx‘-^dx j {(y—x)«-^—y‘^-^f{y)dy (11.25.6) 


N 


and 


J z’-^dx j W(11.25.7) 

N X 


tend to 0 as .^-> 00 . Now by the second mean-value theorem 
-►oo ^ ^ i 

J {iy-x)°‘~^-y°‘~^}f{y)dy = {(i-J ^y'' 

N ^ N 

the last integral is bounded, and 

N 1 

j* a:‘'-ij|l-^j“'^-lj dx = A”''J {(!-«)“-!-lK-id« = 0 {N<’), 

0 0 

giving the result for (11.25.6). Also (11.25.7) is 

—►00 00 —►00 

J x‘*-^f(x) — J J y°‘~^fiy) 

A' N X 

which plainly tends to 0. 

The inversion of the second term is equivalent to integration by 
parts: 


J dx j y’^-^fiy) dy = j j y’^-^f^y) dy — j J x^+’^-^fix) dx, 
0 0 ^0 0 0 


and the integrated term tends to 0 at each limit. 
Let 




Then the above result is equivalent to 

x(«+“) == x(«)- 

Thus xi^) the period a, and is regular for — 1 < cr < 0, and so 

-►x> 

everywhere. Also, if h{x) “ J f{y)y^~^ dy — o(l), 

J- 

—>00 

5(5) = 0(1)+ J /(a:)x*-i dx 
1 

00 

= 0(l)+A(l)+(5-a) J A(a;)x-»-“-i dx 

= 0(|<|) (_l<a<V 
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Hence x(«) = 

for — 1 < <7 < 0, and so on any line parallel to the imaginary axis. 
Hence 


2Tti f 


is one-valued, and 0(log^rri“) as \z\ = r->oo, and 0(log^(l/r)r-‘“) 
as r 0. Hence is a constant, 


and, by Theorem 32, 


S(s) = cr(s)A-«'“, 


k hi<x> 


f{x) = r ds (0 < k < a) 

2ttI j 


k—ioo 

l/a 




11.26. A probability problem A function/(x), such that 
f(x) > 0 and „ 

J fix) dx = 1, 

— 00 

defines a law of errors, which asserts that the probability that the 
error in making a certain measurement lies within the range {x^, x^) 

f* 

is j f{x) dx\ or that, for small hx, the probability that the error lies 

Xx 

in is to a first approximation/(x) Sr. 

Suppose that we observe two quantities P and Q, and that the 
errors in observing them, p and q, are distributed according to laws 
f(x) and g{x). It is required to find the corresponding law for P+Q. 

If p and q are capable of taking integer values only, and the pro¬ 
portion of times that jp is a; is /(x), and that (/ is y is g{y), then the 
proportion of times that is | is 

i.e. the "resultant’ of / and g. 

In the continuous case, a similar argument with f(x) 8x and 
g(y) hy leads to 

j f{x)gi^—x) dx 


t Polya (2). 
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as the law for p+g. We can prove this rigorously as follows. Strictly, 
p and q run through sets of points and such that 


mE^ 


< a:) = J f(u) du, mE^iq < a;) = J g(u) 


du. 


— CO 
X 


Let /j(a:) = J /(«) du, g^iz) = J g(u) du. 

— 00 —00 

Consider the sum 

—00 

The term in n represents the probability that^ is in (nS, (n+ 1)8) and 
g is < I*—wS. For such p and q, p+q < |+8. On the other hand, 
if p+q < then wS < < (n+l)8 and q < ^—n8 for some n. 

mE(p+q < f) < -S < mE(p+q < ^+8). 

Since / is L, and is continuous and tends to 0 as a: —oo and 

to 1 as a; ->cx), it is easily seen that 

00 

lim I f m{9i(i-t)-g^{i-r^)}dt = 0, 

3 —« = — 00 


i.e. that 
Hence 


nS 

lim<S = f f{t)gi{^—t) dt. 
8->o a 


mE{p-\-q < = J f(t)gi{$—t) 


dt 


— 00 


J f(t) dt J gr(ar) dx = j f(t) dt j g(u—t) du 


— 00 

f 


J dw I f{t)9{u—t) dt, 

— CO — oo 

which is equivalent to the result stated. 

If f(x) gives a law of errors, so does We now ask for what 

law of errors the resultant of two laws of this form is also of the same 
form. 

Theorem 164. Let f{x) > 0, let f(x) and x^J(x) belong to L(—oo,oo), 
and let c© 

14 ) #("?) 

— 00 

for every x, where a, 6, c, are given positive numbers. 
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Then the conditions are consistent only if c^ — and in that 

case I 

almost everywhere, where k is a constant. 

The integral co 

j x”'f(x) dx = a;„ 

— 00 

exists for m = 0, 1, 2. Now, for m = 0, 1, 2, 

1 I x«/Q & = ± J *= I iy 

— 00 — 03 — 00 

= i J J (»+“)”/(?) 

— 00 — 00 

and, in the three cases m = 0, 1, 2 this gives 

A’„ = n (11.26.2) 

cA\ = aKi Ko+bK^Ki, (11.26.3) 

c% = a^K2Ka+2abKl+b^KoKi. (11.26.4) 

Assuming that f(x) is not null, (11.26.2) gives Kq = 1. Hence 


(11.26.3) gives (a+b-c)K, = 0, 

and (11.26.4) gives _ 2a6Af. 

But by Schwarz’s inequality 

Kl < AoA, = K^, 

so that (11.26.6) gives 

c^—a^—b^ < 2ab, 
c < a+6. 

Hence (11.26.5) gives = 0, and (11.26.6) gives 

c* = a®+6®. 

Let ® = a, ^ = j3. 

c c 

Then, putting x = c^, y = c-q, (11.26.1) becomes 


(11.26.5) 

(11.26.6) 




a2-f ^2 = 1. , 


where 


(11.26.8) 
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w 

<t>{x) ^ ^!{2n)F(x) = j 


Then, by Theorem 41, (11.26.7) gives 

<i>{x) = f^{oix)0{Px). (11.26.9) 

Using (11.26.9) for each term on the right, we obtain 
<J>(x) — 0(cx.^x)(^{P(xx)0{aPx)(^{^^x), 

and so generally 

<D(a;) = 0 (y„,ij;)®(y„, 2 a:)... 0 (y,„,„a:), 
where m = 2”^, and the m numbers ym,m terms 

obtained by expanding 

Hence yi,i+ym. 2 +-+ykm = (a®+^®)” = 1. 

Also y,„ is of the form a*’)3®, where p-\-q — n; and hence, supposing 
a > we have ^ ^ ^ 2 ,..., m). 

Hence maxy^ ^ -> 0 as m oo. 

Now since/(x), ocf(x), and x^f{x) belong to -L,0(a:), 0'(x), and O'"(x) 

are continuous; and 

' 00 

W- \mdt = K^=\, 

— 00 
00 

O'(0) = J f{t)it dt = iKi = 0, 


<S>'’(0) = - J dt = -k, 


say. Hence, in the neighbourhood of a; = 0, 
logO(a:) == u{x)+iv{x)y 
where u[x) and v(x) are continuous, and 

2^(0) = t>(0) = u'{0) = v'(0) = 0, 
and ^''(0) = —k, = 0. 

Hence 

m 

logO(a;) = 2 {M(y„,^a:)+i 2 ;(y„ a:)} 

/i=l 

m 

/i-i 

where 0 < 0^^^ < 1, 0 < 6'^^^ <1. As m ->cx), each y„,^^ ->■ 0, and 
hence so does each 0„,,fiym,n> uniformly with respect to /*. 
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Hence 


logO(x) = {-i+o(l)} 

, 1-1 


= —\kx^+o{\), 

i.e. logO(a;) = —\kx^y = 

and so (by Theorem 27) almost everywhere 




fJl 




i.e. the law is Gauss’s law. 


11.27. A problem in statistical dynamics.| Consider an 
assemblage of atoms moving in one dimension in such a way that the 

fraction of them with velocities between v and is J /(x) dx, 

1/7-1 SU7 

At a subsequent instant let a fraction J x) dx of those with 

w 

velocity v have acquired increments of velocity between w and w-\-hw. 
Then, by an argument similar to that used in the previous section, 
the fraction of the whole which finish with velocities between v' and 

t/-f Si?' 

v'+Sv' is I g(x) dx, where 


9{v')^ J fiv)(f>{v,v'—v)dv. 


(11.27.1) 


For a steady state g ziz f, so that / satisfies the integral equation 


f{v')= j f(v)<f>(v,v'—v)dv. 


(11.27.2) 


Suppose now that the motion is defined as follows. The centre of 
mass of atoms moving with velocity v moves according to the 
equation ijr 

f=-AF (A>0), 

SO that after time t its velocity is Superimposed on this motion, 
the atoms are given increments of velocity u in time t, the proportion 
of those with increment between u and - 16 +being iIj{u) and this 
increment is uncorrelated with v, so that the proportion of those 

t E. A, Milno (2); Fowlor, Statistical Mechanics^ §19.5. Milne’s original method 
requires heavier restrictions than those assumed here. 
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with velocity v having the additional increment between u and 
u-\-hu is also tf/{u)8u. It follows that 

<f>(VyVe~^—v+u) — ^{u), 

where 0(u) is independent of v, but of course depends on t. Putting 
v' = this is 

The condition for a steady state is therefore 


fW) = J f(v)^{v*--ve~^) dv. 


where, as in the last section, 

00 00 

J f{x) dx = 1, j t/i(x) dx = 1. 

— GO — 00 

Let F and Y be the transforms of / and Then 

00 00 

= J J f(v)<l>(v'—ve-^)dv 

— 00 —00 

00 00 

= J /(^) J dv* 

— 00 —00 

00 oo 

= J j dx 

— 00 —00 

We now show that a certain assumption about the limiting behaviour 
of ^(x) ast->0 actually determines all the functions completely. We 
assume that positive and negative increments u are equally likely, so 
that ilf{u) = w); and also that, as ^ 0, for any fixed positive 8, 

8 00 

J x^fp{x) dx ~ at, J ilf(x) dx = o (t), 

0 8 

where a is a constant. It follows that, as ^ 0, for a fixed f, 

00 00 

V(27r)Y(f)-l = I ^{x){e^(^-l)dx = 2 j ^{x){coaix-l) dx 
— 00 0 
8 8 / **^ \ 

= —J x^(x) dx + J ^(x)O(x^) dx +o| J ^(x) dxj 
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and by choosing first 8 and then t sufficiently small it follows that 

V(27r)Y(f)^l ~ 

Hence 

F(i)-F($e->‘) _ F(ie-> *M2nyV{i)-l} _a^F{i) 

"A 

843 < 0; i.e. F'{$) — —ai\-^F{^). 

Hence F{i) = Ce-i^l\ 

and C = F{0) — (27r)-*. Hence 

GO 

f(x) = f e-WVA-ifx == 

277 J \2iTT(II 

— 00 

i.e. the distribution is ‘Maxwellian’. 

Hence also 
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